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PRINTEO IN GREAT BRITAIN 



PREFACE. 


XN the following work I hiiv(j tried to ])re«rnt the 
elements of (coordinate (ieometry in a» c*" annor 
suitable for Beginners and Junior StutTe»* . The 
present book only deals with Cartesian ' iid ]\)lar 
Coordinates. Within these limits I venture to hope 
that the book is fairly complete, and that no jiroposi- 
tions of very great importance have been omitted. 

The Straight Line and Circle have been treated 
more fully than the other portions of the subject, 
since it is generally in the elementary conceptions 
that beginners find great difficulties. 

There are a large number of Examples, over 1100 
ill all, and they are, in general, of an elementary 
character. The examples are especially numerous in 
the earlier parts of the book. 
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I jJ much iiidcbtc‘(l to several friends for reading 
|)()T tioiV '^>f the proof shijets, but especially to Mr W 
J. Dobbs, M.A. who has kindly read the whole of the 
book and made many valuable suggestions. 

For any criticisms, sugg(*stions, or corrections, I 
shall bo grateful. 

S. L. LONEY. 


llOYA^^lloi.LOWAY COLLKGE li'OIl WoMEN, 


EdHAV, SlTUUEY. 
July -I, ISO.*). 
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TO THE SECOND EDITION: 


For Second Edition the time at my disposal 
has only allowed mo to correct the misprints that have 
been kindly pointed out to me by many correspondents. 
Alt. ISO has also b(;eu rewritten. 


June :{(), LSIK). 


PREFACE TO THE TWENTY-SECOND 
IMPRESSION. 

A second part, dealing wdth Trilinear Coordinates, 
Projection, Reciprocation, etc., has now been published. . 
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CHAPTER I. 

IKTl{OI>UCTlt)X. 


SOME AL(5EBnAlC! RKSirLTh. 

1. Quadratic liquations. TJu^ roots of the quad- 
ratic equation 

a.t^ + hx -p c 0 
may easily be shewn to be 

— (j + ~ h — •Jlr — 4a<; 

ami . 

2a 2a ^ 

They are therefore loal and unecjual, equal, or iniaginary, 
according as the quantity 6'*’— 4r#c is positive, z<u*o, or negative, 
t.e. according as Ir 4ar. 

2 . Kelatimis heUvemi the roofs of an tf aUjehraic eqnafioih 
and the coejfflcieiUs of the terms of the equation. 

If any equation be written so tliat the coeliicient of the 
highest term is unity, it is shewn in any trc^atiso on -Algebra 
that 

(1) the sum of the roots is equal to the coeliicient of 
the second term with its sign changed, 

(2) the sum of the products of tiie roots, taken two 
at a time, is equal tt) the coefficient of the third term, 

(3) the sum of tlnur products, taken three at a time, 
is equal to the coefficient of the fourth term with' it& sigu. 
changed, 

and so on. 
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Bx./ Jf a and ^ he the roots of the equati 

^ be 

-i- b.r -h r~ 0, t e. x- k x — 0, 
it a 


l) , c 

we have — and arf -- -. 

, ^ o ^ a 


Bx. 2. If a, /y, and y ht; the loots of the cubic equation 



(/ r* 4- hx~ + cx + d = 0, 

i.e. of 

i " 4- 2C- 4- .T 4- - ~ 0, 

a a a 

wo have 

b 

a 4- 4- 7 , 


/i7 4-7a4 ’ 

and 

(f 

3. It 

ejin easily be shewn that the solution of the 

equations 

I- i.y + ‘‘r “ 

and 

4 h.^2/ ■■ 

is 

„ - 

hi<’., — — C./q ’ 


Determinant Notation. 


4. Tlie qiiMiitity 


is called a determinant of the 

I'u hi 

second order and stands for the quantity so that 




a^h» - d_y>j . 


(i) 1^' ^^~2 x5-4a;K.= 10-12^ - 2; 

|4, 

jl;’ I(j|= ^)-("7 )x(-4) = 18-2S= -10. 
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5 . Tlie (juaiitity 6o, ?>. | (1) 

^15 *^'2> ^.i ' 

is Ciille^d ca (letpriniiiaiit of the third order and stands for the 
quantity 

^..1 ^.i 

' I 1 ! 


-'-i 

M r*.! ^'1 


l<*2» 

i.e. hy Art. 4, for the quantity 

' ^V'j) > ^V])> 

i.e. O'l j /■_.) -! ~ h^c^) Z>./‘i). 




6. A cJetenninant of the third or<kM* is flierefon‘ reduced 
to three determinants <tf tlie s<‘con<l order hy th(3 following 
rule : 


Take iu onler the <iuantities which occur in the lirst row 
of the determinant; nmitiply each of these in turn hy the 
determinant which is obtained hy erasing the row and 
column to which it belongs ; prefix the sign -f and - al- 
ternately' to the prtKlucts thus ol)tained and add the 
results. . 


Thus, if in (1) wo omit the row and c(»hiini#'to winch 


belongs, wtj have left the d(‘tenniuaiit 


K'j, 


and thi'^ is tlie 


coeliicient of r/j in (2). 

Similarly, if in (1) we (»mit tlui row and column to which 

a» belongs, w'e have left tlu^ determinant | '‘i and this 

, > /’y 

with the — sign prefixed is tlii3 c<»eflicieiit of a.^ in (2). 


7 . 


J, 

The detenuia’ant j ”4, 
' -7, 


= 1 X' 


i5, -6 


f“4, 


1«> 




‘J, -.'ti 
5, - C 
H, -9 


- 0 | 

-9! 


+ (-3) 


X 



= !5x(-9)- 8^( .f,)}+2x{(-4)(-9)-(-7H-0); 

-Sx {(-4)x8-(-7)x6} 
= { -45 + 48) +2{3C-42}-3{-32 + 35} * 


=3-12-9= -18. 



COORDINATE GEOMETRY. 


8. ^ihe quantity ! ^ “ 

‘ j^'l, ^2, ^‘ 4 ; 

|(/,, <i.,. d,.d^\ 

is callod a determinant of tlie fourth order and ntands for 
the quaiitit^^ 

1 1 ^^4 ' 

«! X G 3 , e 4 j-a 2 X Gj, G,, G 4 ' 

c/o, < 1 ^ i t/ 3 , 

, ^2, K ^2, ^3 1 

-f «3 X Gi, G.,, G^; -f/^X G,, G,, G^j, 

f/^, iLy d,y d.jy d.,\ 

and its value may be obtained by finding the A alue of each 
of these four determinants by the rule of Art. G. 

The ruh; for finding llie value of a determinant of the 
fourth order in terms of determinants of the third order is 
clearly the same as that for one of the third order’ given in 
Art. G. 

Similar!^ for deterrainants of liigher orders. 

9. A determinant of the second order has two terms. 


One 

of the 

third orde 

has 3 v 2, 

?.G. G, terms. 

One of the 

fourtli order lias 4x3 

X 2. i.e. 24, 

terms, and 

SO 

on. 

10. Bxb. Provo that 




0 ) 

2, -:i 

4, 8 '■ 

(2) - 

4, '9! 

''J. 

(3) -2, 

-3, 

4, 

- 8;:= -98. 





9, 

s, 

-10' 


9, 8, 7; 


1 - 

- ily by C , 



(1) 

G, 5, 4!: 

--0. 

(“>) ' 

w, - by cj = 

:4«i 



3, 2, 1! 



G. by -C\ 




f*y 0 






(fi) 

hy / 

— abc + 2f(jh - 

ap^-bif -ch 

- 




<7. f,/ 
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Silimination. 


11 . Suppose we have the two equations 

+ ^ 2 #/ - 0 ( 1 ), 

4 - - 0 ( 2 ), 

between the two unknown quantities x and y. There must 


be some relation holding l>etween the four coetlicients 
ip and ig. For, from (1), we Jiave 
X 

and, from (2), we have -* 
iJ 

Equating these two values of - we have 

y 

b., a 2 

i.e. ffiLy ~ - 0 (3). 

The result (3) is the condition that botli the equations 
(1) and (2) should .be true for the same values^jf x and y. 
The process of iinding this condition is called the elimi- 
nating of X and y froui the equations (1) and (2), and the 
result (3) is often called the elirainant (d’ (1) and (2). 

Using the notation of Art. 4, the result (3) may be 

written in the form i I - 0. 

, Wo ' 

This result is obtained from (1) and (2) by taking the 
coefficients of x and ;// in the order in which they occur in 
the equations, placing them in this order to form a determi- 
nant, and equating it to zero. 

12 . Suppose, again, that we have the three (^(juatione 


(f ^x -i- a.jy + UjZ - 0 ( 1 ), 

hjX + + 6 ;^ = 0 ( 2 ), 

and c,rc + 4- - 0 *• (3)i 


between the three unknown quantities x, y, and z. 
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J5j^'ividin^ each equation hy we liave three equations 

betwefVi the t\A'o unknown quantities - and Two of 

these will be suihoient to determine these quantities. By 
substituting-^ their values in the third equation we shall 
obtain a relation between the nine coefficients. 

Or we may j>roeeed thus. From the eciuations (2) and 
(3) we have 

_ J! g 

Substituting tlieso values in (1), we have 

(V;i - (Vj - + "a ~ 0...(4). 

This is the result of eliminating u-, ?/, and c; from the 
equations (1), (2), and (3). 

Ihit, by Art. 5, ecjuation (4) may be written in the form 
''a I 

/>,; 0. 

<•). '•=. <•»! 

This eliniirfaiit may bo written clown as in the last 
article. vhM)y taking the coefficients of ir, y, and c in the 
order in which they occur in tlie equations (1), (2), and (3), 
placing iliem to form a det('rniiiiant. and equating it to 
zero. 

13. Ex. What iii the value of a that the equations 
(itV -■}- ’2tf 4* 3c ^ 2j.' — oy 4/^ ~ 0| 

a nd 5.r + 7 ?/ - 8c = 0 

may he simultaneously true? 

BlimiiiatiMfi; :i . ?/, and c, aao have 

2, 3. 

^2, -3, 4!:-0, 

! 5. 7, - 8 ' 

i.e. n [( - ;i) ( S) - 4 V, 7] - 2[2 X ( - 8) - 4 X 5] + 3[2 x 7-6 x {- 3)]=0, 
i.e. ii[-4]-2[-3G] + 3[2'J] = 0. 

72 + 87 16'.) 

■'=-4— = -4- • 


SO that 



ELIMINATION. 


7 


14 . If again we have the four equations 

UiX + a^z H- a^i - 0, 

hypr -f h.j_iJ -h 6,3 + -- 0, 

+ c.j,y 4- C^Z i t\n 0, 
and dyV + h df. 4 - d^u ^ 0, 

it could be shewn that the result of 6‘liininating the four 
quantities £r, ?/, 3, and u is tlie determinant 

' r?{, 

■q, c,, 

i C?, , <^2, €^3, </4 { 

A similar theorem could be sliewn to Ih' true for w 
equations of the first degree, sucli as the above, bt^tweeu 
unknown quantities. 

It will be noted that the riglit hand iiiember of each of 
the above equations is zero 



CHAPTER TL 

COORDINATES. I.ENGTlfS OF S'l'KAICHT LINES AND 
AREAS OF TRlAN(iLES. 

«> 

15. Coordinates. Let OX and OY be two lixed 
straigJit lines in the plane of the paper. The line OX is 
called the axis of a;, the line OY tin? axis of ?/, whilst the 
two together are called the axes of coordinates. 

The point O is called the origin of coordinates or, more 
shortly, the origin. 

From any point P in the 
plane draw a, straight line 
parallel to ^ 1^ to meet OX 
in J/. 

'Hie distance OM is called 
the Abscissa, and the distance 
MP the Ordinate of the poiirt 
P^ whilst the abscissa and the 
ordinate together art? calleil 
i ts Coord i n ates. 

.Distances measured parallel to 6^ A" are called Xy with 
or without a suflix, (c.</. .7-^, jc,.,. x\ and distances 

mciisured parallel to (^Y are called y, with or without a 
suflix, (c,y. yj, y.,... y', y 

If the distances OM and MJ* be respectively x and y, 
the coordinates of P are, for brevity, denoted by the symbol 

(®. v)- 

CoBversely, when we are given that the coonlinates of 
a jKiirit P are (x, y) we know its position. For from O wt? 
have only to measure a distance OM i^-x) along OX and 
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then from M measure a distance MP y) i)araJlAto OY 
and we arrive at the position of the point P, Poifltample 
in the figure, if OM be equal to tlie unit of length and 
MP^ "lOMy then P is the point (1, 2). 

16 . Produce XO backwaixls to form the line OX* and 
YO backwards to l>ecome OY*. In Analytical Geometry 
we have tlie same rule as to signs that the student has 
alrendy met with in Trigonometry. 

Lines measured paralhd to OX are positive whilst those 
measured parallel to OX* are negative; lines measured 
parallel to OY are positive and those paralhd to OY* are 
negiitive. 

If P^ be in the quadrant YOX* and drawn 

parallel to the axis of y, meet OX* in and if tlie 
numerictU values of the quantities OM,^. be a 

and 6, the coordinates of P are (-a and h) and the position 
of P^ is given by the symbol (- a, h). 

Similarly, if be in the third quadrant X*OY* ^ both of 
its coordinates arc negative, and, if the numerical kmgths 
of OM^ and M.J\ be c and d, then P,, is denoted by the 
symbol ( — c, — ^/), 

Finally, if 7*4 lie in the f^mrth quadrant abscissa 
positive and its ordinate is negative. 

17. Sx. Iavj down 0 }i imper the position of the points 

(i) (2, -1), (iij {--3, 2), and (iii) (-2, -3). 

To get the first point we measure u distance 2 along OX and then 
a distance 1 parallel to OY' ; we thus arrive at the required point. 

To get the second point, wo measure a distance 3 along OX', and 
then 2 parallel to OY. 

To get the third point, we measure 2 along OX' and then 
3 parallel to OY'. 

These three points are respectively the points P 4 , Pjj, and ij in 
tbo figure of Art. 15. 

18 . Wlien the axes of coordinates are as in the figure 
of Art. 15, not at right angles, they are sfiid to l)e Oblique 
Axes, and the angle between their two positive directions 
OX and OY, i.e. the angle XOY, is generally denoted by 
the Greek letter w. 
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Injreneral, it ia however fount! to be more convenient to 
take tt fixes OX and 0 Y at riglit angles. They are tlieri 
said tol^e Rectangular Axes. 

It may always be assumed throughout this l)(X>k that 
the axes are rectangular unless it is otherwise stated. 

19. The sysUun of otjordinato spoken of in the last 
few articles is known as the Cartesian System of Coordi- 
nates. It is so called because this system was first intro- 
duced by tlie philoaoplier Dcs Cartes. There are other 
systems of coordinates in use, hut the Cartesian system is 
hy far the most important. 

20. To find the distance between two points whose co- 
ordinates are given. 

Let and be the two 
given points, and let their (jo- 
ordinates bo resj)ectively (.r^, y^) 
and (ir.j, ?/o). 

Draw I\M^ and pa- 

rallel to 0)\ to meet OX in 
J/i and J/o. I^raw P.^R ])arallel 
to OX to lut'et MJ\ in Ji, 

Then 

PJi -- MJf , .. OM, - 02P - .r, - ,r.>, 

and z PMP, - z 0MJ\ 1 80“ -- Pfif.X - 1 80“ - a>. 

We therefore liave yTrigonometry, Art. 164] 
jP,/V - + PI\' ~ ‘2P.R . A7\ cos P.RP^ 

=- (a:, - + iin - yfi - 2 (x, - x„) {y, - ya) cos (1 80“ - w) 

S! (Xi -x^2 + {yi -ya)*+ 2 (iti -x^ (jri -72)008 

If the axes be, as is generally the case, at right angles, 
we have «*> - 90” and hence cos a> = 0. 

The formula (1 } then becomes 
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SO thait in reetangul-ir coortliiiates tlie dwtanoe the 

two points (u*,, y,) and (a-*, y.^) is , IP 

V{Xi-Xj)!‘+(yi-yj)s (2). 

Cor. The distance of tho jK)int {x^, y^) from the origin 
is -\ y^^y the axes beini^ roetangidar. Tins follows from 
(2) by making both :k\, and yj equal to ze>ro. 

dl. Tho formula of the previous article has been provoil for the 
case when the coorthnatos of both tho points are all positive, 

Due regard being had to ilic signs of the coordinates, the formula 
will found to be true for all 
points. 

As a numerical example, let 
Pj be the point (5, 0) and P» 

Ih‘ the point (-■ 7, -4), so that 
we have 

~ ?/i ■= t», ' 7, 

and - (. X' 

Then 

- - + 

and 

PPj =.44-0 Y7 

The rest of tho proof is as in tlie last aiticle. 

Similarly any other case could be considered. 

22 . 7h Jind tfut coorduifftrs of the jtoutt vddeh dividts 
'in a given ratio ( a ;/, :ni,^)*(he Hue joining two given points 
(a-i, Vi) a>ul (a-,, ;//,). 



O M, M M„ X 

Let 1\ 1)6 the point (*„ y,), P. the point (a^, y^), and P 
the required point, so that we have • 

PX :PP, :: «, : m,. 
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I# F be the j>oint (.r, y) so that if PiM^^ FM^ and 
PaJI/g^e drawn parallel to the axis of y to meet the axis of 
xin J/, and we liave 

OM^ J^IiPi y,, MF~y^ CWg — .r^, 

and ~ 2/2* 

Draw P^H^ and PK^^ parallel to OX, co meet MP and 
in 7 ?, and 7 ^ respectively. 

Tlien i'j/jJ, ~~ M^M OM - OM^ =. .t - .Tj , 

PJl, J/J/a -- ai/a - OM^ a-a - a:, 

R,P- MP^M,P,. 

and £.J\ - M,P, - J/P - ya ~ y- ‘ 

From tlio similar triangles P^RyP and PliP^ we have 
P,P PiRi x~x^ 
ni 2 PP -2 PR^ *^2 “ 

(x .2 — x)- 7H,2 (x - aTj), 


i,e. 


• 7 ) 1 ^ 


m\ _ P^]* R^P y - yi 
...a PP.^ 

ni,yj ntaZ/j 

n/j 4- Tiij 

Tlie coordinate^ of the jiuiiit which divides PJ\ in- 
ternally in the givi'u ratio in-^ : 711.2 therefore 


Again 
so that 
and lienco 




and 

mi + mj nil + m2 

If tlie point Q divide tlie line i^/a externally in the 
siiine ratio, i e, so tliat J\Q : QP^ mj : m2, its coordinates 
would be found to be 


and “iZlZm. 

ni| — in2 — 1112 

The proof of tins statement is similar to that of the 
preceding article and is left as an exercise for the student. 
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Cor. The coordinateR of the middle point of 
joining (x,, y,) to (Xj, y.,) lue 




38. Bx. X. In any triangle AIIC pi'ovr that 

A IP A = 2 (.4 D-’ 4- />C*) , 

where D is the middle point of JW. 

Take /? as origin, liC as the axis of .r, and a line through li per- 
pendicolar to liC as the axis of y. 

Let ]W=^at so that C is the point (e, 0), and let A be the point 

Then D'ia the point • • 

Hence /!/>’= +yi< ftod • 

Hence 2 ( AD* + D(r») = 2 j^x,* + y,* - «x, + 

;s=2a:|* + 2//i" ~ %iXj + a*. 

Also ^C- = (ar, 

and 

Therefore ATt'^ + AC^^ 2xj® + 2j/j* - 2ax, + 

Hence + a(P= 2 {ATP + V(Pj, 

Sx« 3. ABC is a triangle and P, J?, and jf?’ are me miaaie poinie 
of the sides BC^ CA, and ABj prove that the jwint which divides AD 
internally in the ratio 2 : 1 also divides the lines BE and CF in 
the same ratio. 

Hence prove that the medians of a triangle meet in a point. 

Let the eoordinat€»s of the vertices .4, /y, and C be (Xj, f/a)* 

^d (a„, 3/3) respectively. 

The coordinates of I) are therefore and 

Let G be the point that divides internally AD in the ratio 2 : 1, 
and let its coordinates be x and y. 

By the last article 

— Xn “I" Xa _ 

2x “ ~*+lxa:, 

•m ? X^ + X^ + X^ 

241 a • 

So 
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In same manner we could shew that these are the coordinates 
of the pftnlH that divide UK and CK in the ratio "2 ; 1. 

Since tlie point whose coordinates are 

.r, f -r. + Ta ?/, -f ?/« + i/a 

lies on each of tlio lines AD, lip\ and CF. it follows that these three 
lines meet in a point. 

This point is called tlie Centroid of the triangle. 


EXAMPLES. I. 


Find tlie dislunces l)ct\veen tlie following pairs of points. 

1 . (2, ;-J) and (5, 7). 2. (1, - 7) and (-1,5). 

3. ( - -‘h - 2) and ( - (*», 7), the axes being inelined at (iO". 

4. («) o) anti (t), 5). 5. i“t', c + (i) and (tH-n, a + 5). 

6. (a cos a, n sin a) and {a cos (3, tt sin (J) 

7. (tf/aj-, 2am^) and [nni>r, 2nm.,). 

8. Tjuj down in a figure tlie positions of the jioints (1, and 
( - 2, 1), and prove that tlie distance between them is 5. 

9. Find the value of a\ if the distance between the points (xj, 2) 
and (3, 4) he H| 

t .. 10. A line is of length 10 and one end is at the point (2, -3); 
it tlie abscissa of the other end he 10, })ro\o that its ordinate must he 
3 or - 9. 

11. ProNC that the points (2a, 4a), (2a, Oa), and (2a + ^/3n, o<i] 
are tlie vertices of an equilateral triangle whose side is 2a. 

12. Prove that the points (-2, - 1), (1, U), (4, 3), and (1, 2) are 
at the vertices of a paiallflograni. 

13. Prove tliat tlje ]'ointH (2, -2), (8, 4), (.>, 7), and (-1, 1) are 
at the angular points of a lectangle. 

14. P rovo that the point ( - iVi ?*) Oic cfutre of tiie circle 
eircumsci'ildng the triangle whose angular jioiuts are (1, 1), (2, 3), 
and ( - 2, 2). 

Find the coordinates of the point which 

15. divides the line joining the points (1, 3) and (2, 7) in the 
ratio 3 : 4. 

16. divides the same lino in the ratio 3 : - 4, 

17. divides, internally and externally, the line Joining (-1, 2) 
to (4, - 5) in the ratio 2 : 3. 



[£xs. 1.] 
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18. divider, internally and externally, the line joining 

to ( - 8, 7) in the ratio 7 : 5. w 

19. The line joining the points (1, - *2) and ( - 3, 4) is trisected ; 
find the coordinates of the points of trisection. 

20. The line joining the points (-6, 8) and (8, -6) is divided 
into four equal parts ; find the coordinates of the points of section. 

21. Find the coordinates of the points 'which divide, internally 
and externally, the line joining the point + a~b) to the point 
{a - h, a-\-h) in the ratio n ; b. ‘ 

22. The coordinates of the vertices of a triangle aio (.rj, yi), 
{x^j 1 / 2 ) and (j'j, 7 / 3 ). Tlic line joining lliu first two is divided 111 the 
ratio "f ; k, and the lino joining this point of division to iho opposite 
angular point is then divided in the ratio m : /c-t-Z. Find the 
coordmatdH the latter point of section. 

23. Prove that the cotndinaicK, .r and y, of the middle point of 
the line joining the point (2, 3) to the point (3, 4) satisfy the equation 

X y 1 =-(). 

24. II ho the centroid of a tiiangle AllV and O be any other 
point, jirovc that 

3 h GJP + GC^) = ]fC^ 4- CA- + A 1{‘\ 
and (M- -f OH" -h OC- =* GA" + O’ + 0 C- + 30’ 0'\ 

25. Provo that the lines joining the middle points of opposite 
sides of a quadrilateral and the Hue joining The iiiiddic points of its 
diagonals meet in a point and bisect one another. ^ 

26. H, C, I) . arc n points in a plane whose coordinates arcigj 

•?/!)> ••Alt is bisected in the point Oj ; G^C i^ 

div.dcd at G^ m tun ratio 1:2; G.^l> is divided at O, in the ratio 
1:3; OjF at, in the ratio 1 ; 4, and so on until all the points are 
exhausted, bhew tiiat the coordinates of tiic final point so obtained are 
.r.+^,+3^^+x„ 

n n 

[This point Is called the Centre of SKean Position of the n given 
points. J 

27. Frove that a point can be found which is at tlie same 
distance from each of the 'four i>oints 

, — ) , — ) » {«W3, ) I and ( ^ 

mj \ ^ mj \ mj \ nipa,a»i ^ ’ 

24. 7^0 prove that the area of a trapezium^ i. e. a quad- 

rilateral havimj two aides parallel^ is orve half the sum of tlie 
Uvo parallel sides multiplied by the perpendicular ^distance 
beitoeen them. 
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be tlio trapezium having the sides AD and 

BC pamllel. 

Join AC and dniw AL perpen- 
dicular to BC and (JN perpendicular 
to AD, produced if necessary. 

Since the area of a triangle is one 
half the product of any side and the 
jKjrpendicul/ir drawn from the opposittj angle, we have 
area ABCD-^ A A BC -f AACD 



-^-l.nC,AL-v\.AD.GN 
I (BC 4 AD) X AL. 

^ is. To find the area of the triangle^ the coordinates of 
whose angular 2>oint8 are given ^ the a.ves being rectangular. 


Let ABC bo tlie triangle 
and let tlic coordinates of its 
angular points A^ B and C bo 

(a'l. yi). (a^s. ya). an<l yaj- 
Draw A //, BM^ and CN per- 
pnidicular to tlu* axis of x, and 
let A denote the required area. 
Then 



A "trapeziuniil//iVX’ 4 trapezium trapezium ALMB 
C' - {LN {LA + A'C) + liV'J/ (XC + ML) ■ - ILM{LA + MB), 
by the last ai’ticle, 

=- h [4» - ‘*^i) iy> + y.>) + (-‘a - -'a) {y-i + y^) - (y* + ya)]* 

On simplifying wo easily have 

^ ^ i (*iy2 - + *2y3 - ^yz + *3yi - *iys)> 

or the equivalent form 

^ 1 [^' (y^ - ya) + •'■2 (y.) - yd + ^3 (y. - ys)]- 

If we use the determinant notation this may be written 
(as in Art. 5) 


A---i 


y>, 1 


I y»j 1 j 

Cor» The area of the triangle whose vertices are the 
origin (0, 0) and the points (acg, t/,) is J (f^iya - a-ay^). 



AREA OF A QUADRILATERAL. 
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96. In tho prccedinp; article, if tho axes be obli(|ue, peri>Gn 

diculars and are not erjiMl to the ordinates and 

biu are equal respectively to sin w, ?/, sin w, and sin w. 

The aiea of the triangle in this case bi'comes 

4 8111 o) [ - .rj.7, r„7j - t jV^ -t i jVj ,[ , 

*1. Vu ij 

i e. ^ain w X r ,, 1 ] . 

fj. j'j. 5 

97. In order that the evpiesaion for the area in Art. 25 may be 
a positive quantity (us ail ai(‘as necessarily are) the points Ay 7/, and 
(' inuat he taken in t'lo order in which they would be met by a 
peibon starting from A and walking round tlie Irianglo in such a 
inannor that thr (mu of the tuanyle /« alnayn on hi** left hand. 
Otherwise tfie expn‘ssious of Art. 25 wi»uld he found to be negative. 

28 . To ftud the area of a qaadrilateraf the coordhtatea 
of vyhoac anyu/ar 2 >(dmta are given. 


D 



O L (i N M X 

Lot the an^niUr points of the cjnadrilateral, taken in 
order, be Ay Jly (7, and 77, and lt*t tlieir coordinates be 
respectively (j-,, ?/,), (Cj, y^), (<•„ y,), ami y<). 

Draw A L, ISM, ("A’’, and 77 /t perpendicular to the axis 
of .r. 

Tlien the area of the cjuadnlatfTal 
- tnipezium ALllD ^ trapezium DUN C + trai>eziurn CNMIi 

- trapezium A LMB 

=- i AT? {LA + JtD) + i IIN ( UD + Ni ') t \ NM {NC MB) 

- i/.J/(/vA + JfT?) 

= i {(■'•4 - •»•,) (y, + y.) + (-cj - jr.) (y.i -t y.) *■ (^-s - ai) (yj + yj) 

-(•s--'»’i>(yi+yj)} 

= i {(*1^4 - ‘syl) + (*iiy4 - a'.yi) + - ^4y>) + (-syi - •'*^iy4)}- 
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29-ATh^. mImivo formula iiuiy also be obtained by 
(lrawin*the lines (JJ, ()!l^ OC and OD. For the quadri 
lateral AliCD 

A one + A (H^D - A OBA - A GAD. 

I»ut the coordinates of the vertices of the triangle* OBC 
are (0, 0), (r^, and (.r,, //,.): lienee, by Art. ‘Jo, its 
area is I (.iv/., 

So for llu* olh(‘r triangles. 

The reejuired area therefore 

- i I * {■''i.'/i - -'4%) - (-'a'/i - ■'■l,'/.’) - ■•■U/'O 1 

i [(.Cjl/a - “V/i) • (•'••iyj - •'•aJ/?) -I (•'•.i'/i - I- (■'•4^', ^ •*1^4)]- 

In a similar manner it may be shewn that iho area 

of a polygon of n sides the coordinat(‘s of wliosc* angular 

jioints, tiikeii in ord(‘i*, an* 

(•'■i" y.). (■'•4, '/'A '/„),• ■(■'■,. y,.) 

is il('''iy. JV/i' + e-y/j •',y4) + --- + e«.yi--‘V/Jj- 


EXAMPLES. II. 

« 

M Find the im is o[ the tiianf^ic^ the coordinates of whose angular 
yjints an* iesi»ectively 

1. (1,3), ( 7,0) and (5, 1). 2. (0, 1), (3, C) and (-8, -2;. 

3. (5, 2), (- <), -:i) and (-d, -3). 

4. {<■', ^ t''), /*-e) ainl (- < 1 , (). 

5. (u,e4u), (u, e) mil (-e, r-e). 

6 (ft cos </>j , h sin 0,)’ 02 » ^s)* 

7. 2e7Ji), ('O/.J', 'Jdi/tj) and (e/eg't 2 «/a 3 ). 

8. {emjWio, e (/Mj 4 ///j)}, (m 2 4- and 

[emjmi, e f wt,)!- 

^ f . e ) f 1/ 1 , f rt I 

9. - » vn»4,, y and V . 

l ^ »']) l ■ «'»( i «'») 

l*ro\e (hy nhewing that the area of the Iriuuglo formed by them ia 

2 fio) that the following .*^eN of three iKJ.nts lUo m a straight line ; 

10. a. 4). (3, -U), ana (-.% IC). 

11. (-4,3), (-5,0), aua (-8,K). 

12. («, 5 + '’). (5, <•+«). “■"<1 (!•, « + 5). 
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Find the urens of the quadrilaterah the coordinates ^ whose 
angular points, taken in oraci, arc V 

13. (1. 1), P, -1), r*. - 2), and (i, - 7). 

14. (-1.6). (- 3, -9), (.3, -8), and (3, 9). 

15. If 0 he the origin, and if the coordinates of any two points 

and P^ he respectively (.r^, 7/^) and (r^, p..), pio\e that 

OP^ . O/^ . C03 7*jOi*y-T J-jJj } //,7/o. 

30. Polar Coordinates. TIkm-o is another metliocl, 
which is often used, for determining the position of a point 
in a plane. 

Suppose 0 to be a fixed point, calh‘d tlie origin or 
pole, and OX a fixed line, called the initial line. 

Take any <»ther jxiint P in the jdane of thi* pa])er and 
join OP. 'rhe position of P is clearly known when the 
angle XOP and tlie length OP are given. 

[For giNing tlie angle XOP shews the diicetioii in which OP is 
drawn, und giving the distance itP tells tin' distaneo of P along thiH 
uirect’on.J 

The arigl(‘ which would >)e traced out by the line 

OP in revolving from the initial line iLV is called the 
vectorial angle of P and th(‘ length {)P is calhxl its radius 
v(‘ctoi‘. The two taken together are called tlie polai co- 
ordinates (*f P. • 

Tf the vectorial angle he 0 and the ratlius vector be r, th^ 
position of /* is denoted by the symbol (/•, 0). 

The radius vector is positive if it be measured from the 
origin 0 along the line Ixjujiding the vectorial angle; if 
measured in the opposite direction it is negative'. 

31. Sx. Cofiftrurt the pogltiomt of the poiiita (i) (2, 80'^), 
(ii) (3, lo0°), (lii) (-2, (IV) 

(-3, 330^), (v) (3, - 210'") and (vi) 

(-3,-30). 

(i) To construct the first point, 
let the radius vector revolve fioni 
OX tlirough an angle of 30'", and 
then mark off along it a distance 
equal to two units of length. We 
thus obtain the point P^. 

(ii) For the second point, the radius vector revolves* from OX 
through 150° and is then in the position OP^\ measuring a distance 3 
along it we arrive at l\. 
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(di) For tho third point, let the radius vector revolve from OX 
through ^ ° into the poHitiou OL, Wo have now to measure along 
0/i a distance -2, i.c. we have to measure a distance 2 not along OJj 
but in the opposite direction. Producing LO to P,, fao that OPg is 
2 units of length, we have the required point 

(iv) To get the fourth point, we let the radius vector rotate from 
OX through into the position OM and measure on it a distance 
- 8, i.e. 3 in the direction il/0 produced. We thus have the point P.^, 
which is the same as the ])oiDt given by (ii). 

(vj If the radius vectt)r rotate through - 210'^, it will be in the 
position Oi^ 2 , and the point lequired is P^. 

(vi) For the sixth point, the radius vector, after rotating through 
-80^, is in the position OM. Wo then measure -3 along it, i.e. ‘3 in 
the direction MO produced, ond once more arrive at tlie point P». 

32 . It will be ob&<*rvecl that in the pr(‘vious exanij^le 
the same point J\ is denoted liy each of the four sets of 
polar coordinates 

(3, l.W), (-3, 330’), (3, -210’) and (- 3, - 30“). 

In general it will be found tliat the same point is given 
by each of the polar coordinates 

(r,0), (-r, 180“ + (9), {/•, (300“ -t?)j and { r, - (180“-^^)!, 

or, expressing the angh's in radians, by each of the co- 
ordintites 

{r, 6), ( r,Sr+0), [/•, {i-tr-O)} and {- r,-{7r-0)\. 

It is al.so cli'iir that nddiiif; 360° (or nny niultiple of 
360“) to the Aectorial angle does not alter tlie final position 
of the revolving line, so tliat (?•, 6) is always the same point 
as (r, O + rf . 360“), where n is an integer. 

So, adding 180“ oi any odd multiple of ISO” to tlie 
vectorial angle and changing the sign of the radius vector 
gives the same point as before. Thus the point 

[-r, 0 \ (L>a+ 1)180“] 

is the same point as [— r, 0 + 180“], i.e. is the point ( /•, 0\ 

33 . To Jind ihe leiitjth of the straight line joining trvo 
points whose j)olar coordinatei, are given. 

Jjet A and 7> the tw’o points and let Jieir polar 
coordinates be (r^, 0^) and (r^, 6^) respectively, so that 
OA^r^y l and 
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Then (Trigonometry^ Art. 164) 

AJ^ 20 A . 0 cos A OM 
^ - 2t,i\ cos ((9, - 

J 34. To find the area of a triaugh the coordinates of 
whose amjular points are given. 

Let AUC the triangle ami let (rj, (r,,, ^a), and 
(''•jj be the polar coordinates of 
its angular points. 

We have 

H^ABC OCA 

- /\OBA (1). 

Now 

r.OBC- lOILOCsinnOC 
\Trigonomei'nj^ Art. 198j 
= Jr2r8sin(^a-^)j,). 

So A OCA - ^OC . OA sin CO A = ^r^Vi sin (0^ - ^j,), 
and aOAB- ^(tA .OB sin AOB - |rjrjj sin (^, - 6^) 

- - J rp'g sin (^a ^i)- 

Hence (1) gives 

A ABC - i [r^rj sin ( 6 /.{ - 0.^) + rgr^ sin (B^ - ^ 3 ) 

‘ + j-irfsin (Cj - <»,)]. 

^ 35. To change from Cartesian Coordinates to FoS 

Coordinates^ and conversely. 

Let 7^ be any point whose Cartf^sian coordinates, referred 
to rectangular axes, are x and y, 
and whose polar coordinates, re 
ferred to 0 as pole and OX as 
initial line, are (r, B). 

Draw P.lf perpendicular to OX 
so that we have 

OM^- x, MF^-y, lMOF^B, 
and OF~r. 

From the triangle MOP we 
have 

X - OM - OP cos MOP ■ rcosB ... 
y ~ MP - OP siji MOP r sin 0 . 
r=. OP^ ^aSFTMP^-- JUdTf 




X' 0: 


iy' 


■( 1 ). 

•( 2 ). 

•( 3 ). 


.'.+V I 
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and ^ 


tan 0 - 


MP 

OM 


y 


( 4 ). 


Equations (I) and (2; t*xj>n ss. the Cartesian coordinates 
in t(‘rins of tJie polar coordinates. 

Eijuations (Jl) and (4) <\\press the polar in t(‘rnis of the 
(Jartesian coordinatt s. 


Tlie sanu* relations ns ill he hnind to hold if P he iu any 
oth(*r of the quadrants into wliich tlie plane is divided hy 


.YOX' iiini yor. 


XSz. Chtnuje to (Uiriet^ian coonituotos the equation^ * 

(l)r = a«/a^?, and (2) = . 

(1) ]Mii]tiplyinj» ilio 0 ({ua(ioii by it brconw'B — nr sin (f, 
i.e. by equations (2) and (,*>). I -dj/^ 

(2) Squaring the equation (2), it becoinea 

r . a coi'^ =r ( 1 q- cos 0), 
i.e, 2/*2 - ar + ar cos ft, 

i.e. 2 ( I - 4 = a i p- 4- a.r, 

i . e . ^ (2 f' f - a.r)- -d- l.r--*. j/*’) 


EXAMPLES. III. 


Lay di)wn the positiouM of the points whose polar coordinates are 

1. (3,45’). 2. (-‘i. -00^). 3. (1,135°). 4. (2, ;i,W). 

5. (-1, -IK')'). 6. (1. -■-’!<)). 7. (.5, -G75'). 8. ■ 

9 . (•-*«.-;). 10 . 11 . 

Find tlie lengths of the straight lines joining the pairs of points 
whoso polar coordinates aie 

12. (2, 3(n and (4. 120"). 

14 . («. nn<l ( 3 ,,. ?). 


13 . (-8, 4,V) and (7, 1015°) 



EXAM1*LES. 
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[Exs. III.] 

"^5* Provo tliat the points (0, 0), ^3, ^ ) , ujul ^3, » ^ foro^n oqui- 
lateral triangle. 

Find the areas of the triangles tho o Kndi nates el' anIio-^o angnlni 
points are 

16. (1, 30 0, (2, 60"’), and (3, ‘)0‘). 

17. ( 3, 30 ), (3, 130 ), and (7, 210 ). 

18 . 

Find the jiolar coordinates (drawing the t'lguie in eaeli cube) of the 
points 

19. :r“^/3, ?/= 1. 20. 21. r = -1, j/.l. 

Find the rartesian coordinates (drawing a figure in each case) of 
the jH/ints whose p dar coordinates aie 


22. 

(‘■D- 

23. 


24. 


Change to polar coordinates the equations 


25. 


26, 

y - .r tan a. 

27. iT' t- f/‘ 2u.t . 

28. 

x®-i/®=2a//. 

29. 

r-j/«(2o 30. 

(.f5 , y2)2^,t2(.,2_ ,^2, 


Transform to C 

iartchian cooidiiiatcs tho ‘ iuation.s 

31. 

, r-a. 

32. 

0 -= tan~^ m. 

33. r-<ici 0. 

34. 

, rs^a sin 20. 

35. 

,.3 -- ^2 20. 

36. /“8iR26l = 2oV 

37. 

, r^coB2f~a‘^. 

38. 

i 0 i 

cos (l* , 

JL 1.0 

39. 


40. r (cos 30 + sin 30) = !)l sin 0 cos 0. 



CHAPTER ITT. 

LOCUS. i:t,>UA'ilON TO A LOCUS. 

36 . When a point moves so as always to satisfy a 
given condition, or conditions, the path it traces out is 
called its Locus uiul<‘r llu\se conditions. 

For example, sui)poso 0 to be a given point in the plane 
of the paper and tliat a point J* is to move* on tlie paper so 
that its distance from 0 sljall bo constant aTid equal to r/. 
It is clear that all the positions of tlie moving point must 
lie on the circumference of a circle whose centre is 0 and 
whose radius is a. The circumfcreiic(i of this circle is 
therefonj tli<‘ “ Locus” of P wlien it moves subject to the 
condition tha^ its distance from O shall be equal to the 
constant distance a, 

4 

" 37 . A gain, suppose A and Ji to be two fixed points in 

the plane of the pap<'r and tliat a point P is to move in 
the plane of the paj)<3r so tliat its distances from A and Ji 
are to be always e(|ual. if we liincet AB in V and tlirough 
it draw a straight line (of infinite length in both directions) 
perpendicular to AP^ tlum any point on tliis straight line 
is at equal distances from A and B, Also there is no 
point, whose distances from A and U are the same, which 
does not lie on this straight line. This straight line is 
therefore the “Locus” of P subject to the assumed con- 
dition. 


38 . Again, suppose A and B to be two fix(*d points 
and that the jxfint P is to move in the plane of the paper 
so that •the angle APB is always a right angle. If we 
describe a circle on A B as diameter then P may be any 
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point on the circumference of this circle, since tlm angle 
in a semi-circle is a right angle; also it could e%i1y be 
shewn that A PB is not a right angle exce])t when V lies 
on this circumference. The ‘‘Locus” of P under the 
assumed condition is therefore a circle on J U as diameter. 

39 . One single expiation between t\Ao unkuown <pian- 
tities X and e.y. 

»■ + !/=-- 1 ( 1 ), 

cannot completely detenniru) the vaku's of x and v. 



f 

Such an e<|uation has an iniinite immlx?r of solutions. 
Amongst them arc the following ; 


a: =^0,1 


•I 

X -- ;j, 1 

y-1 J 

If 

O 

y=--l/ 

’ y -2/ 


X- 



Lf-'t us mark down on paper a nunjber of points whose 
cor»rdinates (iis defined in the last chapter) satisfy equation 
(!)• 


Let OX and OY be the axes of coordinates. 


Jf we mark off a distance OF^ (=- 1) along 0}", we have 
a point Pj whose coordinates (0, 1) clearly satisfy equation 
(!)■ 

If we mark off a distance 0F^{^ 1) along OJTj^we have 
a point p 2 whose coordinates (I, 0) satisfy (1). 
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Sindlarly tho point (2, - 1), and (3, — 2), satisfy 
the equation (1). 

Again, the oooi-dinates (-1,2) 1\ and the coordinates 

(-2, 3) of 1\ satisfy equation (1). 

On making the measurem(*nts carefully we should hnd 
that all th<i points obtain lie on the line (produced 

lK>th ways). 

Agabi, if we U)ok «n//]>oint Q, lying on and draw 

a perjxuidicular QM to OX, we should find on measurement 
that th(‘ sum of it-, .r and y (each taken with its proper 
sign) would b(‘ ecpial to unity, so that tlu' coordinates of Q 
would satisfy (1). • 

Also w<‘ sliould lind no ])oint, whos(‘ coordinates satisfy 
(1), which do(‘s not lie on 

All the points, lying on the straight line PJ^^ and no 
others arc* therefore such that lladr coordinates satisfy the 
equation (1). 

This result is (‘xpressed in the language of Analytical 
(leornetry by saying that (1) is the lOcpi.ition to the* Sti-aight 
Line J\P> 2 - 

i 

40 . C^)nsid(*r again the eejuation 

•»" + /-• ( 1 ;- 

Amongst an iiitinito number of solutions of this equa- 
tion are tlu* following: 


as - 2,1 

a* 


, *-^/2. 

a; 1 ) 

y-oj ’ 

// 

1 j 

y-V2J’ 

1! 

a: - 0l 

.V 

1,, 

y -J-2 }’ 

X ~ 1 

y-i.>r 

U 

s/.$J 

y- 1 i 

*---2,1 

j' 

- 

1 1 

.1 

* = -1, 1 

y-Q / 

!/ 

-- 1 

([ 

! 

*-0, 1 

X 

-1, 

1 - n/2, ) , 

> 

II 

y— 2/’ 

y 


2/--1 /* 
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ill these jK)ints are mspeetively represented ^ 
J\, P.,, y*,, ... ami they ^ 


*6 


F?,. 


'-ji 


^ P 

's •a 




All these inniits are mspeetively represented Jtv the 
points 

will all be found to lie on the 
(lotted circle whose centni is O 
and radius is 2. 

Also, if w(j take any other 
point Q on this circle and its 
ordinate it follows, .since 

OM' + M(p - 4, that IIh^ x 

and y of tlie point Q sati.^ties (1). 

The (l(»tted circle therefon* 
pass(‘s through all tlie points whosc^ 
coordinat(is satisfy (1). 

In the language of Analytical (leoinc'tr^/ the equation 
(1) is therefore the equation to the above circh*. 




Po 


M Ff X 


P.' 


41 . As another i‘xaniple hd us trace the locus of the 
])oint whose coordinates satisfy the eciuation 

4.t (1). 

If we giv<; x a negati\e ^alue we s(H‘ that y is im- 
possible ; for the square of a 
real quantity cannot be nega- 
tive. 

We see ther*(*fore that ther(5 
are no points lying to the left 
of OF. 

If we give a any ix)sitive 
value we see that y has two 
real correspond I ng value's whicl i 
arc equal and 'v)f oj)po8ite signs. 

The following values, 
amongst an infinite number of 
others, satisfy (1), viz. ■ 


a: = 0,| x-l, ] x=r‘l, y 

y = 0/’ y=+2or-2/’ y 2^2 or - 2^/2/’ 


jr- 4 1 

»•- 16, 1 

ic ~ -f 00 , 1 

y-4-4or — 4/* 

// - 8 or - 8J * 

y -i- 00 or — GO / 


The origin is the first of these points and Z*, ^nd 
7*2 *tnd Q,i, /*, and Q^, ... represent the next pairs of points. 
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l^we UM)k a large nuinV^er of values of x and the 
com^sjioiiding values of y, the points thus obtained would 
be found all to lie on the curve in the figure. 

IJoth of its branches would be found to stretch away to 
infinity towards the right of the figure. 

Also, if we took any point on this curve and measured 
with suliicient accuracy its x and y the values thus obtained 
would be found ttj satisfy equation (1). 

Also we should not be able to find any poirit, not lying 
on tlie curve, whoso ccKjrdinates would satisfy (1). 

la tho language of Analytical Geometry the equation 
(1) is the equation to tlie above curve. This curve is called 
a Parab<ila and will bo fully discussed in Chapter X. 

42. Tf a point move so as t(» satisfy any giv'en condition 
it will describe some definite curve, i>r locus, and there can 
always be found an equation between the x and y of any 
p<unt on the path. 

Tlii.s equation is called tho equation to the locus or 
curve. Hence 

Def. Equation to a curve. The equation to a 
enn^i iff the riiiatlo'n which exist h between the coord ituites of 
any point on the curve ^ and which holds for no other points 
except those lyi'ny on the curve. 

43 . Conversely to every equation between x and y it 
will be found that thete is, iii general, a dehniLe geouiefrical 
h»cus. 

Tims in Art. 39 the equation is .r+ // -.= l, ami the 
definite path, or hxjus, is the straight line l\P^ (produced 
indefinitejy IjKdh ways). 

In Art. 40 the equation is ^ = 4, and the definite 
path, or locus, is the dotted circle. 

Again the equation y - I states that the moving point 
is such that its ordinate is always unity, i.e. that it is 
always at a distance 1 from the axis of x. The definite 
path, or locus, is therefore a straight line parallel to OX 
and at a distance unity from it. 
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44r. In tlie next chapter it w'ill he found Uiat<^ the 
equation l)e of the first degree if it contain no 

products, squares, or higher i)owors of ,v and ;v) the locus 
corresponding is always a straight lino. 

If the equation l)e of the second or higher dc'give, the 
corresponding locus is, in general, a curved line. 

45. We append a few simple exaniphis of the forma- 
tion of the equation to a locus. 

Sx. X. A point moveH i,o iliat the altjebraic ttum of ita diittuncea 
from two gixfen perpeudinUar njces is equal to a constant quantity a ; 
find the equation to its locus. 

Take the straight lines as the axes of coordinates. Let (x, ;/) 
be any point satisfying the given condition. Wo then have x -i- y=^a. 

This being the relation connecting the coordinates of any point 
on the locus is the equation to the locus. 

It will be found in the next chapter that this equation leproseiits 
a straight line. 

Xlx. S. The sum of the squares of the distances of a moving point 
from the tvx) f. red points (a, 0) and {-a, 0) is equal to a constant 
quantity Find the equation to its locus. 

Lot (x, y) be any position of the moving point. Then, by Art. 20, 
the condition of the question gives 

j (x - + 2/2| + j (x + a)2 + i/\ - 2(;®, 

i.e. + ~~ a-. ^ 

This being the relation between the coordinates of any, and every, 
f>oint that satisfies the given condition is, by Art. 42, the equation to 
the required locus. 

This equation tolls us that the square of the distance of the point 
(x, y) from the origin is constant a(kd equal to r* - ti'**, and thereLire 
the locus of the point is a circle whosis centre is ilie origin. 

Sx. 8. A jjoint moves so that its distance from the point (-1,0) 
is always three timri its distance from the point (0, 2), 

Let (x, y) be any point which satisfies the given condition. Wo 
then have 

W - «)’= 3 V(-' - O)* + (tf - 2)®. * 

so that, on squaring, 

x® + 2x + 1 -I- 0 (x® + y* - 4j/ -f 4), 
i 8 (x® + y®) - 2x - 36j/ + =t. 0, 

This being the relation between the coordinates of each, and 
every, point that satisfies the given relation is, by Art. 42, the 
required equation. * 

It will be found, in a later chapter, that this equation represents 
a circle. 
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EXAMPLES. IV. 

By takiijg a number of solntionB, as in Arts. 89 — 41, sketch 
the loci of the following; equations : 

1. 2a^ + 8// = 10. 2. 4*- //-?. 3. x2-2/7Jc + y2=0. 

4. .T-- — 0. 5. y‘^ 6. 8.r = 7/‘^-0. 


J *- 4 ^ 

A and 7/ bHiiijj; tlio fixed points (o, 0) and (-0,0) respectively, 
obtain the equations giving? the locus of 1\ when 

.^8. 7^.1-- /W = a constant quantity — 2 
I 9. VA^nVli^ n beinj; constant. 


ylO, 7^-1 + a constant quantity. 

^11. P7/'^ + PC’2=2/M^ (’ being the point (c, ( 


/12. Bind tlie locus of a point whoR<‘ distance from the point (1, 2) 
is equal to its distance from the axi-n ol ij. 

Find the e(iuation to the locus of a point which is always equi- 
distant fiom the points whose coordinates me 

13. (1, 0) and (0, - 2). 14. (2, 8) and (1, 5). 

16. 4 ^ and ('/ - Z>, a t h). 

Find the equation to the locus of a point which moves so that 

16. hs distai^c fioiu llie axis of j is thieo times its distance from 
tlie axis of y. 

17. its distance from the point (a, 0) is always four times its dis- 
tance from the axis of y. 

18. the sum of the squares of its distances from the axes is equal 
to 8. 

19. the squoie of its distance from^the point (0, 2) is equal to 4. 

20. its distance from the point (8, 0) is three times its distance 
from (0, 2). 

21. its distance from the axis of x is always one half its distance 
from the oiigin. 

22. A fixed point is at a perpendicular distance a from a fitted 
straight lino and a ^H>int moves so that its distance from the fixed 
point is always equal to its distance from the fixed line. Find the 
equation to its locus, the axes of coordinates being drawn through 
the fixed point and being paiallel and perpendicular to the giten 
lino. 

23. In previous question if the first distance Lo (1), always half, 
and ^2), always twice, the second distance, find the equations to tlie 
respective loci. 



CHAPTER IV. 

THE STHAlCiirr l.INE. UFXTANGULAU OOOHDINATES, 

46. ^ To find ihe eqaatimi to a straight lit tv irhirh Vi 
paralld to one of the coordinate axes. 

Let CL bo any lino immllol to the axis of y and passing 
through a point C on llio axis of x such that OV — c. 

Let J* bo any point on this liiK' wliose coordinatt^s are 
£c and if. 

Then the abscissa of the joint C is y h 

always o, so that p 

•« '• (!)• 

This }>eing true for ov(‘ry joint on q C X 

the line CL (pifodiiced indefinitely lx>th 
ways), apd for no other j)oint, is, l^y 
Art. 42, the equation to the line. 

Jt will be noted that the equation does not contain the 
coordinate y. 

Similarly the equation to a straight lino paralhd to the 
axis of X’ is y - d. 

Cor. The equation tn the axis of x is y- 0, 

The equation to the axis of y is a; - 0. 

47. To find the equation to a straight Hue which cats 

off a given intercept on the axis of y arid is inclined/ Ctt a 
given angle to the aacis of x, % 

Let the given intercept be c aud let the given angle be a. 
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Ht 

14 C 1m* «'v point on tlio axis of y such that OC is a 
Through C draw a straight 
line AC7/incHued at an angle 
a ( tah ' w) to tlio axis of sr, 
sotliattana in. 

The straight line LCL' is 
therefore tlie straight line 
required, and ve ha\o to 
tmd the relation between the 
coordinates of any point J* lying on it. ^ 

Draw PM p<‘r] )endicular to OX to meet in X h line 
through C parallel to OX. 

Ijct the coordinates of 7* be x and y, so that OM -x 
and J77^ y. 

Then ilP NP + MN - CN tan a + Or /a . .r 4 - r , 
i.e. y = mx + c. 

This relation being true for any point on the given 
straight line is, by Art. 4:3, the equation to the straight 
line. 

[ In this, and other similar oast‘s, it eould be shewn, 
conversely, that the et|uation is only triu» for points lying 
on the given st^raiglit line.] 

Cor. The equation to any straight line passing through 
tlie origin, i.r. which outs oil* a zero intereejj|t from the axis 
of y, is found by jnitting c 0 and hence is y -fnx, 

4B. The angle a which used in the iirevions aiticle is the 
angle through which a siiaight line, originully ))aiallel to OX, would 
have to tuin in order to eoincido with the given iliirction, the rotation 
being iilwtns in the positive direction. Also m is always the tangent 
of this angle. lu the case of such a straight line as Ali, in the ligure 
of Art. 60, m is eiiual to the tangent of the angle XAP (not of the 
angle P.lO). In this case therefore m, being the tangent of an obtuse 
angle, is a negafoe quantity. 

The student should verify the truth of the equation of the last 
article for all jioinlb on the straight line IXU. and also for straight 
lilies in other positions, e.g. for such a straight line as A^B^ in the 
hguro of Art. 60. lu this latter case both m and c are negative 
quantities 

A capful consideration of all the possible cases of a few proposi- 
tions will soon satisfy him that tnis verification is not always 
necessary, but that it is sufficient to consider the standard figure. 
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49. Bx. The etilkation to the straiKht line cutting ^tt an 
intetxsept 3 from the nwative direotiou of the axis of j/, ana J 
at 130^ to the axis of aJfia 

^ 5 / = ar tan 120® + ( ~ 3), 
ir= — x^/.S-S, 
i.e. y rx 4-3—0. 


BO* 2*0 find the equation to (he Urnight line which cats 
off given intercepts a and bfrom the a.ces. 

Lt't A and Ji be on OX and OY respectively, and be 
such that OA — a and Oil h. 


Join All and produce it in- 
definitely both ways. Let P be 
any point (r, y) on this straight 
line, and draw P^^ peqjondicular 
to OX, 

Wo recjuiri' the relation that 
<vlway'5 holds \)etween .rand y, so 
long as P lies on A 11. 



By geometry, we iiave 

OM PJl AIP AP 

OA '' Air on Air 

' . OM JfP PJJ-^JP 

■■ oa'^ on " 'Aii 




This is therefore tlio ix^quired equation ; for it is the 
relation that holds lx*tween the coordinates of any point 
lying on the given straight line. 


61. The equation in tho preceding article may be also obtained 
by exprosmng the fact that the sum of tho aieas of the triangles OP A 
and OPU is equal to OA/Jrho that 

Jrtxy-4-||&xa:=irtxfc, 

andhenoe * + 1=1. 

' a b 


59. Bx. 1. Pind the r(juation to the straight tine passing 
through the point (3, -4) a»wl cutting off intereepu, equal hut of 
opposite signs, from the two axes. 

Let the intercepts cut off from the two axes be of lengths a and 

- 0 . 


L 



li coonuiNArh oeomktj^. 

Tha equation to tbo straight line is then 

" T tt 


+ ' - 1, 

a a y 

it X ?/ = a ‘I fl) 

Since, in adilitum, tlie fitrai^lit lin« is to go through the point 
\ 1, 1), these cooulinat< s must hatmfy (1) so that 

3 { 4) a, 

and th< refojc a 7 

The icquntd tqunliou is thtrcfoit 
jr // — 7 

XSac. 2 . i t}i I tlu iqnatinn to tin stranfot litu lohu h ptn^hes thiouqh 
the point ( 5, 1) ond /« sti h ih it the poition ( / it hitwein the iixts ih 

dmded hif tlu munt in the ratio oj 1 2 


Jjet tlie Kquircd sluiight line be 


Tins infots the axes 


m the ])oints whose < ooulinati s ait {n 0) and (0, h) 

'Ih( comdiuati 4 ot llu point ilividin/ tin Imo joining these 
points in th( rati i 1 i, uit (Vit J-) 

2 0 1 1 0 .20 Hi /> 2a , h 

2,1 “'■' J,1 ’ " J 2 

II this b( tliL point ( 4) \v hue 


so that 

The loquijtd 


, -Vf , . b 

<t ^ ' ai d b — VJ 
^lght lini Is tluiefoiL 


, / S3. To find ih iquttnon to a siiatfjht line tii U nm of 
the ptrjn ridu nlitf hi Jail iijioii it from the orufin and tlu 
atifjie that this ipnuiu uJai makts mth the ans if or. 

Let 0/i liu tbo iKMpondioul II fmiii 0 and let its length 

l>o p 

Ltt a ])(' the angle lli.it O/i makes 
with 0-\' 

Ijot P Im' any point, whose <o- 
ordinates aio or and y, l>nig on A/i^ 
dmw tlio oiilinate PJf^ and also ML 
perpondi(fular to OP and py p('i|)en- 
dicular to ML 
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> 

Then 0L •= 0 J/coh a 

and LUs NP~ MPfimXMr. ^ 

15ut ^ 90“ - L NATO - . MOL a. 

Ln--MPAnn. .. .(2). 

Hence, addin*; (1) and (2), we have* 

OJ/’oos u + J/7^sin a OIj^LIi OR 

i.e. X COS a 4- y sin a ;= p. 

This is the lequircd equation. 


S4, Tn Art s. 4 7 r>3 we liave found that t 1 h» correspond- 

in<; equations are only of the first dei^ree in and y. We 
shall now pro\e that 

h^S- iikKsvj^^-a^luiCLyjLjxitv^ 

sent X a sirahjlit fine. 

For the most ^^cneral form of such an ecpiation is 

Ax^JiyhC 0 (I), 

where A, R, and C an' constants, ».r. quantities wliich do 
not contain x ami y and which remain the samc5 for all 
j)oin(s on the locus. 

Let (./•,, ?/j), (.Co, y^y and (.Cj, y^) he any three points on 
the locus of the equation (1). 

Since the point (Xyy ?/,) li<‘s on the laVs, its coordinates 
when substituted for .r and y in (1) mualtr satisfy it. 

Jlence d.r, 4 //y, + (' - 0 . . . (2). 

So Jj- 2 +- 7/y^ + f/- 0 . . . (3), 

and + Jiy^ + C = 0 . .... (4). 

Since these thri'c ecjuations hold iK'tween the three quanth 
ties Ay lly and (\ we can, as in Art. 12, eliminate tlusn. 

The result i., 


(^)“ 


.•r., Vi, ij 

f ^3» y.“o 1 i 

Hut, by Ai*t. 20, the relation ( 5 ) states that the aiva of the 
triangle wliose vertices are (a-i, y^), (j:^, y^), and (0:3^ y*) is 
zero. , 


Also these are any three point$ on the locus. 


4 
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The locus must therefore be a straight line; for a curved 
line could not l)e sucli that tlu^ triangle obtained by joining 
any three points on it should be zero. 

56 . The proposition of the prccedinig article may also bo deduced 
from Art. 47. the equation 

^a’ + /?y + 6''=t0 

may bo written ^ ’ 

and this is the samo iis the straight line 


if 


m 


t/- wjr + r, 
A 


Ji 


and c=- 


C 

Ji’ 


IJiit in Alt. 47 lb ^Aaa shewn that c was the equation to 

a stiuigbt hue cutting ofT an iiit* rcept c from the a\is of y and 
inclined at an angle tan ^ m to the axis of x. 

The equation Ax-{- l}y + C=0 

therefore rei)reseut8 a straight line cutting off nii intercept from 


the axis of y and inclined at an angle taii“^ to the axis of a*. 

k/ 66. \Vc can r(*(luco tlie general equation of the first 
degree A.c 4- Jjy + C 0 (1) 


to the form of Art. 5J3. 

For, if p be tl^ perpendicular from 4he origin on (1) 
and a the angle it makes Avith the axis, tlu» equation to the 
straight line must* he 


a? cos a -f y bin a — 0 (2). 

This erpiation must therefore be the siime as (1). 


Jlenco 


cob a sin a ~ p 
A ' B ' 




2^ 
C 

llf^nco 


cos a ~ • 


cob a bin a x/cOb* a + sin^ a J 

~ Va‘ 

-A . -B , 

, and p=. 


vJB 

C 


.JAUU^’ ’■jA'-^Ii-' '' JA^ + B^ 

The equation «(1) may therefore be reduced to the form (2) 
by dividing it by ^A'‘-t J? and arranging it so that the 
constant term is negative. 
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57. Bx. Reduce to the perpendicular form the equation ^ 

x + + (I). 

Here yjT^» = ^1=2. 

Dividing (1) by 2, we have 

i* + i/^^ + 4=0. 

i.e. + i -0, 

i.e, .r cos 240° 4- y wn 240° - I j=0. 


58 . To (race the sirahjht line yiven h/ an equation of 
the frst degree, 

Ijpt the equati(»u })e 

Ax^ lUj ( 1 ). 

(a) This c*aii be written in the forn* 


" n 


1. 


Comparin^jf this vvitli th(' result of Ai‘t. i)0, we see tlwit it 

C 

repres(‘iits a straight line wliirh cuts off iiiieroepts — ^ and 


-= from the axes. Its ]>osition is tlierefore known. 
Ji 

If C be zeix), the ec|uation (1) nuluces to the form 



and tlius (by Art. 47, (Jor.) represents a straight line 
passing through the origin inclined at an angle tan“* 
to the axis of a*. Its position is thcroforo known. 

(0) The straight line may also be traced by finding 
the coordinates of any t\vf» points on it. 

(j 

If we put y 0 in (1) we have Tl»© point 



therefore lies on it. 



38 


COOIIDINATK OEOMETUY, 


w<‘ put .r 0, we hav'e that tlie point 

0, - lii'S on it. 

as ]>e£t)ro, we lia\e the position of the straight 


line. 


59. Bx. Trare the mtrntifht lim^s 

(1) 3.r-4^4 7-=0; (2) 7n 

(Ji) (1) :r:-2; (5) 7/=. -‘2. 



(1) rutting? 2 /~ 0 , we have x= > 5» 
and putting .r = 0, we iiave y -- 

Measuring (Mj ( = - 5) along tlie axis of .r we have one point on 
tl'c line. 

Measuring OI}^^ ( — 5) along the axis < f y we have anotlier point. 

Hence pioiluced both ^^ay8, is the required lino. 

(2) Putting in succession y and x equal to 7fro, wc have the 
intercepts on the axes tqual to - ? and - 

If then itA., = - I? ainl OIL-. - we liave the required line. 

(3) The point (0, 0; satisfies the equation so that the origin is on 
tlie line. 

Also the point (3, 1), i.e, Cj, lies on it. The required line is 
theiefoie OC^. 

(4) The lino .r ^ 2 is, by Art. 4(1, iiarallcl to the axis of y and passes 
through the point on the axis of x such that OA^ - 2. 

(3) The lino »/ — - 2 is parallel to tlie axis of x and passes through 
the point on the axi.s of i/, such that OIJ^^ -2. 

60 . * Straight lilne at Infinity. We have seen 
lliiit the equat ion Ax + lit/ 0 represents a straight lino 



STRAIGHT LINK JOINING TWO 1>(>INTS. 


89 


which cuts off intercepts — ^ and from the a9t*s of 
coordinates. 

Tf A vanish, but not /> or ( \ tlie int(Tcept on lh(3 axis 
of .r is infinitely <;reat, Tlie ocpiatioii of tho straight line 
tlien reduc<‘S to the form y constant, and lienee, as in 
Art. 4:6, re[»rescnts a straight line parallel to 0.v. 

So if li vanish, but not A or (\ the straight line meets 
the axis of y .it an infinite dislance and is ther(‘fore parallel 
lo it. 

Tf A and B both vnnisli, but not L\ these tN\o in- 
tercepts are* both infinite and tliercfore the straight line 
0 . cr* + 0 . 2 / -+ 0 is alt<igeth<*r at infinity. 

61. The multiplication of an eijuation by ii constant 
does not alter it Thus the equations 

2a;- ?ty T 0 0 and lOc- 15// 4- 25 0 

represent the siiine sliaight line. 

Convers/dy, if two equations of the fii-st degree repre- 
sent the same straight liii(‘, one ecjuation must Ik* <*qual to 
the other multiplied by a constant quantity, so that the 
ratios of the oorresjionding coeflieitmts must be the same. 

For example, if the eijuations 

a, r f Z/j// i c, 0 and A^x + 4 Ci 0 

represent the same straight line, we must have 

a, hi Cj 

d i Jii Vi 

' 62. 7o Pul the equation to the HtrnUjht Vine which 

2)08868 through the two given points y') and y'). 

By Art. 47, the equation to any .straight line is 


y mx + r (1). 

Uy properly determining the quantities m and c we can 
make (1) represent any straight line we please. 

Tf (1) pars through the point {x, y'), we have 

2/' = nu*'-t c (2). 


Sul>stituting for c from (2), the equation (1) becotnes 

y-y'=m(*-x') (3). 
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TliiH^ th(5 <iquation to the line throu^^h (a/, y) making 

an anglc‘ tan ' m with OX. If iu addition (ii) passes through 
the point (,c\ y"), then 

//'- a;'), 

• • ;/' ■?/ 
giving 

Substituting tliis ^alllo iu (3), we get as the required 
equation 

63. £z. Find the equation to the straight lin^ lohich passes 
through the (-1, 3) and (4, -2). 

Let the required equation be 

y = mx+c -(I)* 

Since (1) goes through the fiibt point, we have 
3^ ~ m f r, BO that e=wH-3. 

Hence (1) beconus 

y=smx + vt + 3 ( 2 ). 

If in addition the line goes through the second ijoint, we have 
- 2 =- 4 wt 4- in 4 3, so that w = - 1 . 

Hence (2) hecoinea 

j/= - .C4 2, i.r. jr4-i/~2. 

Or, again, using the reBiilt of th»’ last article the equation ij 

i.e. y-^jc-2. 

64. To tlx definitely the position ot a straight iino we 
must have always tA\o (juantities gi\en. Thus one point 
on the straight line and the direction of the straight line 
will determine it; or again two points lying oii the straight 
line will determine it. 

Analytically, the general equation to a straight line 
will contain two arbitrary constants, which will have to be 
determined so that the general equation may represent any 
particular straight line. 

Thus, in Art. 47, the quantities m and c which remain 
the sam«», so hmg as tre are considering the same straight 
linty are the tw^o constants for the straight line. 
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SimilarJy, in Art. 50, the quantities a an<l b the 
constants fur the straight line. 

65. In any e(|uation to a locus the quantitit^s x and y, 
which are the coordinates of any point on the locus, are 
called Current Coordinates ; the curve may be conceived as 
traced out by a point w^liich runs” along the locus. 

EXAMPLES. V. 

Find Uio equation to the straight lino 

1. cutting (iff an intcrcent unity from the positive ditection of the 
axis of y and ipclinod at 4r»^ to the axis of x 

2. cutting off an intercept - 5 from the axis of y and being equally 
inclined to the axes. 

3. catting off an intercept 2 from the negative direction of the 
axis of y and inclined at 30' to OX. 

4. cutting off an intercept -3 from the axis of y and inclined at 
an angle tau“^^ to the axis of .r. 

Find the equation to the straight line 

5. cutting off intercepts 3 and 2 from the axes. 

6. cutting off intercepts - 5 and 0 fneu the axes. 

7. Find the equation to the straight line which passes through the 
point (o, C) and lias mtcrce])ts on the axes 

(1) equal in magnitude and both positive, 

(2) equal in' magnitude but opposite in sign. 

8. Find the ocjuatloiis to the straight lines wliicli pass through 
the point (1, - 2) and cut off equal distances from the two axes. 

9. Find the equation to the straight lino which passes tlirough 
the given point (j*', y') and is such that the given point bisects the 
part intercepted between the axes. 

10, Find the equation to the straight line whicli passes through 
the point ( ~ 4, 3) and is such that the ])ortioii of it between the axes 
is divided by tho point iu the ratio o : 3. 

Trace tho straight linos whose equations are 

11. a; + 2yf3 = 0. 12. 5.r-7y-y-:0. 

13. 3r: + 7»/-0. 14, 2.T-3y + 4=^0. 

Find tbo equations to the straight lines passing through the 
following pairs of points. 

16, ^ (0, 0) and (2, -2). 

17. (-1,8) and (6, -7). 


16. (8, 4) and (5, 6). 
18. (0, -«) and (6,0). 
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[Exs. V.] 


19. ^ («f />) and (a-^ 6, a -/>). 

20. and {atr, 2«ro). 21. and 

22. cos bin 0]) and {a cos <f>,, a sin 

23. cos , h sin <f>^) and (a coa 4>.,^ b sin 0.J. 

24. {<i HOC , h tan 0i) and (a soc 6 tan 4>-i)- 

T'’ind tho oqnations to the sides of the triangles the coordinates of 
whose angular }K)inls aio ro-’[)octive]y 

25. (1, 4), (‘2, - .*1), and ( -1, -2). 

26. (0. 1), (2, 0), niul ( J,-2). 

27. Find tho equations to the diagonals of tho J-ectanglo the 
equations of v^hoso hides are j* — a, x=-o\ y = h, and ij = h\ 

28. Find tho equation to the stiaight line w’hich bisects the 
distance hotw(*en the points (n, h) and {n% b') and also bisects the 
distance between the points (-«, b) and {a\ -b'). 

29. Find the o(iuations to the straight lines which go through the 
origin and triseet the portion of tho s'^iaighb lino IUh //- 1*2 >vliich 
is intercepted between the axes of coordmatt‘s. 

Angles between straight lines. 

*^66. Tojlntl the avtjle hetivnnt turn given straight lines. 

Lot tlu* twi.) straiglit linos !>(» AL^ and -1//,, meeting the 
axi> of . 1 * in I ^ and L.,. 



I. L(‘t tlndr equations be 

}j -i/q-r + Oj and g nu.r + c.> (1). 

i^y Art. 47 wo Uu*rofore Iiavo 

tan A Lx ~ ~ 

lLxAL,^ ^AL X- ^AL.,X. 
tan Lx A L, — tan [.*1 A' — A Z,.. A’'] 
tan A LxX — tan A L.. X tw , — 
i + tan A /-i A", tan A L.. X 1 + r?q mg ‘ 


Now 
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] fence tlio required anisic 

= tan”i 


1 + m^iUg 




fin any nuinorical example, if the quantity ('i) he a pOMitive quan 
lity it is the tangent of the acute angle lietwern the lines ; if negative. 
It is the tangent of the obtuse angh.j 

Tf. Let tlie (Equations of the straight lines he 

t C\ 0, 

and 4 Ji t/ i C\ 0 

l^y tlividing the equations liy and />^, they may U* 
writ fen • 

„ '1. . 

• A’x' A’ 

A. f\ 

Coiiiparing these* with (lie equations of (I.), wo see tliat 


and 


J, , J, 


Hence the reijuired angle 


tan~ 


1 + 7/q m„ 


tan 


I 

■ />. 


(-t) 


1 




tan“ 


( 3 ). 


, 

yj,vl,4 

111. If tlie equation.s he given in the form 
X cos a + 2/ Mil a -pi- 0 and .r cos ^ + y sin jB 0, 

the jiorpendioulars fr*oin the origin make angh*s a and /3 
with the axis of ./•. 

Now that angle he tween tw'o straight lines, in which 
the origin lies, is the supplement of the angle between the 
perpendiculars, and the angle lietweeu these perpendiculars 
is ;3-a. 


[For, if ORi and OIL be the perpendiculars from the^ origin upon 
the two lines, theu the t). ^^ 2 * and A lie on a circle, and 

hence the angles and J{»Al\ aio cither equal or supplementary.] 
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er. T'o find the condition that two straight lines niag 
be parallel. 

Two straight linos are parallel wh(in the angle between 
them is zero and therefore the tangent of this angle is zero. 

The equation (2) of the last article then gives 

^ ini = m2. 

Two straight lines whose equations are given in the 
‘‘/a” form are thereft^re parallel wlien their are the 

same, or, in other words, if their equations differ only in 
the constant term. 

The straight lino Ax + By t-C7'=0 is any straight, line which is 
parallel tc the straight line Ax + By + C = For tlie'“w’s” of the 
two equations are the same. 

Again the equation A {x - x*) + B {y -i/) — 0 clearly represents the, 
straight line which passes through the point (x', y') and is parallel to 
Ax + By + C=0. 

The result (3) of the last article gives, as the condition 
for parallel lines, 

Bhul the equation to the stmiyht line, which passes 
throvyh the point (4, - 51, and which is paraUel to the straiyht line 

3 . 1 ; + 4y + 5-^0 (1). 

Any straight line 'which is parallel to (1) has its equation of the 
form 

3.r4-4v + C=0 (2). 

[For the “m” of both (1) and (2) is the same.] 

This straight line will pass through the point (4, - 5) if 
3 X 4 + 4 X ( - 5) + O ^ 0, 
t.c. if 0=20-12-8. 

The equation (2) then bocomo.^ 

^ 3.)* +• -iy -'r 8=0. 

69 . To find the condition that two straight lines^ whose 
equations are gimn, may he 2>erpe7ulicul.ar, 

Let tiie straight lines be 




and 


y^m^x + c^^ 
y = m^x + c... 
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If 6 Ik) tJie angle between them we liavo, by Art. 66, 


(1)« 




If the lines be perpendicular, then 0 ^ 90“ , and therefoi*e 
tan ^ ~ QO . 

Tlie right-hand member of equation (1) must therefoi*e 
be infinite, and tliis can only happen wlion its denominator 
is zero. 

The condition of perpendicularity is therefoi’e that 

* i,e. m^m2=s — 1. ^ 

The straight lino i/ ■- + c.^ is therefore perpendicular 

to y = niiX + Ciy if 

It follorsva that the straight lines 

A^x-^ + and A.jX ^ JLi/ ^ 

for which wij -- — and right angles if 


. A/V A. 
^,A+AA-0- 


i e. if 

70, From the preceding article it follows that the two 
straight lines 

A jX + + Cj - 0 (1), 

and MjX — Aj^-i^ C 2 -O (2;, 

are at right angles ; for the product of their /a’s 

= - 

A '>1 

Also (2) is derived from (1) by interchanging the coefticionts 
of X and y, changing the sign of one of Uiem, and changing 
the constant into any other constant. 


Sac. The straight line through (x', y') perpendicular to (1) is (2) 
where • JJjfls' - A^y ' so that C^—A 
This strai^t line is therefore 
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1. Find the equation to the straight line which passes 
thnni^i the point (1, -i) and is jierpevdicnhir lo the straight line 

.'5j* + 4y + 5 —0 (1). 

Ftrst Method. Any sLmight lino 2iorj)OH(liciilur to (1) is by tho 
biHt article 


(‘ 2 ). 

(Wo should oxppct an ailutiary coiiHfant in (2) boemiso there are 
an iatiiiito numhor of straight lines jirnM^ndiPular to (1).J 
TJio straight line (2) passes through the jaiint (4, -5) if 
4 X 4 - ,H X ( - />) -f ( ' - (J, 
if ir>- :U. 


T1i( 3 rcquiied equation is therefore 
4.r 

Second Mfthod. Any stiaight line passing Ihroi.j'h the given 
jioint is 

y-{-n)=.-m ( j :- 4 ). 

This straight line is jicrjicndicnlar to (1) if the product of their 
wi’h is - 1, * 

i.e. if VI \ ( - i’) = -- 1, 

i.e. if VI--*. 

TJic required (sj nation is tluTidoro 

i/ + r>-f. (.r-4), 

i.e. 4x--Jh/ — JU. 

Third Method. Any ttraight line is y — vi.r t e- It iJasses tlirough 
the iioint (1, - 5), if 

-5 — 4wi-fe. . ... 

It is jjeiqicndiculur to (1) if 

,«>;( 1 , . ( 4 ). 

TIenco and then (3) gives c = - V* 

Tlic required equation is thcrefoie y-- Jr - 
I.e. 4.t-;jy^31. 

[In the first method, ^^e start with any straight line which is 
]>crpendieular to tlie given straight line and ])ick out that })articular 
straight line which goes through the givi n point. 

In the second inetliod, wo stait with any straight line }>assing 
through the given jioint and jiick out that particular one which is 
perpendicular to the given straight line. 

In the tliiid metliod, wo start with any straight line whatever and 
determine its constants, bo that it may sati fy the two given 
conditions, 

V The atudent should illustrate by figures.] 

Find the equation tj the straight line which passes through 
the point (if', y’) and is perpendicular to the given straight line 
yy'=i2a (x + x). 
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The Riven straight line is 

yt/ — 2ax - 2«a;'= 0, 

Aliy straiglit lino |)eri>einlicular to it is (Art. 70) 

+ tl). 

This ^\ill i)aRS through the point (r', y') and tljereforo will be the 
btiaiglit hue lequired if the cooidiiiates y and y' s.itiHiy it, 
i.e.it ‘2ay' f jry 4- C-0, 

i.e. if C--2ny'~yy\ 

Substituting in (1) for C Uic retiuiied equation is thoiofoio 
2a{iJ~i/) 1 y'(r- i') = 0. 

/Y 

7*2. To fmd iho oquailoti^ to the tit t a I (j Jit Ihus tvliicK 
jtasH throufjh a f/irt'n point (v, t/') and ///f/Zr a yiern lut^lr a 
witJb thi‘ (jivni tstraiyht Jiio* y m.v i r. 

Ijfd 1* bo tho ^ivon jioint aud lc‘t the given straight line 
be L2fX, making an antfle 0 
with tli(‘ axis of x such that 
tan d m. 

In gonoral {Le. oxcc})t wlion 
a is a right angle or zero) tlu'ro 
are two straight linos PM fi and 
PXS making an angle a w’ltli 
the given line. 

Let tliese lines meet tlie axis of .r in R and S and let 
them make angles <j/!> and <// with the positive direction of 
the axis of x. 



Tho equations to the t'wu required straight lines are 


therefore (by Art. 02) 

y-y taii<^x(.c ./) (1), 

and y-y ~ tJWi X (•/* - x') (2). 

Now eji . z. LMR \ L RLM - a ^ 


and .y n) + 0. 

Hence 


tiin - kill (a i 0) 


tan a 4 tan 0 tan a 4 ni 
1 - tan a tan 6 \—m tan a * 


and 


t.in <// 


~ tan (^ — a) - 


= tan ( 1 80“ + 0 — 
tan 0 — tan a 
1 + tan $ tan a ~ 


ni- tail® 

1 4- 111 tan a ‘ 
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On substituting these values in (1) and (*2), we Lave a!4 
the required equations 


and 


v-y'^ 

y - y 


m + tan a . 

(x- ~x ), 

1 ~ w tan a ' ' 

111 — tan a , 

■ (■r-.r). 

1 + m tan a 


EXAMPLES. VI. 

Find the angh'S hetwecn tlie pairs of straight lincj 

1. a- - 7/ ^/3 - 5 and + 7/ - 7. 

2. a:-47/-3 and G.r-7/ = ll. 3. y — Sx + V and. Sy - 

4. 7/ = (2-^3)x + 5 and y=(2 1-^/3) r-7. 

5. (ffi^ - mn) y — {mn + ti*) x f a* and {iim f m-) y = (nvi - n-) x + m*. 

6. Idnd the tangent of the angle l>etweon the lines whose inter- 
cepts on the axes are rusi)eetively - h and h, - a 

7. Provo that tlio points (‘J, - 1). (0, 2), (2, 3), and (4, 0) aie the 
cooixiinates of the angular points of a 2 )a.allelograin and find tbo 
angle between its diagonals. 

Find the equation to the straight lino 

8. passing through the j^oint (2, .*)) and peipendicular to the 
straight line 4j;-3y = 10, 

9. passing through the point ( - 0, 10) and perpendicular to the 
straight line 7x + Sy =5. 

10. pa8<-ing through the point (3. - 3) and peri)endicular to the 

straight line joining the iioints (5, 7; and ( (>, 3). 

11. passing through the point ( - 4, -3) and jiorpendicular to the 
straight line joining (1,3) and (2, 7). 

12. Find the equation to tbo straight line drawn at right angles to 

the straight line ^ through the pt>mt \\here it meets the axis 

of jr. 

13. Find the equat.on to the straight line which bisects, and is 
23Cipondicular to, the sti eight lino joining the points (a, b) and 
(«'» h'), 

14. Prove that the equation to the straight line which passes 
through the point {a cos-* a sin'* 6) and is y>erpcndicular to the 
straight lino x see 0 + y cosec O — an x cos 0 --y sin 0 = a cos 20, 

15. Find the equations to the straight lines passing through (.r', j/') 
and respectwely perpendicular to the straight lines 

xx' + yy'^a^f 
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Bud a'y +Tif 

16. Find tho equations to the Rtrnijjjht lines which divide, internally 
and externally, the line joining ( - 3, 7) to (•'>, - *1) in the ratio of 4 ; 7 
and which are perpendicular to tliis line. 

17, Through the point (3,4) are dra\Nn two stiaight lines each 
inclined at 4o^ to the straight line ac-»/-.2. Find their equations 
and find also the area included by the three lines. 

18. Shew' that the equations to the straight lines passing through 
the point (3, - 2) and inclined at 00^ to the line 

• are 2 / + 2 = 0 and i/ -^3x + 2 + 3;^/3 =0. 

19, Find the equations to the straight lines wliich pass through 
the origin arfd arc inclined at 73° to the straight line 

ar + 7/4 (y ~.r) = rt. 

20. Find the equations to the straight lines which pass through 

tlie point {/if /k) and are inclined at an angle tan''^7a to the straight 
Kn*h 1 / = mx + c. 

21, Find the angle between the t^vo straight lines 3ar=4y + 7 and 
5y = 12.r-f-() and also tho equations to the two straight lines which 
pass through the point (4, 6) and make equal angles with the two 
given lines. 


73. To shew that ths jioint ?/) is on one side or live 
other of the straight line Ax+ Bg (J 0 according as the 
quantity Ax' Bf + O is positive vr negativ*'. 

Let LM be the given stralglit line and P any point 

{•«'. v')- 

Throng 1 1 P d’"aw PQy parallel to 
tho axis of y, to meet the given 
straight lino iu Qy and let the co- 
ordinates of <? be (a/, y"). 

Since Q lies on the given line, w'o 
have 



so that 




Ax + C 

ir~ 


(!)• 


It is clear from the figure that PQ is drawn parallel to 
the positive or negative direction of the axis of y according 
as P is on one side, or the other, of the straight lino LM^ 
i €. according as y" is > or < y\ • 

i.e, according as y" - y' is positive or negative. 
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Nojr, by (1), 

y -y ' “ 7y ^' 2/ + <^]- 

Th(3 point (x-'j y') is therefore on one side or the other of 
L^f accordin'; as the quantity Ax + By' + (1 is negative or 
positive. 

Cor. Th<» point (x, y') and the ori^dn are on the same 
side of the given line if Axf + By -i C and A xO + y^xO + C 
liavo tho same signs, if*, if A c' -+ By' + C has the same sign 
as 6'. 

Tf thes(3 two ({uantities have opposite signs, then the 
origin and the j)oint y) are on opposite sfdes of the 
given line. 

74 . The condition that two points may lie on the 
same or o[)posi(e sides of a given line may also Ixj obtained 
by considering the ratio in which the lino joining the two 
points is cut by the given line. 

For let the e(piation to Uie giv^en line be 

Ax 4- By + (7 - 0 (1), 

and let tho coordinates of the two given points be (rj, 
and (.I’a, y.,). 

The coordinates of the ])oint which divides in the ratio 
m, : the lino joining these points an*, by Art. 22, 

-s ?/i.2 //q + 711.2 ' 

li til is point lie on tlio given line we have 


7ii,X2 4 711. ^ H- (7-^ 0 

4 m, «q 4- 7/q ’ 

?7?, Axt+ By^ 4- C 
77? 5 Aaij 4- y/?/o 4-6^ 


( 3 ). 


SO that - . ,, 

r?2 Aaij 4- By 2 

If the point (2) be hoiweoi the two given t>oints 

and (xy, y. 2 \ i.e, if these two points be on opposite sides of 

the given line, the ratio 7/q : is positive. 

In this case, by (.3) the two quantities + By^ 4- C 
and .d-ia +»/fya + ^ have opposite signs. 

The two points (iCi, y,) and (0*3, y^) therefore lie on the op 
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poKitc (or the same) sides of tht' strai|u;ht lino Ax + By 
accordiiif]f as the quantities /l,r, 4 . By^ 4 (J and + 

h^l^o opj)otite (or the siinic) signs. 

Lengths of perpendiculars. 

To find (hr Jeoylh of ilie pvriiryidL'uIitr Irt /(dl from 
a yhen point upon a yiceti stravjhi lhn\ 



(i) Let lh(' equation of tljo straight lino ho 

.r cos a \ y sin a — p .--0 ( 1 ), 

so that, if p Ik‘ tho perpendicular (ui it, we have 
OX -p and lXOX a. 

Let tlu* given point P he ( »/, yf 

Through /*<haw /V/ parallel to the givc*n line to tnoot 
OX prxKluced in /i and draw J*(J tlio required p(*rpondioular. 
If OJi be tlie equation to PJi is, l»y Art. 53, 

X cos a -I- y sin a — p 0. 

Since this passes through tla* point (. 1 /, y'), we hav(' 

X cos a + y' sin a - p 0, 
so that p' ~ X cos tt T y' sin a. 

Ilut tile required perpendicular 

- PQ NR - OR - ON - f - p 

= X' cos a y' sin a - p ( 2 ). 

The length of the required perpendicular is therefore 
obtained by substituting x and y for x and y in tho given 
equation. 

(ii) Let the e<iuation to the straight line be 

4- A’y + ^ 0 (3), 

tho equation being written so that C is a negative quantity. 
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Ab ui Art. 56 this equation is reduced to the form (1) 
by diviciing it by It tlien becomes 

Ax By C 


Hence 


+ - 4- - - - ==0. 

\/ A ^/A^ 4- JP + 7/* 


COStt- 

^/AU-n^ 


n 


sin a — — , =. ~ , 


— and 


The j)crj)en(licular from the point (.r, y) tlierefore 
■= cos tt 4* y' sin a—p 

Ax' + By' + C • 

V A g + 'gg ’ 

TJie length of thf3 perpendicular from {x\ y) on (S) is 
tlierefore obbxm<‘d by substituting x and y' for x and y in 
the left-hand member of (3), and dividing the result so 
obtained by the square root of the sum of the squares of 
the coellicients of x and y. 

Cor. 1. The perpendicular from the origin 

Cor. 2. The length of the perpendicular is, by Art. 73, 
positive or negative according as y') is on one side or 
the other of the given line. 

76. The length of the perpendicular may also be 
obtained as follows : 

As in the figure of the last article let the straight lino 
meet the axes in L and J/, oo that 

OL- - and OM- 

A h 

Let TQ be the perpendicular from V {xy y') on tlie 
given line and PS and PT the perpendiculars on the axes 
of coordinates. 

We then have 

A PML 4 A MOL = ^^OLP-^/\ 0PM, 
i.e.y since the at'oa of a triangle is one half the product of 
ita base and perpendicular height, 

/*$ . LM + 0L.03£=-0L.rS+0Jf. PT. 
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since <7 is a negative quantity. 

Hence 

;>/) \l ij (J (J , / 0\ , 

/Qx J-JJ >^{-G)^x-7r-A^y 


SO that 


PQ = 


Ax' + lit/ + V 


EXASiOGPLES. VII. 

Find the length of the peqiendicular dra^n from 

1. the point (4, C) upon the straight lino 3.i: + 42/=il(». 

2. the origin upon the straight lino ^ ~ f = 1. 

6 4 

3. the point ( - 3, - 4) upon the straight line 

12(x + C):=6(2/-2). 

4. tlie point (6, a) upon the straight line ^ 

5. Find the length oC the perpendicular from the origin upon the 
straight line joining the two points whose coordinates are 

(a cos a, a hin a) and {a cos a sin /3). 

6. Shew that the product of the perpendiculars drawn from the 

two points (=fc »Ja^ • 0) ui^oii the straight line 

- COB d + 7 sin ^ - 1 is bK 
a b *' 

7. If p and p' be the perj^endiculars from the origin upon the 
striiight lines wJiose equations arc x sec d + y ooscc d=. a and 

iECOB d-y sind = a cos2d, 
prove that dp® 4.^/2 =sa2, 

8. Find the distance betvmen the two parallel straight lines 

y^vix-^c and yi=mx>^d, 

9. What are the points on the axis of x whose perpendicular 
distance from the straight line > + |^ = lisa? 

10. Shew that the perpendiculars let fall from any point of the 
fitr.ii^t lino 23 ; + lip =5 upon the two straight lines 24a; 4- 20 
and 4x-3p=2 are equal to each other. 
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[Exs. VII.1 


11. fFind t)in ])t’ri)(>ndicu]ar distance from the origin of the 
]H‘) 2 )atidicular from tlio point (I, 2) u^iou the stiaight line 

jc -^4-0. 

^ 77. To fim! iho. coiHilhtafr.i oj the i)oint of vnferAection 

vj Iwo (jiven straight lines. 

]^*t the eijUiitions of the two straight lines he 


^'l'/ -> <•! 0 (l)> 

and (t»x -x 0 (2), 


and l<‘l straight hiu's lie AIj^ and AL.^ as in tin' figure 
of Art. GO. 

Since (I) is tin* (‘(juation of d/zj, the coordinates of any 
point on it must satisfy the eijuation (1). So the coordi- 
nate's of any jKiint on AL^ satisfy equation (2). 

Ne)W the only point wliich is common to tlmse two 
straight lines is th(*ir point of int(*r.section A. 

Tlie coordinates of this point must tlierofore* satisfy 
both (1) and (2). 

If t/li(‘refor*<* A Ik* the jioint (.Cj, v/,), wo liavo 


Hjj', + V, + Ci- 0 (3), 

and +l). 2 yi + r., 0 (4). 

Solving {^) and (4) wo have (as in Ai't. 3; 

?/i 1 


.so that tlm coordinate'^ of tlie re< 2 iiir(»d common point arc 

' ■ “ and - - . 

(tifK- a A a^b, — a,J}y 

78. TJie cooitliimh's of tlic j>oint of iatersection found 
in the last article are intinite if 

^162 — (ijti - U. 

Ilut from Art. 67 wo know that the two straight lines 
are parallel if thi.s condition liolds. 

Hened fiaiixllel lines must lie looked upon as lines wrhose 
point of intersection is at an intinite distance. 
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79- To Jiod the comlilioii that three straiyht lu^a may 


meet in a point. 

Let their equations he 

4- 6]^ -1- c, - 0 (1), 

+ <*3 0 (2), 

and + hjf + c , 0 (3). 


J5y Art. 77 the coordinates of the p«)iiit of interse<;tiou 
of (1) and (2) ani 




c,rt.) ~ r,ri. 


and '^‘7 - , 

- (uj)^ 


W- 


• — njiy 

If the tjiree sti-ai;^hi lines meet in a point, tlio ^><>int of 
interseelioTi of (1) and (2) must lie on ()1). lienee the 
values (4) must satisfy (3), so that 

h^e.,-hfy n 

^ - T ^ — / * 7 ^ 

ajt, 'ft, by Uyb.jy — a.j>y 


%. e, ag {byC.^ ~ hp^) f (rjOy - e./iy) 4- (0,6. - a,jby) 0, 

i. e, ay - V.) 4 by (r//., - cji^) -I- Cy {a.Ji),y - <? A) 0 . . . {h), 

Aliter. ]f the three strai^lit lines meet in a point let 
it be (.^ 1 , //,), so that the values a?, and y, H.itisfy the 
equations (1), (2), and (3), and heneo 

UyXy + hyl/y + Cy - 0, 
nxy 4 hj/y -r- r .3 -- 0, 
and «g.r, 4 - bjt/y + r . 0. 

The condition tliat those three equations should hold 
between the two (juantities a-y and y, is, as in Art. 12, 


a.,j Cj 


-0, 


^3 , />3 , Cg 

which is the same as equation (5^. 


80- Another criterion as to whether the three straight 
lines of the previous article meet in a point is the following. 

If any three quantities p, and r can bo found so 
that 

p (ayX 4- hyp 4- c*j) 4 q f 4 - c.j) + r {a^x 4- 4- Cg) ~ 0 

idmiically^ then the thi^e straight lines meet in a point. 
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Ftyr iR case we liave 

rtja; + I- Oa V ^ r,) - (^ 13 . 1 ; + % + c„) . . .( 1 ). 

Now the coordinates of the point of intersection of the 
firsL two of tne liiu ‘8 irwake the ri^'ht-hand side of ( 1 ) vanish. 
Hence the same coordinates make the* left hand side vanish. 
The ])()int of intersection of the iirst two therefore satisfies 
tlie equation to tlie third line and all tliree therefore meet 
in a point. 

81. Sx. 1. Shew that the three straight lines 2j: - ly +/> = 0, 
3 j*h 4// -7 — 0, and 0j"-5y 4-8 = 0 meet tn a point. 

If we multiply these tliree equations hy 3, 1, and, -1 we have 
identically 

8 (2a; - \\y + 5) -h (3 j h- ly - 7) - (9a; - 5y + 8) = 0. 

The coordinates of the point of intersection of the first two lines 
makt' the first two biackeis of tins equation vanish and hence make 
the third vanish. Ti'c coininon point of inter'»cction of the first two 
theieforo satislies the tliiid equation. The three straight lines 
therefore meet in a jioiiit. 

Bx. 8 . Prove that the three perpendiculars drawn from the 
vertices of a triangle upon the opposite sides all meet in a point. 

I.ei the triangle bo ADC and let its angular iioints be the pointy 
("■Li/i). (J'a. S'.-), and (-^s-S/a'- 

The equation to ItC in y - 1 /. - (j - .Tj). 

•*3 - ^2 

The otjuation to the perpendicular from A on this straight lino is 

.ro — . 

y ifh - 2 /v) H- (•*’.> ” ill ilh - ?/a) + •'^1 (^3 - -Tjl (1)- 

the perpondioulars fioin i> and C on (M and Ali are 

-Va)+'>‘{r,- Xj)=y.(yi-}J^)+Ai(.rj^-X,) (i2), 

and y ~li,) + x (.r, - x,) = >jj {ij„ - i/j) -t .r^ (.r. - ®,) (3). 

On adding those three equations their sum identically vanishes 
The straight lints represented hy them therefore meet in a i^oint. 

This point is called the ortboceiitre of the triangle. 

82. To Jind the eqiiation to any straUfht line tvhich 
ihrouyh the interneclion of the f 7 /y> straight lines 

a^x -f + Cl ~ 0 
+ h.jy H- Cg =x 0 


ami 


( 1 ). 

( 2 ). 
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If 3 /i) bo the cointnon point of the equ^ti^a (1) 
and (2) we nwiy, os in Art. 77, find the values of .Tj and y,, 
and then the e<juation to any straight line through it is 

{x - 

where ui is any quantity whatever, 

Aliter. If A bo tlie common point of tins two stitiight 
lines, then hotli equations (1) and (2) aro satisfied by the 
coordinates of the point A. 

Heiico (lie equation 

ttyC + h^y + Cj + X («au- {:i) 

is satislied’ by the coordinates of the coniinon point A, 
where X is any arbitrary constant. 

But (3), being of tlie first degree in x and y, always 
represents a straight line. 

Jt therefore rejiresents a .straight liiu^ passing through A, 

Also the arbitrary constant X may he chosen that (.‘i) 
may fulfil any other eojuliiion. It therefore represents 
any straight line passing tlirongh A 

as. Bx. rind the equation to tiir etiaight Unc winch paeeee 
through the intereectnm of the straight lines 

2x-3y + 4 = 0, 3x + <lg-ry~0 . (1), 

and is perpendicular to the straight line 

Gx-7y + S = 0 (2). 

Solving the equations (1), the coordinates of their common 

point are given by 

3 = . - 2^1 ^ ^ 1 

( -o)(-5)-4x4 4 x3-2x(-o 7 2x4-ax(-3) 

60 that and yj= f|. 

The equation of any btiaight line through this common point ia 
therefore 

2/- Jf=:fU(jr + TS)* 

This htiaiglit line is, by Art. CO, perpendicular to (2) if 

7rt X f s= - 1, t.e. if m^r - J. 

The required equation is therefore 

110a? + 102y= 125. 
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Al^r. Any Htroight line through the intersection of the straight 
linoK (I ) is 

2T-37 + 4 + \(3j'i-4y - r>)=rO. 

i.e. f-a\).cfy(l\-3)+l-r)X:=0 (3). 

This straight line id perpendicular lo (2), if 

() (2 -f 3X) - 7 (4X - 3) = 0, { Ai t. 09) 

The equation (3) is theietoie 

i,e. / 119j* 4 102y -125-0. 

"Bisectors of angles between straight lines. 

84. 7V> Jind the equations of the hisertore of the angles 


hetioeen the straight lines 

a,.r4/;iy4c, 0 (1), 

avd f -0 (2). 



Lot tlu‘ two straight lines be AL^ and AL^^ and let the 
bisectors of tlifj angh\s between tliein be AAf and AJf. 

Let P be any point on either of these bisectors and 
draw /^iVj ami PX» porpendiciilar to the given lines. 

The tiianglo'j /\LVj and PA\» are Oijual in all respects, 
so that the perpendiculars PX^^ and J*uV .2 are equal in 
magnitude. 

Let the e<|uatioiis to the straight lines be written 
so that and e. are Ixith negative, and to the quantities 

Ja^~i and let the positive sign be prefixed. 
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If P l>e the point (4, k)^ the numerical values ^ T’JV’i 
and PX^ are (by Art. 75) 

('). - 

+ J «./ + 

If P lie on /.e. on the bisector of the an^le 

l)etween the two straiijfht lines in which the orijLiin lies, the 

point 1* and the oriji'in lie on the same side of each of the 

two lines. Hence (by Art. 73, Oor.) the two (piantities (1) 
have the same sign as Cj and r, resp(H;tive]y. 

In this case, since Cj and Cj liave the same sign, the 
quantities (1) lia\e the same sign, and hence 
«,// +[>,k-{ <-i ^ ajt + bjc + c. 

+ h^- ij a/ + 6/ 

But tliis is the condition tliat the point (4, 4) may He on 
the straight line 

o,i‘ h h^y f Cl fv b>ji/ + Cj 
nAjj ** +- ^ 
which is therefore the equation to AM i. 

If, however, P lie on the other lusector tin* two 

quantities (1) ^vill have opposite sign.s, .^'O that the e(|uation 
to A Mg, will be 


cr,,r by]/ “t c, a,,t -f 
J + by s / + 4 / 

The Gquation.s to the original lines being therefore 
arranged so that the oonsUant terms are botli positive (or 
both negative) the equation to the bisectors is 

a,x 4- - -1- 4- Cg 

tlie uj^per sigfi givdng the bisector of the angle in which 
the origin lies. 


85. Bx. Find tfie equations to the bisectors of the angles 
between the straight lines 

6j:-4y 4-7 = 0 and 12x-5y-8=0. 

Writing the eq^^tions so that their constant terms are both 
positive they are 

Sx-4y-l-7=0 and - I2j + 5y + 8-0. 
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Tyig equation to the bisector of the angle in which the origin lies 
is there Ibic 

,3 r - 4?/ -1^ _ + 8 

Vi2“-r6* ’ 

i.e. IS (3j -- 4j/ + 7j =3 ( - 12® + 5y + 8), 

i.e. OOt - 77y 4 51 = 0. 

Tho equation to tlio other bisector is 

- 4 // -I- 7 - 12.r 4- .5^ + 8 

^/l22 + 5» 

i.<*. 1 3 {:ix - A(/ 4 7) ] 5 ( - 12j: 4- 5i/ 4- S) = 0, 

i.c, 21x4-27^-131^-0. 


86 . H will b<‘ found useful iu a later chaj^ter to have 
the equation to a straight line, which passes througli a 
give ‘11 point and makes a given angle 0 with a given line, in 
a form dilierent from that of Art. 6‘J. 


Let A be the given point (4, 4) and L'AL a stniight 
line through it inclined at an 
angle 0 to the axis of j'. 

Take any point 2\ whose 
coordinates are (jc^ y), lying on ^ 
this line, and let the distance L 
AF be r. 

Draw PM perpendicular O MX 

to the axis of x and AN i)erpendicular to PM. 

Then X- h AP*co^0- rcos^, 



and 


Hence 


y- k APbuiO- rhinO. 

s-h y-k 
sin 6^ 


( 1 ). 


'J'his being the relation holding between the coordinates 
of any point J* on tlie line is the equation required. 

Cor. From (1) we have 

X - k + V* cos 6 and y = 4 4 * r sin 0. 

Tlie ct>ordinates of any point on the given line are 
then^fonj h + r cos 0 and k + r sin B. 


87 . Po find the tenyth of the straight line drawn 
through ot given i>oint in a given direction to meet a given 
straight line. 
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Let tlie given straight line be ^ 

Ax + Bt/^C -~0 (1). 

T-rt't the given point A be (A, k) and the given direction 
one making an angle 0 with the axis of x. 

Let tlie line drawn through A meet the straight Hue 
(1) in P and let AP he r. 

By the corollary to the last article the coordinates 
of P arc 

li <- r cos 6 and k + r sin 0. 

Since those coordinates satisfy (1) wo have 
A (h ^ r cos 0) -+ B (k -^r sin B) + C ^0, 

Ah-^nk-^c_ 

* ‘ ~ A cos y-¥ B sin B 


giving the length AP which is required. 

Cor. From the preceding may be deduced tlie length 
of the perpendicular drawn from (A, k) upon (1). 

For the ** m ” of the straight lino drawn through A is 

tan ^ and the ‘‘m” of (1) is 

This straight line is perpendicular to (1) if 
tan 0 X ^ = — 1 , 


tan ^ ~ 2 » 


so that 
and hence 


cos 0 __ sin $ 1 


A^^IP I 

A cos B + BsinO — — - = . ~ >/i4* + 

, + JP 

Substituting this value in (2) we have the magnitude 
of the required perpendicular. 


EXAMPLES. VIU. 

Find the coordinates of the points of inlSrsection of the straight 
lines whose equations are 

1. 2a?-3y + 5=0 and 7a?+4yssS. 
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[Exs. 


2 .* 


X. 

~ -H 
a 


^-1 and 
b 


X 




a 


4, a? cos 01 + y sin 0 i a and x cos 02 + y wn 02 = a. 

5. Two Rtraif?lit lines ent the axis of x ut distances a and ~ o and 
the axis of y at distances h and b' respectively ; tind the coordinates 
of their point of intersection. 


6 , Find the distance of the point of intersection of the two 
straight Hues 

2x - + 5-0 and Sj:* t 4y = 0 

from the straight hue 

bx-2y^0. 

7, Shew that the perpendicular f om the oiigiii upon the 
straight line joining the points 

[a cos a, a sin a) an 1 (n cos /3, a f-in /3) 
bisects the distance between them 


8. Find the equations of the two straight hues diawn through 
tile point (0, a) on which the periiendiculnis let fall from the point 
( 2 (^ 1 , 2rt) arc eaeh of length a. 

Provo also that the equation of the straight line joining the feet 
of those perpend icuhus is y-i 2a’- .'o. 

9. Find the point of intersection and tlie inclination of tliC two 
lines 

Ax-h Jiy -- .t I IJ and d(r- y) -f 7> (.i +y) -2/>. 

10. Find the coordinates of the i>oiiii in which tlie line 

2y - 3 r i 7 ^ 0 

meets the line joining the tw,i points* (G, 2) and ( - 8, 7). Find also 

tlie angle between them. 

11. Find the coord iintes of the feet of the perpendiculars let fall 
from the point (o, (J) upon tlie sides of the tiiaiiglo formed by joining 
the tlnoo points ( t, h), (-4, 3), and (i), -5); prove also that the 
points so detornuiied lie un a stiaight line. 

12 . Find the coordinates of the point of inteisection of the 
straight Unos 

a.r ~ 3y=^ 1 and Cif/ ~x=i 3, 

and determine also the angle at which fhej cui one another. 

13 . Find the angle between the two lines 

3 f 4 f/ -I- 12-0 and x-+ = 0. 

Find also the coordinates i>f their jiuint of intersection and the 
equation^ of lines drawn perpendicular to them from the point 
(i^ -2). 
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14. Piuvo that the points who*ae coordinated are reapec^vely 
(5, 1), (1, - 1), and (11, 4) he on a stiaight hno* and find lU intercepU 
on the axed. 

Prove that the follow ing sets of three lines meet in a point. 

15. 2a- - 3y = 7, 3 j- - 4^ ^ 13, and Bx - 11 // = 33. 

16. 3x + 4»/4(> — 0, C.r+-5i/4 9 0, and 3x4 3»/4o-i0. 


17, 


a b 


X 

b 


'^ = 1, and w=-x. 
a *' 


18. Pro\e that tlio three straight linos whose oepiations are 
15/ - IS;/ t l=rO, 12x \ lOy - 3 = 0, and Ox \ CO// - 11 = 0 
all meet ni a i>oiut. 

SIkwv also that the third line hisicts the angle between the other 
two 


19. Find the conditions that the straight lines 

7/ - j;/jX 4 , 7/ -= /ax 4 and y w/jX 4 //j 

may meet in a point. 

Find the Ov>ordiuatc3 of the ortboct*ntrc of llio triangles whose 
angular points arc 

20. (0.0). (2, -1), and (-1,3). 

21. (1,0), (2, -4), and (-5, -2). 

22. In any tri/ingle AJ)i\ jirovo that 

(1) the bis(»ctor.s of the angles /i, and G meet in a point, 

(2) the medians, i.c. the lines joining eacli vertex to the middle 

point of the opposii,c side, meet in a point, 
and (3) the straiiht lines through the middle points of the sides 
perpendicular to the sides meet in a point. 

Find the hquation to the straight line passing through 

23. the iK;int (3, 2) and the point of intersection of the lines 

2f43y = l and 3x-4y = f). 

24. the point (2, -0) and the intersection of the lines 

^ 4 5y -8 = 0 and 3.c - 4// = 35. 

25. the origin and the point of intersection of 

7/ -4=0, and 7x4- 7/ + 20=0, 
proving that it bisects the angle between them. 

^ 26. origin and the point of intersection of the lines 


a b 


1 and ^4-3=1. 
b a 


27, the point (//, b) an 1 the intersection of the same two lines. 

28. the intersection of the lines 

x-2y‘-a=^0 and x+37/- 2a=0 
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and ]^rallel to the straight line 

8j; + 4y = 0. 

29. the intersection of the lines 

a!-r2»/ + 3-0 and 8j;-E-4y + 7=0 
and perpendicular to the straight line 
y -t=.K 

30. tlie iuierhectioii of the lines 

3j: - 41/ 4* 1 = 0 and 5 jc 4 - y -- 1 = 0 
and cutting off equal intercepts from the axes. 

31. the intersection of the lines 

2x -3y — 10 and x + 2y-0 
and the intersection of the lines 

lOx- lOij = 33 and 12jr 4- 14y 4* 29 = 0. 

32. If through the angular points of a triangle straight lines be 
drawn parallel to the sides, and if the intersections of these lines he 
joinctl to the opposite angular points of the tiiangle, shew that the 
joining lines so obtained will meet in a point. 

33. I'ind the equations to the stiaight lines passing through the 
point of intersection of the straight lines 

Ax-{- Ihj ->rC = 0 and A'x-\-B'y->tV' = 0 and 

(1) passing lliiough the origin, 

(2) imrallel to the axis of 

(3) cutting off a given distance a from the axis of 
and (4) passing throughidi given point {x', y'). 

34’. Prove that the diagonals of the parallelogram formed by the 
four straight lines > 

tJ3x + y-0, j^3t/-hx = 0, ^3.r4-2/ = l, and |-x = l 
are at right angles to one another. 

35. Prove the samo proi^erty for the parallelogram whoso sides 
are 


X 

a 



X 



a h 


2, and f + ^=»2. 
b a 


36. One side of a sc^uare is inclined to the axis of x at an naigle a 
and one of its extremities is at the origin ; prove that the equations 
to its diagonals are 

y (cos a - sin a) =r X (sin a +■ cos o) 
and ^ (sin a + COB a) + 07 (cos a -sin a) = a 

where a is the length of the side of the square. 

Find the equations to the straight lines bisecting the englos 
between the following pairs of straight licea* placing first the biseetdr 
of the an^e in wliioh the origin lies. 

37. aJ4-i/V^»6+2^/8 and iE-j/,^S=C-2,,^'3. 
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38. 12x + 5y - 4 = 0 and 8x + 4y -f- 7 =. 0. 

39. 4x + 3y-7=0 and 24 xh-7|^ -81=0. 

40. 2jr + y = 4 and y + 3x=5. 

41. Find the bisectoru of the angles betw een tbo siraight lines 

, 2m . X j , 2m' , . 

V - h-~~ - - {v-a) and y -h — T ^ {x - n). 

1 - 1 - Hi “* ' 

Find the equations to the bisectors of the ititernal angles of the 
triangles the equdtious of whose sides are respecti\ely 

42. 3x + 4^=.6, 12x-6?/ = 3, and 4x-3»/ + l‘2 -0. 

43. 3.r + 5y=-16, x + ys=4, and 2x + y = r>. 

44. Find *the equations to the straight lines passing through the 
, foot of the ]>erpendicular from the point {fi, k) upon the straiglit lino 

Ax + Iiy + C==:0 and *bisGcting the angles between the perpendicular 
and the given straight line. 

45. Find the direction in which a straight line must be drawn 
through the point (1, 2), so that its point of intersection with the line 
x + ?/~4 may be at a distance from this point. 


3 



(4IAPTER V. 

THE STKAKJIIT I.INK (coniitiued). 

POLAR EQUATIONS. ORUQUE COORDINATES. 

MISCELLANEOTTS PROBLEMS. LOCI 

88. To Jiiid Ihe general equalion to a straight in 
polar coord'nwtoH. 

p 1)0 the of the perpendicular 0 V from tlio 

origin upon the straight line, and 
lot this j)erpendicular make aii 
angl(5 a with the initial line. 

lx"t be any point oii tlie 
liiH* and lot its coordinates be r 
and 6, 

The ecpiation required will 
then be the relation between r, 0^ p, and a. 

From the triangle OVPyvc have 

]) T cos YO T - r cos {a-6)~r cos {0 — a) 

The required o<juatiou is therefore 
r cos - a) 

[On tionsforniiii^ to Caitesian coordinates this equation becomes 
the equation of Ait. 5.1. ] 

89* 7’b find the polar ^^quatUm of the stralglit line 

joiniidf the points whose coordinates are (»*i, 6^) and (rj, 
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I..ct A and 7jf l)o th« two given pointB and P anj^ {^K>int 
on the line joining thorn 
whose coordinates ai’e r and 

(9. 

Then, since 

aaom AAor+A/^on, 

wo have 

^ sin A 0 U -- J i\r sin AGP sin 1*0 Ji^ 
sin (^2 - 6^) = i\r sin {6 - ^j) f rr^ sin {0^ ~ 0), 
Mn(^-^j) sin (^ 2 -^) 
r .*2 



OULIQUE COORDINATES. 

90 - Fn the prt‘viou8 chapter we took the axes to l)e 
rectfingular. In the great majority of cases rectangular 
axes are employed, but in some cases obIi(pie axes may l)e 
used with advantage. 

In the following articles we shall consider tho proposi- 
tions in which the results for oblique axes are diflerent 
from tliose for rectangular axes. The propositions of Arts. 
50 and C2 are true for obli(|ue, as well as rectangular, 
coordinates. 

91 . To find the ejuafwH to a Htraifjht line referred to 
axes inetiiied at an avyle v). 

I.et LPL be a straight line wJiich cuts the axis of Y at 
a distance c from tlie origin and is 
inclined at .in angle 0 to the axis 
of X. 

Let P be any point on the 
straiglit line. Diaw parallel 

to the axis of y to meet OX in J/, 
and let it meet the straight line 
tlirough 6' parallel to the axis of x 
in the point N. 

Let P be the point (.r, y)^ so that 

CN -^OM^x. and JfjP- y-k c. 
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Sipce L CVN - i PNN' — l PC N' == w — we liave 
y — c NP hhiNCP sin^ 
jr CN hini'PN bin {(0 — 0)* 
sin 0 


Ileitct* 


y -4 c . 

^ 8111 (to — 0) 


(!)• 


and tlierof(ir(‘ 


tan 0 


This equation is of tlie form 

//- mjc 1 c, 

when* 

sin 0 bin 0 tan 0 

bin {(0 - 0) sin <o cos 0 — cos <o sin 0 «iin r.» - nna #.» < n n 0 ’ 
tn sin (o 

1 + Wi cos (i> 

In obli<iU(* coordinates the ecjuation 
y - nij' + c 

thei’efore ropn'scnts a stmight line >\hich is inclined at an 
angle 

^ . m sin CO 

tan“i z 

1 4- m cos CO 

to the axis of ,r. 

Cor. rn)m (1), by putting in succession 0 equal to 90* 
and 90* (*>, we see that the e»]uations to the straight lines, 

juissing through the origin and perpendicular to tlio axes of 

X and 1 /, are respectively y ~ ^ s ^ ~ ^ 

92 . The a. vrs heiay oblique, fo Jlud the pqnafion f>) the 
sfraiyht Ihie, euch that Me it from the origin 

is of length ]) and males angles a and /3 loith the axes of x 
and y. 

Let Ail/ be the given straight line and OK the perpen- 
dicular on it from the origin. 

Let P be any point on tlu‘ 
straight line ; draw tlie ordinate 
PK and draw KJi peiqw'ndicular 
to OK and PS j>erpondicular to 
NR. 

Let P be the ^>oint (.r, y), so 
that ON X and NP - y. 
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The lines NP and 0 Y arc parallel. • 

Also OK and SP arc parallel, each hoiug perpendicular 
to NR. 

Thus 1 SPN^ i KOM-^ 13. 

We therefore have 

p -- OK - OR r SP - ON a + NI* cos J3 - .r <‘os a \ tj cos 
Hence .'»• cos o.^y cos ^8 — /? - 0, 

being the relation which holds between the coordinates of 
any point on the straight line, is the re<juircd equation. 

93. To find the angle between the straight lines 
* y~ m.r 4 c and y — + c\ 

the a, res heley (Mique. 

If these straight lines be respectively inclined at angh‘s 
$ and 6' to the axis of x, we have, by the last artich^ 

. sin (i> , ^ 7//.sin*o 

taria= , — and ta»k6^ - , 

1 4- tn cos 01 1 + cf>S o.* 

The angle required is 0\ 

. tan tin 

Jvow tan(C?-6) y , 

' 1+taii^ i-iuft' 

m sin oj 7 n' sin cu 

1 4- 7/1 cos o) 1 4- ni cos 01 


1 1 VI cos 0 ) 1 + m cos (I) 
m sin (0 1 f VI cos oj) - sin tu ( J 4 cos cu) 
(1 4 - //? cos lu) ( 1 i- m cos o>) + invi sin“ co 
{in- vi) sin o> 

1 (m + m') cos 0 * 4 - mjn ‘ 

The required angle is therefore 

( sim*> 

tan-'- / ' - 

] 4- (m f 7/4 ) cos o> + m7n 


Cor. 1. The two given lines are parallel if m =:m'. 
Cor. 2. The two given lines are perpendicular if 

1 -I- (m 4 - m') cos cu -f mm' =0. 
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94> Tf tlie straiglit lines liave their equations in the 
form 

A.C + /?y + C = 0 and A'x + 7i'i/ + t — 0, 
tlien ^ ~ ^ ~^7f ^ 

Substituting tliese values in the result of the last article 
the angle between the two lines is easily found to be 

, j'n-Air 

ton * ~7Wi/ , />/ i/,A " Hino>. 

AA Bli - (d/j + d y>) cos CD 

The gi\ en lines are therefore parallel if 

They are perpendicular if 

A A* = yl7;)cosoi. 


•5. Bx. The axes being inclined at an artglc of 80°, obtain the 
equations 1o the straight lines which jiass thrwigh the origin and are 
inclined at 45° to the straight line x + y=:l. 

Lot either of the required straight Hues be y=imjr. 

The given straight line is y= - .r + 1, so that m'= - 1. 

We therefore have 


{m - wt') sin ui 
1 + (m + m') c'os CD 4 mvi' 


“ tan ( i 45°), 


where m'-= - 1 and w =80°. 

This equation gives 5 ^” jj-J,,,- e,,„ 

Taking the upper sign we obtain tn= - 


= ±1. 
1 




iu\ 


Taking the lower sign we have rn — - 
The required equations are therefore 
y:=-^‘6x and 

y + y,/3,r — 0 and ^/Sy + x^O, 


96. I'o find tlie lenyth of the 2 >**rpendicular from the 
point {x\ y) upon the Hraiahi line A.r + By + (7 - 0, the axes 
being inclined at an angle oi, and the equation being xoritten 
so that C^is a ^legative quantity. 
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Lot the given straight line meet 

c c 

so that 0L --~ - and OM- — . 

A Jj 

Let P be the given point (a/, y), 
I>raw tlio perpendiculars PP, 
and PS on the given line ami tlio 
two axes. 

Taking Oand P on opposite sides 
of the given line, we then have 


the axes in L and«^/, 



A LPM 4 A MOL - A OLP 4- A 0PM, 


i.e. PQ . LM OL . OJ/ sin o> - OZ . PR + OM . PS . . . ( 1 ). 

Draw PU and PV parallel to the axes of y and or, so 
that and PV^x\ 


TIence PR PU sin PUR ^ y sin w, 

and PS -^PF sin P VS .= a ' sin o). 

Also 

LM^ JOl/^OM~-^l(>L:OMcKn m 


/( 7 » G^' . ~ r\ 1 ' TUos ^ 

~ N ir ^ \ A‘^JP AD 


since C is a negative quantity. 

Oil substituting these values in (1), we have 




cr . 


c 


- - j . y 8in — -jyX sm ai, 


Cor. If <i> — 90*, i.e. if the axes be rectangular, we 
have the result of Art. 75. 
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fXAMPLES. IX. 

1. The axes b(‘ing inclined at an angle of 60°, find the inclination 
to the axis of x of the straight lines whose equations are 

(1) i/^2j:h6, 

and (2) 2yr-(^3-l).r + 7. 

2. The axes being inclined at an angle of 120 find the tangent 
of the angle between the two straight lines 

8T-f7i/ = l and 28:t ~ 73// = 101. 

3. With oblique coordinates find the tangent of the angle 
btdween the straight lines 

7 / = nur + c and 7inj hx-d. 

4. If y — a; tan and y j* tan represent two straight lines 

24 

at right angles, prove that the angle between the axes is J. 

5. I’love that the straight lines yfar = c and ?/=^x~i d are at 
riglit angles, whatever be the angle betw-cen the axes. 

6. Prove that the equation to the straight lino which passes 
through the iioint (/i, A) and is peipendicular to tlie axis of x is 

j* + y cos w -= /< + A- cos w. 

7. Find the equations to the sides and diagonals of a regulai 
hexagon, two of its sides, ^^hich meet in a corner, being the axes of 
coordinates. 

8. From each corner of a lairailclogram a perpendicular is drawn 
upon the diagonal which does not jia^s Ihiough that corner and these 
are produced to form another parallelogram; shew that its diagonals 
aie perpi'iidicular to the sides of the liisL paialhdogram and that they 
both have tlie same centre. 

9. If the straight lines y — m^x f and y-vKx + c^ make equal 
angles with the axis of x and be not parallel to one another, prove 
that 1 /ij ^ 2w/i?/Jo cos w = 0. 

10. The axes being inclined at an angle of ik)°, find the equation 

to the straight line which passes through the point (-2, 3) and is 
per])cndiculur to the 'straight line y + 3j:=.6. • 

11. Find the length of the perpendicular drawn from the point 
(4, -3) iip<m the straight line f>.r + 3y -10=5 0, the angle between the 
axes being 60°. 

12. Find the equation to, and the length of, the perpendicular 
drawn from the point (1, 1) uimu the straight line 3x hiy + S— 0, the 
angle b6tween the axes being 120°. 



TEzB. IX.] THE STRAIGHT LINE. PROBLEMS. 


73 


13. The coordinates of a point P referred to axes meetii^ at an 
angle u) are {hy k ) ; prove that the length of the straight line joining 
the feet of the perpendiculars from P upon the axes is 

sin u -f- k- + 27/ k cos w. 

14. From a given point (//, k) perptmdiculars are drawn to tlie 
axes, whoso inclination is to, and their feet are joined. Prove that 
the length of the perpendicular drawn from (7i, Ic) upon this line is 

/i/csin^w 

,Jh^ + k- f 2hk cos w * y * ^ ^ 
and that its equation is hx - ky = 7t- - \ 


/ Straight lines passing through fixed points. 

97 . 1^*0 equation to a straight Ihin he of the fomn 

(hc -f- hg + c X (ax + 1/y + c) - 0 (1), 

where X is any arbitrary constant, it always j^cuates through 
o'ne fixal poiut whatever he the value of 

For the equation (1) is satisfied by the coordinates of 
tlie point wliicli sjitisties both of the equations 
ax + by ^ c - 0, 
and ax 4 - h'y 4 - c — 0. 

This point is, by Art. 77, 

/hr " h'c ca — r'a\ 

\at/ -- ah ’ ah' — ah) * 
and these coordinates are independent of A. 

Bx. Given th< vertical ontfle of a trianyle in vufffuitude and 
position^ and also Jie sum of the reripj’orals of the sides which contain 
it; shew that the base always passes through a fixed point. 

Take the fixe-d angular point as origin and Ihe diieclious of tho 
sides containing it as axes ; let the lengths of th'*Bc sides in any such 
triangle be a and &, winch arc* not therefore given. 

1 
a 


We have 


^ - const. = (say). 


.( 1 ). 


The equation to the base is 


i.e.y by (1), 

i.e. 
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Whatev^^^r be the value of a this straight line always passes through 
tlic point given by 

j:~ 2/ = 0 and |-1 = 0, 
t,e. through the Jixed point (/r, /c). 


98. Prove lhat tlie coordinates of the centre of the 
circle inscribed in the triangle^ whose vertices are the •points 
?/i), (-^j, 2/2), ys), o.re 

ax^ -f lix^ + cx^ ay^ 4> 6 ?/^ -f 

a+6+c rt+6+c ’ 


w}\xre a, b, and c are the lengths of the sides of the triangle. 

Find also the coordinates of the centres of the escribed 
circles. 


Let AliC be tlie triangle and let AD and CE be the 
biseetors i)f the angles A and C 
and let them meet in O', 

Then 0' is the required point. 

Since AD bisects the angle 
JjaIC we liavo, by geometry, 
np _DC IlD^DC a 
JiA A(' liA + AC b + c' 
so that 

ba 

6 + c’ 



DC. 


Also, since CO' bisects the angle ACD, we have 
AO' AC b 6 + c 
O'J) CD’~ 

b^c 


The point D tlim-efore divides BC in the ratio 
BA : AC, i.e. c : b. 

Also 0' divides AD in the ratio b + c : a. 
Hence, by Art 2*i, the coordinates of D are 

and 

• c -b 6 6 
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Also, by the same ai-ticle, the coorili nates of O' are ♦ 

(A + c) X ~ ~ f ay, 




and 


c -f 6 
(6 + c) -f « 


(b + c) + a 

i e 6.r o + ^►.ya t 

a + b + c a + ^ + c 

Again, if 6>i be the centre of the escribed circh‘ opposite 
to the angle Ay the line CO, bisects the exterior angle of 
ACJl 


Hence, by geometry, we have 

* AO, AC h + c 

0,D CD a 

Therefore 0, is the j)oint which divides AD externally in 
the ra tio h ^ c \ a. 

Its coordinatt'S (Art. 22^ are therefore 


{b + c) - ’ — - < 
^ ' c + b 


aii<l 


(/,+<•) 




c + b 


’-«yj 


%.e. 


(b + c) — a {h -I- r) -- a 

— a.ri + bx, + c.?3 , — a>f, ^luf^ *- cu. 

— “ and — ‘ ' . 

—a^b+c -a+o+c 


Similarly, it may bo shewn that the coordinates of the 
centres of the escribed circles opposite to B and C are 
respectively 


and 


'ax, - hx^ + cx g ay, — by^ + cy^ 

, a - b + c * a — b + c /’ 

^ax, -t- b x.j - rxj ay, + by^ — cy^X 
^ a + b — c ^ a + b — c )' 


99 . As a numerical example consider the case of tlie 
tiiangle formed by the straight lines 


3.^+ 42/ — 7-0, 12a5 + Sy— 17 -0 and 5a: + 12y — 34 - 0. 

Thesc three straight lines being BC^ CAy and AB 
respectively we easily obtain, by solving, that the points 
A, By and C are 


CfY). 
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^ence 


//-5-J /G7 /68* 5P 

" V Vie ■ V V ’ V 




IG 


16 ’ 


and 


//2 r)L>V /1 9 67 \^ / 

V (7 ^ ig) (7 " ]g) ■ V 


396 =+ 
112 ^ 


33 429 


lIeiK< 

a.v 

hr.. 


83 
^ IG 


J70 

112 ’ 


85 19 

TG ' 7* 


13 -52 G7G 

\ 

429 


7' " 16 


1615 
112 ^ 

871 


; 13 07 

112’ 7 IG 112’ 




and 


429 


112 ^ 112 

The eoorclijuites of tlie e(‘iitio uf tlie iiicircle are therefore 


170 676 129 

112 ' 112 ^112 
8,')^ 13 420 

IG 7 112 


ainl 


Tg- “"<* 


1G15 

871 

429 

-112 

112 

■^112 

85 

13^ 

429 

1(1 " 

7 

IT 2 

265 



112' 




The longtli of the radius of the iiicirolc is the perpeii- 
/ 1 265\ 

dicular from ( jg? 11*V straight line 


.V + 4v-7 0, 



THE STRAIGHT LINE. PROBLEMS. 


77 


and therefore 

-21 




r - 


i 


fl06^0-784_ 255 ojl 

5 x"ll2 *■ 5 x 112 iri' 


The coordinates of the centre of the escribed circle 
which touches tlie side JSC externally are 

m ^ _ 1615 ^ 429 

“112 ■ 112 '■ J l:! , " 112 ■* 112 112 

“^■^5 13 42ir B 

IC'^ Y**' 112 IG'*' 7 112 

- 417 , -315 

— , ^ - and - — . 


Similarly the coordinates of the centres of the other 
escribed circles can be written down. 


100. Sx. Fnid the railing, and the coordinates of the centre, of 
the circle circiunscribuit) the trianijle formed hif the points 

(0, 1), (2, S), and (3, 6). 

Let (.rj , 2/i) be the required centre and J? the radius. 

Since the distance of the centre from each of the three points is che 
same, we have 

(!/i - 1)‘= (^1 - 2)» + (l/i - »)*= (x, - 3)0+ (;/, - 5)» =- J<*.. (1). 

From the first two ve have, on reduction, 

J?i + 2/j 

Fiom the first and third equations we obtain 
(w^ + 33. 

Solving, we have .Tj = - § and = 

Substituting these values in (1) we get 
Jl- 1^/10, 

101. Bz. Prove that the middle points of the diagonals of a com- 
plete quadrilateral lie on the same straight line. 

[ComplAto quadrilateral. Bai; Let OACB be any quadrilateral. 

Let AC and OB be produced to meet in E, and BC and OA to meet in 
F. Join AB, OC\ and FF, The resulting figure is called a complete 
quadrilateral ; the lines J B, OC, and EF are called its diagoaaUt and 
the points E, F, and D (the intersection of AB and OC) are call^ its 
vertices.] 
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^nke the lines OAF and OBK as the axes of x and y. 

/Y 



Tjet OA - 2a and OB — 2b, so that A is the point (2a, 0) and Ji is 
the point (0, 2/^); also let C be the point (2h, 2/r). 

Then Z., the middle point of OC, is the point {h, 7c), and M, the 
middle point of AB, is (a, b). 

The equation to 7^.1/ is therefore 

•V 

i.f. (It -a)y - (Ji. - b) x = hli - cik (1). 


Again, the equation to BC is tj --21= 

- 2bh 

I*iitting I/ - 0, w'Q lunc x-- ^ , so that F is tho pemt 


-2hh \ 

I -h ’ J' 

( 2ak \ 

0 , - ) ' 

Hence N, the middle point of FFf is 


^k\ 

b' h^a) ‘ 


These coordinates clearly satisfy (J), i.e, N lies on the straight 
line J.M. 


EXAMPLES. X. 

1. A straight line is such that the algebraic sum of the perpen- 
diculars let fall upon it fiom any number of fixed points is zero; 
shew that it always passes through a fixed point. 

2. Two fixed straight lines OX and OT are cut by a variable line 
in the |wiuta A and B respectively and F and Q are the feet of the 
perpendiculars dra\\n from A and B upon the lines OBY and OAX, 
Shew that, if A /> ])ass through a fixed point, then PQ will also pass 
through a fixed point. 
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3. If the equal sides AD and AO of an isosceles triangle be pro- 
duced to JJ and /•' so that BE . AB\ shew that the line will 
■always pass through a fixed point. 


4, If a straight line move so that the sum of the perpendiculars 
let fall on it from the two fixed points (3, 4) and (7, 2) is equal to 
three times the perpendicular on it from a third fixed point (1, 3), 
prove that there is another fixed point through which this line always 
passes and find its coordinates. 

Find the centre and radius of the circle which is iimeiibed in the 
tiiangle foimed by the straight lines whose equations are 


5. 3a: + 4y-f2 = 0, Sa;-4y + 12=0, and 4j*-3y“0. 

6. 2.r + 47/4'3 — 0, 4a; + 3y + 3 = 0, and a*+l=s0. 

7. y~0y 12a?-o// — 0, and 3a? + 4y-7 = 0. 


8. Trove that the cooidiiiates of the centre of the cade inscrilx'd 
in the triangle \^llosc angular jioints are (1, 2), (2> 3), and (3, 1) aio 


Find also the coordinates of the centres of Ihn esciibcd circles. 

9, Find the cooidinates of the centres, and tlic radii, of the four 
circles which touch tlie sides of the triangle the coordinates of whose 
angular points are the points (C, 0), (0, G), and (7, 7). 

10. Find the position of the centre of the circle circumscribing 
the triangle ^^hosc veitiees are the points (2, 3), (3, 4), and (C, H). 

Fin 1 the aiea of the tiiangle formed by the straight iines whose 
equations are 

11. y = j/ = 2,r, and y = 3.r + 4. 

12. y^r^O^ 7/=a'4C, and y~7x + o. 

13. 2y + .r - 5 = y + 2x -7 = 0^ and x - i/ \ 1 = 0. 

14. 3x - 4i/ + 4 1 — 0, 2 r - 3 v + 4fi = 0, and 3.r -y -rn=(), pro\ ing also 
that the feet of the perpendiculars from the origin iii>on them aio 
collmcar. 

15. y-ax-hct y = hx-c<ty and y^cx-^ah. 


10 . y--'>nit+ r- , y 


ft , a 

= vinX + - , and y - m^x 4 - . 

- ;*3 •' w/j 


«*2 ^ W'j 

17. y - tUiX 4 c, , p = m^r + Cj, and the axis of y. 

18. y^niiX + Ciy y=^in.jX + c. 2 t and y=^m^-¥c^. 

19. Prove that the area of the triangle formc<l by the three straight 

lines OjX -t- b^y + = 0, + h.^j + c.^ = 0, and 4 - 1 « = 0 is 


i- 


&!, Cl 

&«, C« 


( 1 ^31 <*3 


1 8 


4 (aA - a,2hi) {ajb^ - aji^) {ajbi - 
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. 20. ^rove that the area of the triangle formed by the tliree straight 
lines 

.u COSO t-y sin = + y sinj8“2i2 = 0, 

and a; cos 7 + y sin 7 -pg = 0, 

{}), Blji(y - 13) +yaBin (a - 7) +p,sin - g) p 
® bin (7-^) sm VO -7) Sill (^- a) 

21. Prove that the area of the parallelogram contained hy the 
lines 

4j/-3.r-o — 0, .Hy - 4jr + o-=0» 4y-3j*-3a — 0, 
and :iy-4j:4-2o=0 is ^a-. 

22. pj ove that the area of the parallelograni whose sides are the 
straight linos 

aiX + h^f/-hCi — 0, + bii/ + ^^-0, a,j.r + h.^i/ + C2 = 0, 

and + b.jf/ + d^=0 

jj, 

23. The vertices of a quadrilateral, taken in order, are the points 
(0, 0), (4, 0), (0, 7), and (0, 3) ; find the coordinates of the point of 
intersection of the two lines joining the middle points of opposite 
sides. 

24. 'A'he lines j- + y + 1 -- 0, r - y + 2— 0, 4 x 4 2y + 3 = 0, and 

X i-2y-4 -0 

are the equations to the sides of a quadrilateral taken in order ; lind 
the equations to its tliree diagonals and the equation to the line on 
which their middle points lie. 


25, Shew that the ortboceutre of the triangle formed by the three 
straight lines 


a a 

y = VI yx 4 , ?/ = k , 

*' ^ W/j * Wy 

is the point 



and y=mgr4- 


- V- 


26. A and ]i are two fixed })oints Avhose coordinates are (3, 2) and 
(5, 1) respectively; A HP is an equilateiai triangle on the side of AJi 
leniote from the origin. Find the coordinates of P and the ortho- 


centra of the 

/i.,. 


\/102 


triangle API*. 

ESx. T/it' bane of a tr knife in fixed ; find the 


locus of the vertex when 07te base vugle is double of (he 


other. 
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Let AB be the fixed Iwise of tlie triangle ; tal^ its 
middle point O as origin, the direc- 
tion of OB as the axis of x and a Y| 

perpendicular line as the axis of y. 

Let AO--OB-^q. ^ 

If P bo one position of the A O B N X 
vertex, the condition of the problem then gives 
z PBA- 2z PAB, 
i.e. TT — 20y 

i.e. . — tan<^ -tan 2^ (1). 

Let P be the point (4, 4). We then have 

, ■ tan 0 and = tan d> 

h+a h~a 

Substituting these values in (1), wo have 

2 

Ic It \ ct 2i (4 ■4“ a) Jc 

k Y (4 + 4® ’ 


4 — a 


1 




? e. 
i.e. 


- (4 + af 4 - 2 (4® - a% 

7,2 _ 3/^2 0^,4 


But this is the condition that the point (/i, 4) should li(‘ 
on the curve 

— 3ar — 2ax + “ 0. 

This is theri'foro the eijuation to the required locus. 

103. £x. From a point P perpnidiciclars PM and 

PN are drawn v])on two fixed Vines which are inclined at an, 
angle w and meet in a fixed point 0 ; if P 'inox^e 07i a fixed 
straight line, find tliA locus of the middle point of MN. 

Let the two fixed lines be taken as the nx(^s. 1/ t the 
cooixlinates of P, any position of tlie 
moving ]>oint, be (//, 4). 

Let the equation of the straight 
line on which P lies be 

Ax 4 - By 4* 6'' « 0, 
so that we have 

zl4 4- Bh + C (1 ). 
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4)raw VL ai)cl PIf parallel to the axes. 

We Uicii have ^ 

OM OL + LM — OL H- LP eos o> = /n h cos w, 
and OV + h' V IjP ^ UP cos cu - /c f A cos o). 

M is therefore the point (/a h/lCoso), 0) and iV is the point 
(0, k + h eos ti»). 

Jlencc, if (./*', y) be the coordinates of tlio middle point 


of J/^Y, w(' have 

2.-6’' - /a f k cos (u (2), 

and '2y ~ h + /< cos oj (3). 


Equations (1), and (^J) t'xpress analytically all tho 
jelation.s which liold between y\ h, and k. 

Also h and A arc the quantities which by their variation 
eau.s(‘ Q to take uj) ditrerent positions. If therefore between 
(1), (2), and (.3) we eliminate A and k we shall obtain a 
relation between x' and y' which is true for all values of h 
and ky ie a relation Avhieh is true whatever be the position 
that P tabes on the 'riven straight line. 

From (2) and (3), by solving, we liavcj 

- 2 (y - y eos w) , , 2 (y — x cos co) 

Ji — ' ' and k — , . 

siirtu siir w 

Substituting these v^'^lues in (1), we obtain 

2A (y - y cos cj) f 211 (y - x cos a>) + (7 sin® w 0. 

^ But this is the condition that tho point (a*', y') shall 
always lie on the straight line 

2 A (x — y cos o)) + 2P {y — x cos a>) + C sin® w = 0, 
i.(\ on tho straight lino 

,r (A - Pi cos <!)} + y (1] — A cos w) + J C sin® w -- 0, 
which is therefore the equation to the locus of Q. 

104. Ex. A straiyht Hue is draion 'parallel to the 
base of a yiren trlanyfe and its extremities are joined trans- 
vix.'dy to those of the base; find the Ukus of the point 
of intersectioji of the joininy lines. 
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Let the triangle bo OJ B and take 0 as the ori|||[in and 
the directions of OA and OB 


as tlie axes of x and y. 

Let OA - a and OB = 6, 
so that a and h are given 
quantities. 

Let A'B* be the straight 
line which is parallel to the 
base AB^ so that 

OjV ojr 

. OA " on 



A. (wiy), 


a,iul h**neo OA' — X.a and 01}' = \b. 

For diffeient values of X wc therefore have different 
positions of AB\ 

The e(|uation to AB' is 


and that to A'B is 


a Xh 


- 1 


• 0 ). 


X 

k<t 



.( 2 ). 


Since P is the ijitersection of A 1* and A' B its crx)Fdi- 
nates satisfy both (1) and (2). Whatever equation we 
deri\e from them must therefore denote a locus going 
through P, Also if we derive from (1) and (2) an equation 
which does not contain A, it must represent a locus which 
passes through P whatever be tlie value of A ; in other 
words it must go through all the different positions of > the 
point P, 

Subtracting (2) from (1), wc have 


X y 
a'~ h' 


This then is the equation to the locus of 
always lies on the straight line 

h 


Hence P 
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which jn the straight line OQ where OAQB is a parallelo- 
gram. 


Aliter. T5y solving the equations (1) and (2) we 
easily sec tliat they meet at the point 

G+i"’ x+iO' 

Hence, if P be the point (A, A), we have 


A ~ ^ ^ a and 

k i 1 


/c 

A.+ 1 


Hence for all values of A, i.e. for oil positions of the 
straight line A' /i\ we have • 

A A 
a b ‘ 


But this is Ihe condition that the point (A, A), i e. P, 
should lie on tin* stiaiglit line 


^ y 

a b * 

^J'he straight hue is ther<‘foie the required locus. 

\/105. Ex. A variable Hfraijht line is drawn fhrongh 
a (fiven point O to cat (no Jit nl straight lines in R and S : 
on if is taken a ptdnt P sn(h that 

2 1 1 

OP OR ^ OS, ’ 

shew that the locns of P Is a third fixed straight line. 

Take any two fixed straight lines, at right angles and 
I)assing thi’ough (), as tlie axes and let the ecjuation to the 
two gi\en fixed straight lines be 

Ax + Rg A-C -^0, 
and A'x ]}'y + C - 0. 

Transfoiining to polar coordinates these equations are 
1 A cos 6 ^ B sin ^ | ^ ^ ^ 
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1 • 1 

If the angle XOlt bo 0 the values of and r -r, are 

(J /t C/o 

therefore 

A cos B Ji sin 0 , A' cos $ + />' sin 0 

- - and - . 

"VVe therefore liave 

2 A cos 0 + J] sin 0 A' cos 0 + I* sin B 
OP " ~~~~C " C' 

fA A'\ . (B n\ . . 

The equation to tlie locus of P is therefore, on again 
transforming to Cartesian coordinates, 

^ /A A\ (11 B\ 
and this is a fixed straight line. 


EXAMPLES. XI. 

The base V%C ( = 2«) of a triangle AUi) is fixed; the axes beinf? 
BC and a jx'rpendicular to it through its middle point, find the locus 
of the vertex A , when 

1. the difference of the base angk‘8 is given ( =a). 

2. the 2 )roduct of the tangents of the base angles is given ( — X). 

3. the tangent of one base angle is m times the tangent of the 
otlier. 

4. 7/1 times the square of one side added to n times the square of 
tfhe other side is equal to a constant quantity c^. 

From a point P perpendiculars PM and PN arc drawn upon two 
fixed linos which arc inclincd’at an angle w, and which are taken as 
the axes of coordinates and meet in O; find tlie locus of P 

5. if OM+ON be equal to 2c. 0. if OM - OiV be equal to 2d, 

7. if PM -f* PN be equal to 2c. 8. if BM - P.V be equal to 2c. 

9. if MN be equal to 2c. 

10. if JMN pass through the fixed point (a, h), 

11. if MN be parallel to Ihe given line y=:vtx. 
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[Ezs. 


12. i^xed points A and B aro taken on the axes such that 

OA=^(i and 01l-b\ two variahle points and B' are taken on the 
same axes; find the locus of the intersection of AH' and A'B 

(1) when OA'-i OJi'z^OA \ OB, 


and (2) when 


1 _ 1 JL _ J: 

OA' 0/r^(>J OB' 


13. Through a fixed point V are drawn any two straight lines to 
cut one fixed straiglit line OX in A and B and another ^xed straight 
line or in C and J ) ; prove that tlie locus of the intersection of the 
straight lines AC and BI) is a straight line passing through O. 

14. OX and OY are two straight lines at right anglck to one 
another; on OV is taken a fixed point A and on OX any jjoint B; 
on AB an equiluieral triangle is desciibed, its vertex* C being on the 
side of AB away from 0. Shew that tlio locus of O is a straight 
line. 


15. If a straight line pass through a fixed point, find the locus of 
the middle point of the portion of it which is intercepted between two 
given straight lines. 

16. ^ and 71 are two fixed points; if PA and PB intersect a 
constant distance 2c from a given straiglit line, hnd the locus of P. 

17. Through a fixed point 0 arc drawn two straight lines at right 
angles to meet two fixed straight lines, which aro also at right angles, 
in the points P and Q. Shew that the locus of the foot of the 
perpendicular from 0 on PQ is a straight line. 

18. Find the locus of a point at which two given 2 >ortions of the 
same straight line subtend equal angles. 

19. Find the locus of a point which moves so tliat the difference 
of its distances from two fixed straight lines at right angles is equal 
to its distance from a fixed straight line. 

20. ^ straight line AB, whose length is c, slides between two 
given oblique axes which meet at O; find the locus of the orthocentre 
of the triangle OAB. 

21. Having given the bases an 1 the sum of the areas of a number 
of triangles which have a common vertex, shew that the locus of this 
vertex is a straight line. 

22. Through a given point O a straight lino is drawn to cut two 
given straight lines in B and S; find the locus of a point P on this 
variable straight line, which is such that 

(1) 20P^On + OS, 
and (2) OP»=OJi.OS. 
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23. Given n straight lines and a fixed point O; tlirongh|<) is 
drawn a straight line meeting these lines in the points TL^ 

and on it is taken a point li such that 

w _ 1 1 1 _1 

oil oit^ on, on, on„ ’ 

shew that the locus of 72 is a straight line. 

24. A. variable straight line cuts off from n given concurrent 
straight lines intercepts the sum of the reciprocals of whioii is con- 
stant. Shew that it always passes through a fixed point. 

25. If a triangle ^7?(7 remain always similar to a given iiiangle, 
and if the point A be lixed and the point 71 always move along a 
given straight line, find the locus of the point C. 

26. A right-angk'd triangle -<4 710, having C a right angle, is of 
given magnitude, and the angular points A and 71 slide along two 
given perpendicular axes; shew that the locus of 0 is the pair of 

straight lines whose ctiuations are y ^ ^ - .r. 

a 

27. Two given straight lines meet in O, and through a given point 
P is drawn a straight lino to meet them in Q and 72, if the 
Iiarallelogram OQSR be coraiilctcd find the equation to the locus 
of S. 

28. Through a given point O is drawn a straight line to meet two 
given parallel straight lines in P and Q ; through F and Q are drawn 
straight lines iu given directions to meet in 72 ; prove that the locus of 
P is a straight line. 



ClIAPTEll VI. 

ON EQUATIONS KEPltESKNTlNG TWO OR MORE 
STRAIGHT JJNES. 


106. Suppose wo lia\e to trace the locus represented 


by the (j(iuation 

//- - 3.ry + 2.r^ 0 (1 ). 

'rijis equation is equivalent to 

0 ( 2 ). 


It is satisfied by tlie coordinates of all points wliich 
make the lirst of these brackets etjual to zero, and also by 
the coorxlinates of all points which make the second 
bracket zero, i.r. by all the points winch satisfy tlie 
Cfjuation 

y (•»), 

and also by the points which satisfy 

y- > - 0 (4). 

Hut, by Art. 47, the equation (3) represents a straii^ht 
lijic j>assing through the origin, and so also does equa- 
tion (4). 

Hence equation (1) represents the two straight lines 
wliich pass Ihrougli the origin, and are inclined at angles of 
40° and tan ^ 2 respectively to the axis of ,r. 

107. Ex. 1. 7 'race the locas ./•// -- 0. Tliis c(piation 

is satistled by all the points which satisfy the equation 
.cr 0 and by all the jioints wdiich satisfy y — 0, i.e, by 
all the points which lie either on the axis of y or on the 
ttxis of X, 
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The required locus is therefore the two axes of^coordi- 
nates. 

£iX» 2. Trace tJui locus 'j? — o.*; +6 — 0. This e(|uation 
is equivalent to (x — 2) (a; - 3) = 0. It is then^foro satisfied 
by all points which satisfy the equation .7* — 2 0 and also 

by all the points which satisfy the equation a; — 3 -0. 

l>ut these eiiuations represent two straight lines which 
are parallel to the axis of ]f and are at distances 2 and 3 
respectively from the origin (Art. 46). 

Ex; 3. y Vace the locus ary — 4.r — by + 20 0, I'his 

e(iuation is equivalent to (.r — 3) (y - 4 ) -- 0, and therefore 
represents a straight line parallel to the axis of y at a 
distance b and also a straight line parallel to the axis of .c 
at a distance 4. 

^108. Lt;t us consider the general ec^uatuui 

+ 2h.ry -r by^ — 0 ( I ). 

On multiplying it by a it may be written in tluj form 
\aV + 2ahxy r hhf) - (/.- - ah) y^ = 0, 
i, e, [(o.r + hy) 4 y \/4" — ah\ {{ax + hy) - y s/hr — ah{ 0. 

As in the last article the equation (1) therefore nipre- 
sents the two straight lines whose ecpiations atxi 


o,r by + y J ~ ah - - 0 (2), 

and ax ^ hy — y •Jlr — ah 0 (3), 

eacii of which passes through the origin. 


For (I) is satisfied by all the points which satisfy (2), 
and al.so by all the points which satisfy (3). 

These two straight lines are real and different if h->ah^ 
real and coincident if h^ -- ah^ and imaginary if h^<ah. 

[For in the latter case the coefficient of y in each of the 
equations (2) and (3j is partly real and partly imaginary.] 
In the case when It^^dby the straight lines, though 
themselves imaginary, intersect in a real point. For the 
origin lies on the locus given by (1), since the equation (1) 
is always satisfied by the values a; 0 and y - 0. 
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109 . An equation such as (1) of the previous article, 
wliich is such that ^acji term the sum of the indices of x 
and y is the same, is called a homogeneous equation. This 
equation (1) is of the second degree; for in the first term 
the index of a; is 2 ; in the second term the index of both x 
and y is 1 and hence ilieir sum is 2 : whilst in the third 
term tlie index of y is 2. 

Similarly the expression 

— oxy^ + 9?/“* 

is a homogeneous expression of the third degree. 

The expression 

.3.r® + 4.«®y — 5.ry* + — 7xy 

is not however homogeneous ; for in the first four terms 
the sum of the indices is 3 in each case, whilst in the last 
term this sum is 2. 

From Art. 108 it follows tliat a homogeneous equation 
of the second degree ivpresents two straiglit lines, real and 
difibrent, coincident, or imaginary. 

'-4io. 77ie axes being rectangnlar, to find the angle 
between the straight lines given by the equation 

+ Tihxy -^by- ~ 0 ( 1 ). 

Let the separate equations to the two lines be 

y - 0 and y — — 0 (2), 

so that (1) must be equivalent to 

6 (y - TO,*) (y - v\^r) - . 0 (3). 

Equating the coefficients of xy and in (1) and (3), we 
have 

- h (wq + r= 2A, and bm^m^ -- a 

2 A - a 

+ ma = — =- and wijJWa — t . 

b 0 


so that 
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If 0 be the angle between the straight linos (2)® we 
have, by Art, C6, 

tan 6 =. ~ 

1 + 1 H- 



ia 

h 



ab 

a-f b 


(^)- 


Hence tlje required angle is found. 


Ill, Condition that the straight lines of ilu> ^previons 
article may he {\) perpendicular^ and (2) coincident, 

(1) If <7 + 6 = 0 the value of tan ^ is oo and hence $ is 
90® ; the straight lines are therefore perpendicuhir. 

Hence two straight lines, represented by one equation, 
are at right angles if tlie algebraic sum of the coefficients of 
a'® and be zero. 

For example, the equations 

- 2 /^ = 0 and + 1 l.ry — Gy® — 0 
both represent pairs of straight lines at right angles. 

Similarly, whatever be the value of A, the equation 
.<r + 2hxy — y- = 0, 

represents a pair of straight lines at right angles. 

(2) If A® = ab, the value of tan 0 is zero and hence 0 is 
zero. The angle between the straight lines is therefore 
zero and, since they l>ot!i pass tlirough the origin, they are 
theref o re coincid en t . 

This may be seen directly from the original equation. 
For if A® --ah, i,e, h = Jah, it may be written 

ax^ + 2jah xy + Ay® = 0, 
i,e, {Jax + ^/Ay)® 0, 

whioli is two coincident straight lines. 
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fll2. To find the equiation to the straiyht lines bisecting 
the angle hetiveen the straight lines gimn hg 

4 - ^kry + hy‘- 0 ( 1 ). 

Let tlie equation (1) represent tlui two straight lines 



L|OJ/, and inclined at angles 0^ and to the axis 

of j', so that (1) is equival(3nt to 

b(y’^ X tan ^j) - .r tan 0.^) - 0. 

J To nee 

h a 

tan 0i 4 tan 0^- “ , and tan 0i tan •••(^)* 


fjet OA and OIJ he th(5 required bisectors. 

Since z AOL, -- . L.OA, 

1 AOX 0,- i AOX, 

Also z MOX^OO^ -4 z A OX. 

2 z MOX + 

Hence, if .stand for either oi the angles AOX or JJOX, 
■\\ e ha\ e 


tan 20 - tan (0^ } O^) 


tan (?j + tan O 2 
1 — tan Oy tan 0^ 


2h 

b-a' 


by eiiuations (2). 

But, if (a*, //) be llie coordinates c)f any point on either 
of the lines OA or OJi, we ha\o 


tan = ~ . 

X 
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2/4^ 

b — a 


- tan 2^ 


2 tan B 
1 — tail‘d 0 


2^ 

_ ^ 2u*jy 

■ , _y^ ~ > - if * 
sc® 

x2 - y 2 _ xy 
a-b h ' 

This, being a relation liolding between the coordinates 
of any point on either of the bisectors, is, by Art. 42, the 
equation to the bisectors. 


113. The foregoing equation may also be obtained in the follow- 
ing manner : 

Let the given equation represent the straight liiieB 

y- ?Wja?=:0 and y-Wja: = 0 (i), 

BO that ?/ii + wt 2 = and niinia=? .. (2). 

The equations to the bisectors of the angles between the straight 
lines (1) arc, by Art. 84, 

y -m^x _ y- m^x y - w»i^ _ _ V 
fjl-i tj I x/ 1 -f w<a^ 

or, expressed in one equation, 

j y-in^x ]. =0, 

I x/i 4 uf x/^+ I s/l + fii-i >/l + »M2 V 

{if-jn^x'f _(y-7n,^x)- 

1-rV 1 + V ^ ’ 

i. 5. ( i + nt./) (y2 - *im^xy + mi^x-\ - ( 1 + mj®) (if - 2/«y ry + 7«/x“) =- 0, 

i. e. (m^ - mf) (as® - y®) + 2 (m, - 1 ) (m^ - xy - 0, 

1. e. (wi + wio) (x® - y®) 4- 2 (;«, - 1) xy = 0. 

Hence, by (2), the re<j[uired equation is 

- 1^ j:y=0, 
a ~ A * 
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EXAMPLES. Xn. 


Fiiul wliat straight lines are represented by the following equations 
and deteimine the angles between them. 


1. j:2-7.T7/ + 12y®=.0. 

3. 3')x-*-71x7/-14?/2^0. 

5. 0. 


2. 4x2 ~24xy+ 117/2 = 0. 

4. x2 - Gx2+ llx - (J = 0. 

6. 7/^ - .r7/2 - 1 4.r2t/ + 24.7^ - 0 


7, x2 + 2x7/ sec ^ + 7/2 = 0. 8. x2 + 2xy cot ^ + 7/2i=0. 

9. Find the equations of the straight lines bisecting the angles 
behvoen the pairs of straight lines given in examples 2, 3, 7, and 8. 

10. Shew that the two straight lines 

x2 (tan26l + co82 6>)-2xy tan d + 8in2^ = 0 

iniiko with the axis of x angles such that the difference of thoir 
tangents is 2. 

11. Prove that the two straight lines 

(x2 + 7/2) (cos2^ 8in2a + siii2(?) - (.r tan a - 7/ sin 0)^ 

Include an angle 2a. 

12. Prove that the two straight lines 

a ■“ sin^a cos'-d^ + 4x// sin a sin 0 + cos a - (1 + cos a)® cos2^] = 0 

meet at an angle a. 


genj:ral equation of the second degree. 

114 . The most general expression, which contains 
terins involving x and y in a degree not higher than the 
second, must contain terms involving a*, xy^ y~, x, y, and a 
constant. 

1'he notation which is in general use for this ex- 
pression is 

aix? + 2,hcy + hy‘ + 2gx 4 2/?/ -t- c (1). 

The quantity (1) is known as tlie general expression of 
tlie second degree, and when equated to zero is called the 

general equation of the second degree. 

The student may better remember the seemingly 
arbitrary coefficients of the terms in the expression (1) 
if the reiison for their use be given. 
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Tlio most general expression involving terms tnly of 
the second degree in .r, y, and z is 

a,f^ + 4 + 2/yz 4 - 2yr.r 4- 2/f.ry (2), 

wh<*rc the coefficients occur in the order of ti\e alphabet. 

If in this expression we put z equal to unity we get 
ojt^ 4 - 4 - c + 2/}/ 4 - 2gx + 2/uyy 

which, after rearrangement, is the same as (1). 

Now in Solid (loometry we use three coordinates sr, y, 
and Also many formulae in Plane Geometry are deriv^ 
from those of Solid Geometry by putting z e<j[ual t(» unity. 

We therefore, in Plane Geometry, use that notation 
corresponding Uj which we have the standard notation in 
Solid Geometry. 

115, In general, as will bo shewn in Ohapte)’ XV., 
the general equation represents a Curve-Locus. 

If a certain condition holds between the coefficients of 
its tenns it will, however, represent a pair of straight lines. 

This condition we shall detennine in the following 
art^le. 

{One. To Jiivd the condition that the (jeneral equation 
of the second degree 

4- 2hocg j 6y- h 2f/x 4- 2/y + c - 0 (1) ^ 

mag reprtseui two straight lines. 

If we cun break the left-Jiand members of (1) into two 
factors, each of the first degree, then, as in Art. 108, it 
will represent two straight lines. 

If a be not zero, multiply equation (1) by a and arrange 
in powers of x ; it then becomes 

4- 2ax ijiy 4- y) = — abtf — 2afg — ac. 

On completing the square on the left hand we have 
4* 2ax {hg 4- y) -r (Ay 4- y)* ~ y* (A® — oA) 

^2y(gh-~qf) y® - «r, 

t.s. . 

{cue + Ay +y)=:it^y®'(A®— <i/>) + 2y((jh-- af) 4- y®~ac ... (2). 
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Fivni (2) we cannot obtain x in terms of y, involving 
only terms of the ^rst degree, unless tJie quantity under the 
riidical sign be a perfect square. 

The condition for this is 

(ffh a/y~ {Ii^- ab)(f/ — a^)f 
i. €. gVh~ — ''lafgh + — ahg^ — ac/r + d^bc 

' C^fiiicelling and dividing by «, we have the required 
condition, viz. 

abc + 2fgh — af2 — bg2 « ch^ = O ( 5). 

117 . The foregoing condition may be otherwise obtained thus : 
The given equation, multiplied by (a), is 

+ 2ahxy + ahy^ 2ugx 4 2afy -f nr = 0 (4), 

The terms of the second degree in this equation break up, as ic 
Art. lOH, into the factors 


ax hy - y ^ h'^ - ah and ax-^hy -^y ~ ab. 

If then (4) break into factors it must bo equivalent to 

{(ix + (h y + A\ {a4; + (/t+ >//*'**- oA) y 4-/iJ -0, 

where A and Ji are given by the relations 

a(A \-B)^2y a (5), 

-4 ^ A f yjl~ab) + 71 {h - = 2/ri . . . (ii), 

and AJf = ac (7). 

The oquations (f^^) and (0) give 

A I 71=‘2f;, and -4 - 7 

The relation (7) then gives 

4ar-4AIf -(.4h IJy-(A-B} 


2fa - 2yh 


•' h-- ub ' 


i.e. (/‘‘ ac) - ab), 

which, as before, reduces *to 

abc 4- 2fyh - af^ - h<y r- r/i'^ssO. 


£x. If a Ik) /k ro, prove that the gt neral equation will represeijil 
two siiaight lines if 

2fyh^hy^^ch'^^(S, 

If both a and h be zero, prove tliat Uie conditiou is 2fy ~ 
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118. 

expression 


The relation (3) of Art IIG is equivalent t# the 


' K U 

, ^ ^ / 1 0 

' Ih / * 


This may be easily verificsl by writing down the valuer 
of the determinant by the rule of Art 5. 

A geometrical moaiiin" to this for-iii of the relation (3) 
will be given in a Liter chapter. [Art. SoT).] 

The quantity on the left hand side of equation (3) is 
called the Discximinant of the (Jeneral K() nation 

The general eifuation therefore represmits two straight 
lines if its discriminant be zero. 


110. Z3x. 1. Provf that the equation 

12ca + 7Ty-10y«4 Ux-i 40f/-35~O 
repiesentit tieo straight lines, and jind the angle between them. 

Here 

a«12, h 6.= -10, //-V. Y, and -35. 
Hence ahc + 2fgh -af^- bg^ - ( h^ 

= IJ / ( - 10) X ( - 35) * 2 X V X V X I - x (V)® ( 10) > ( V)^ 

rr 4200 + AO^OJ* _ 007.5 S + ^^4^^ 

-r - lQ75+?^\ft'*=0. 

The equation therefore lepreseiits two straight hnea. 

Solving it for x, we have 

7// + 13 /72/ + 13\2 W - Lw/ + Ho fly ^ 13 V 

12 2r y "" 12 24 y 


n 


a? + 


+ 13 


23jr - 43 
‘ 24 


ue. 


A 


Thl^ven equation therefore represents the two straight lines 
8x=2j/-7 and 4x=!-$y + 6. 


4 
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of these two lines are therefore | and - f, and the 
angle between them, by Art. CC, 

=‘“-' 

Bx. 2. Find the value of h so tiuit the equation 
Ga;3 + ^hxij + + 22.t + 31j/ + 20 = 0 

way represent low straight lines. 

Mere 

rt = C, Z; — 12, = /= V-, and c = 20. 

The condition (3) of Art. IIG then gives 

207*2 -lUU+aj^j'^^O, 

Le, (7i-Jf)(20;*-171) = 0. 

Hence 7/ = ^g^ or 

Taking the first of these values, the given equation becomes 
Gx2 17xy -f 12i/2 + 22x + Sly + 20 = 0, 
i.f. (2it + 3y + 4)(3x H- 4y “H 6) = 0. 

Taking the second value, the equation is 

20j:24-67x!/+40y2 + igfiar + Jijfty + JiSft = 0, 

i,f, (l.r + C>y+ + % + = 


EXAMPLES. Xni. 

Ihove that the following equations represent two straight linos; 
find also tbeir j)oint of intersection and the angle between them. 

L Gy^-xy-x^ + SOy +30=0. 2. x^-6xy + 4y^+x^2y -2:sz0, 

3. 3y2 - 8xy - 3x‘- - 21Kr + 3y ~ 18 - 0. 

4. y2 + xy ~ 2x2 - y - 2 = 0. 

5. Prove that the equation 

X* + Gxy + 9y“ + 4x + 12y -6=0 
represents two parallel lines. 

Find the value of k so that the following equations may represent 
pairs of straight lines : 

6. CxH 1 Ixy - lOyS X + Sly + A: = 0. 

7. 12x2- I0xy + 2y2 + llx- 6y + k=0. 

8. 12x2 ^ ^ 2y2 + 1 lx - 6#/ +2=0. 

9. Gj?*+ xy + A//2 - llx + 43y * 85=0. 
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10. ixy - 8j;-f 9y - 12a0. 

11. .r® + ox - 7y + /f = 0. 

12. 12aj® + xy - Of/* - 20x + 8y + ^‘ =s 0. 

13. 2x®-4 x2/--2/® + A:x + G</-0 = 0. 

14. + y®-5x - 7^/ f C = 0. 

15. Trove Diat the oquatiooe to tho straight lines passing through 
the origin which make an angle a with tho straight line y + x^Oskio 
given by the eexuation 

s- 4 2xy sec 2a f y® = 0. 

16. What relations must hold between the eooliloieiits of tlie 
equations 

(i) •flr® + b//® + ex + ry=.0, 
and (li) ay^-\-hxy + dy f<*x = (), 

BO that each of them may lepresent a pair of straight hues ? 

17. The equations to a pair of op|)osItc sides of a paralK'logram 
arc 

x^'-7r f C-0 and y®- 14y -f 10 — 0 ; 
find the equations to its diagonals. 


120. 7V) prove that a honuxjeHeom etpuUioa of ilm nth 

degree rpjtreeents n etraight Unee^ real or imaginary^ tohich 
all pass through ihs origin. 

Let tho equation bo 

4 - A 4 * f f . . . 4 - - 0. 

On division by a", it may be written 



V 

This is an <j<juation <#£ the j«th degree in ^ , and lieneo 

iC 

must have n roots. 


Let these roots bo ?/?,, ni.,. ... m„, llien (C, »SmitIi’s 

Algebra, Art, 80) the equation (1) miifet be equivalent to 
tho equation 


(!-’'*>) S-”'») (!-”*») ••• 


The equation (2) is satisfied by all the points which 
satisfy the separate cquatioiis 


V 


V 


y 
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i.fi. \ty »11 the 2)oiiits wliich lie on the 7i straight lines 
t/ 7n,.r ---0, y - (),... y - m^x - 0, 

all of whit-h 2 )ass tlirougli the origin. Conversely, the 
toon li nut (*s of nil the points which satisfy these n equa- 
tions satisfy equation (1). Jlenco the proposition 

lai. X3x. 1. Tho equation 

- (jxy‘^ y - 

whieli is eqiihalent to 

(y-r){ij-‘±r){!/~iiT)=0, 
roprcHeiitH the tliiee straiglit lines 

y jr — 0, ?/-‘2r — 0, aiul = 

all of winch pass thiouj^h the oiigui. 

Sx. 2. The equation ~ + % — 0, 

i,e. y {y 3) = 0, 

Hnniluily lepiesoiils the three stiaight lines 

y — 0^ y-2, niul y — »>, 

all of which are parallel to tho axis of jl . 

122 . To find the equation to the two eiraiyhl lines 
joiaimj the orlf/io to (he points in which the straight line 


hr + tug ~n {\) 

t/ici fs the locus whose equation is 

a.r' + 'Ih.vg + hg~ q 2</.r + 'Ifg M' 0. ... (’J). 
Tlio equation (1) niuy be written 

1 ,;5). 


The coordiiuites (if tlie points in which tlie straiglit line 
meets tho locus satisfy both equation (2) and equation (3), 
and hence satisfy the equation 


L>/,.ry . hf . c 0 


......(4). 

[For at tlie }>oints whei*e (3) and (4) are true it is clear 
that (2) is true.] 

Hence (4) I'epresents some locus which passes through 
the intersections of (2) and (3). 
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liut, since the equation (4) is liouios^eneous and o4 tlie 
second degree, it represents two straiglit lines pivsniug 
through the origin (Art. 108). 

It therefore must represent the two straight lines join- 
ing the origin to the intersections of (ti) and (3). 

123 . The preceding article may be illustrated geo- 
metrically if we assume that the equation (2) repr(»sents 
Borne such curve as PQRS in the figure. 



Let the given straight lino cut the curve in tlie points 
P and Q. 

The equation (2) holds for all points on the curve 

The equation (3) holds for all points on the line PQ. 

Both equations are therefore trut) at the poitits of 
intersection P and Q. 

The equation (4), which is derived from (2) and (3), 
holds therefore at P and Q. 

But the equation (4) represents two straight lines, each 
of which passes through the point 0. 

It must tliercfore represent the two straight lines OP 
and OQ, 

124. Bx. Froi^e that the ttvaight lines joinhiff the origin to the 
jDoints of intersection of the straight line x-y = 2 and the curve 

6x‘^ + 12xy - 8y*-f 8af-4y+12 = 0 
make equal angles with the axes. 

As in Art. 122 the equation to the required straight lines is 

6**+ 12*y - »tf- + (ftr - 4^) — + 12 (- (1), 
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this equation is homogeneous and therefore represents two 
straight lines tlirough the origin; also it is satisfied at the points 
where the two given equations are satisfied. 

Now (1) is, on reduction, 

BO that the equations to the two linos are 

y = 2x and 1 /= - 2ir. 

These lines are equally inclined to the axes. 

125. Tt was stated in Art 115 that, in general^ an 
equation of the second degree represents a curve-line, 
including (Art 116) as a particular case two straight lines. 

In some cases howevtn* it will he found that such 
equations (inly represent isolated points. Some examples 
are appended. 

!Ex. 1. What is represented by the locn^s 

(a; - 1 / -1- r)- -I- (.r -I- 2 / - r)--0? (1;. 

We know lliat the sum of the sc^uares of two real 
quantities cannot he zero unle-’^s <*ach of the squares is 
separately zeiX). 

Tlie only real points that satisfy the eijuation (1) 
therefore satisfy both of the equations 

X - y + e 0 mill .r + y c = 0. 

But the only solution of these two equations is 
a* 0 , and y - c 

The only real point represented hy equation (1) is therefore 

(0, c). 

The same result may be obtaineti in a diffei*ent inaainer. 
The e(iuation (1) gives 

+-r)“=.-^r -fy- c)\ 

Le, .r - y + c* ~ ± V—T (x + y — r). 

It tlierefore represenTs the two imaginary stmight lines 

a; (1 - ^/1 1 ) - y (1 + JZl) ^0(1+ v/~l) = 0, 

and «• (1 + V— 1) — y (1 — +<•(!- V~1) = 0. 
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Each of these* two straight lines passes throughtthe 
real point (0, c). We may therefore say that (1) represents 
two imaginary straight lines passing through the point 
(0. c). 

Bz. 3. Whai is rf'preaentsd hy the equatuyn 

As in the last example, the only real points on fho locus 
are those that satisfy both of the ecjiiations 

- a® - 0 and y-~ - 0, 

i.e. • .r afc a, and y:nd^b. 

The points represented are therefore 

(a, h), {a, -h), (-a, b), aad (-a, -6). 


Bz. 3. JV/iat is rspreaented hy the equation 

iK* + y- + ^ 0 ? 

The only real points on the locus are those that satisfy 
all three of the equations 

.T - 0, y = 0, and a -- 0. 

Hence, unless a vanishes, there are no such points, and 
the given equation represents nothing i*eal. 

The equation may be written 

so that it represents points whose distance from the origin 
is aJ—\, It therefore represents the imaginary circle 
whose radius is a-v/-l and whose centre is the origin, 

136. Bx. 1. Obtain the condition that one of the etraight lines 


given hy the equation 

+ (1) 

nujy coincide with one of those given by the equation 

aV + 2h'xy + h'y ^ =0 (g). 

Let the eqaation to the common straight lino be 

y-Wjjr=0 (8). 


The quantity y-^tnix must therefore be a factor of the left-hand of 
both (1) and (2), and therefore the value must satisfy both (1) 

and (2). 
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'VJfe therefore liave 

hnii^\-2hmj^ + a=.0 (4), 

and b'my^ + 2h'm^~\-a' — 0 . ..(5), 

Solving (4) and we have 

iHy^ _ _ 1 


2 {ha' - h'a) ah' - a'b 2 {hh' - h'hi) ’ 
ha'^h'a j | 

i/i'-V/t"”** ~ [i{l)Jir-b'h)j ’ 
BO that we iiuiht have 

{ab'~ a'h)^ ^k{ha'-h'a){hh'-h'h). 


fix. 2. Piooe that the equation 

m (a:» - ?^xif) -f- if - 3.r2 ?/ = 0 

reprvt^enth three straight lines equally inclined to one another. 

Tranhfonniiig to polar coordinates (Art. 35) the equation gives 

m (coh *6> ' 3 cos 0 sin‘‘‘d) 4 sin^^? - 3 cos® <9 sin 0 -- 0, 

i.e. m(\ - 3 taii-^d) 4-tan*d- 3 tau 9 = 0, 

3 tan 0 - tan** 0 
i-e. m— , 

1-3 tan- 9 


= tan 39. 


If III — tan a, ihis equation gives 

tan 39= tan o, 

thf B<»liitioTiR of wliicli are 


39 -a, or 180^ H a, or 300"^ 4 a, 

0~^j or 60” H- or 120” 4-* 

3 3 3 


The locus is tlicrefoie three straii^ht lines through the origin 
inclined at nngles 

(M' ana 120“ + ? 

O O t» 

to the axis of j . 

Tlu*y are therefore equally inclined to one another. 


fix. 8. J*roie that two of the straight lines represented by the 
equation 

</ 4- bx“ y 4 cxy~ 4- = 0 ( 1 ) 

will he at right angles ij 

4 tw 4- bd 4- rP = 0. 

Det the sepamte equations to the three lines be 

y-inij:=0, y-«i.jas = 0, and y - inj|jc=0, 
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liO that the equation (1) xUust be equivalent to 

d (// - wjja*) (ij - wiyT) {y - w.^r) ~0, 

and therefore 7/1 j -h ni.» + '«j=^ -j (2)i 

>' 

7/Lj}/L,+ +7Uj7M.j~= ^ (3), 


and 


a 

7H,77l.JIU— - 

1 - •* u 


(4). 


If the first two of thefte straight lines be at right angles we have, 
in addition, 

7«j7Mj,— 1 (ft). 

From (4) and (.>), wo have 


and therefore, frt'm 


a 


c a 

’''•+’"==-,rrf 

7’he equation ^3) then becomes 



d ' 


h 

7r 


i.f'. 


uc ^ hit ^ d-=rO. 


EXAMPLES. XIV, 

1. Prove that the equation 

if - ar* + 3a;;/ {tj - . 1 ) ~ 0 

irpresents three straight lines equally inclined to one anothcj. 

2. Prove that the equation 

{cob a + jii^/3 sin a) cos a~xy (siji 2a - ^3 cos 2a) 

+ Jt* (sin a - cos a) sin a^O 
represents two straight lines inclined at (50"^ to each other. 

Provo also that the area of the triangle formed with them by the 
straight line 

(cos a - tjo sin a) 7 / - (sin a + cos a) x + a --= 0 

and tliat this triangle is equilateral. 

3. Shew that the straight lines 

(d2 - 3if-) ^Alixy + (K-* - 8d“)y*'=0 
form with the line Ax + Tly-J^-C^i) an equilateral triangle whose aiea 
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/ 

4^ Kind tlie equation to the jiair of straight lines joining the 
origitito the interseotioiiH of the straight line y^^vix+c and the ourve 

Prove that they are at right angles if 

(l + m*). 

5. Prove that the straight lines joining the origin to the points 
of intersection of the straight hue 

kx + hy=-2hk 

with the curve [x - //)® f (y - 

are at right angles if /** + /t3=r-. 

0, Prove that the angle between the straight lines joining the 
origin to the intersection ot the straight line y = 3x-\-2 with the curve 

x^ + 2.ry + 3y^ + ix + 6y- 11 = 0 is tan“^ . 

* 7. Shew that the straight lines joining the origin to the other two 
points of intersection of the curves whoso equations are 

ax^ + 2kxy + -r 2tjx = 0 
and < 1 V** + 2/*'acy 4 f>y + 2f/'a;=0 

will he at right angles if 

ff (a' 4- b') - y' (a 4- Z#) = 0. 

What loci are represented by the equations 
8, 9, a:®-xy = 0. 10, xy-ay = 0. 

11. x^-a^-x + ^^0. 12. T»-:ry'=0. 13. a:Ut/ = 0. 

14. a:* + t/=0. 15. 16. l)(y''* - 4) = 0. 

17. (^- l)“4-(?/-“ •l)- = 0, 18. (y- m.r-r)2 + (y-w?'a;-cy = 0. 

19. (-1?* “ <!■)“ -- fy' “ 20. {x n)® - y* = 0. 

21. (a: 4- //)'■'’- (*®=0. 22. r=aBOc(y-a). 

23. Show that the equation 

b.v^ ~ 2hxy 4- uy ® - 0 

represents a pair of straight lines which are at right angles to the pair 
given by the equation 

ax® + 2hxy 4 - fcy® = 0. 

24. If pairs of straight lines 

X® - 2pxy - y® = 0 and x® - 2(].iy - y®saa0 
be such that each pair bisects the angles between the other pair, prove 
that - 1, 

25. Pixivo that the pair of lines 

a®x® 4 - 2k {a -i-b)xy^ Z>® y® = 0 
is equally inclined to the pair 

ax® + 2hxy + Z>y® = 0. 



XIV.] 


EXAMPLES. 


107 


26. She^also that the pair 

ax* + 2hxif + by^ 4 - X (x® + »/*) = 0 
is equally inclined to the same pair. 


27. If one of the straight linos given by the equation 
flx* + 2hxy 4- =:: 0 

coincide with one of those given by 

a'x®4-2;rxy4-?/y*-0, 

and the other lines reprea^ltod by them be perpendicular, prove that 


= i s/ ” 


ha'I/ __ h'ab 
b' -a* ~ b- a 

28. Provo that the equation to the bisectors of the angle between 
the straight liftes ox® 4 - 2hxif 4* by*=0 is 

h (x® -j/®) 4- {b - a) xy — (ax* - by^) cos w, 
the axes being inclined at an angle w. 


29. Prove that the straight lines 

ax® 4 - 2/ixi/ 4 - by^ ^ 0 

make equal angles with the axis of .r if h^acoBu^ the axes being 
inclined at an angle u. 


30. If the axes bo inclined at an angle w, shew that the equation 

X® 4- 2xy cos w f y® cos 2w =■ 0 
represents a pair of perpendicular straight lines. 

31. Shew that the equation 

cos 3a (x® - 3xy®) 4- sin 3a (y* - .3x®y) 4 - 3tt (x® 4 - tj") - 4«® = 0 
represents three straight lines forming an equilateral triangle. 

Prove also that its area is 3 y/sa^. 


32. Prove that the general equation 

ax® 4 - 2hxy 4- /;y® 4- 2yx 4 - 2/y 4 - c ~ 0 
represents two parallel straight lines if 

h^=ab and bp^=af*. 

Prove also that the distance between them is 


33. If the equation 


» / V" ~ 

' V a(a4-6)’ 


ox® 4 - 2Jury + by^ 4- 2yx f- 2/y 4 - c =£ 0 

represent a pair of straight lines, prove that the equation to the third 
pair of straight lines passing through the points where these meet the 
axes is 


ox® - 2/ixy 4* ® + 2yx + 2/y + c 4 - — * 3 / = 0. 
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34. Jf the equation 

+ *Jh.ry + hy‘^ + 2ffx -f ‘2/y + r = 0 

repreBcnt two Btrai^ht lines, prove that the square of the distance of 
their iioint of intersoction from the orif^in is 

ah ^ ‘ 

35. Shew that the orthocentro of the trianf^lo formed by the 
Btiaighi lines 

e.r^ 1 2//af// and th-\-7iiy = l 

is a point {x\ \/) such that 

.r' _ y' _ a \ h 
I VI ani^-2hlm-i bl^' 

36. Hence lind the locus of the orthocentre of a triangle of which 
two sides are given in iiosition and whose third side go(‘s through a 
J«xed point. 

37. Shew tliat the distance between the i)oints of intersection of 
the straight line 

X COfi a i y sin a -- = 0 

with the straiglit lines (u‘^ t *lhxy-\ hy^- 0 

b coh'-'a - ‘2// cc B a sin a + rt sin* a * 

Deduce the area of the triangle formed by them. 

38. Piovc that the product of the perpendiculars let fall from the 
point (x', fj) iijioii the ]).iir of straight lines 

a J-* + *2hxy + 6//‘“ = 0 
"Zlu'y q by'^ 

39. Shew tliat two of the straight linco Kqiiosontcd by the 
equation 

will be at light angles if 

(b r (1) (ud + /»<) + (e - «)* (« + c + c) 5 K 0. 

40. X’rove that tw^o of the lines represented by the equation 

a.F-* f hx * y + r.r- y- + dxy^ + a y* 0 
will biecct the angles between the other two if 
r \ Grt=0 and b-t d = 0. 

41. Prove that one of the lines represented by the equation 

( 1 , 1 *** + bx^ y + exy^ q (/y •* = 0 
will biwjct the angle between the other two if 

(3a + q- 2c'(f - 3ad) = {h±odf{bc q- 2«6 - Sad). 



CHAPTER VI 1. 

TJIANSFOUMATJON OF COORDINATES. 

127 . It is soniL*ti?»»es found dijsirable in tljo discussion 
of problems to alter the ori<;in and axes of coordinates, 
either by altering the origin without altemtion of tlie 
direction of the axes, or by altering tlie directions of tli(» 
axes and kee{>ing the origin unchanged, or by altering tlie 
origin and also the directions of the axes. 'I he latter case 
is merely a combination of the first two. Either of these 
processes is called a transformation of coordinates. 

We proceed to establish the fundamental formuhe for 
such transformation of coordinates. 

128 . To alter live orujin of coonliimfeH without altering 
the directions of the axes. 

Let OX and OT bo the origin il axes and Jot tlio new 
axes, parallel to the original, be 
O'X' and O'Y'. 

Let tlio coordinates of the now 
origin 0\ referred to the original 
axes be h and k, so that, if O’ L bo 
perpendicular to OX, we have 
OL — h and lAY ~ k. 

I..et P be any point in the ])lane 
of the paper, and let its coordinates, referred to the original 
axes, be x and y, and referred to the new axes let them lx> 
x' and y\ 

Draw PN perpendicular to OX to meet OX' in N\ 




no 
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ON=--Xi 0 'N'=^x, and N'F = y. 

We tlierrfore liavc 

.r -- OL + OW' - A -H x', 
and y - NP ^L0' + W 7^ A + y\ 

The origin is therefore trausfci rcd to the point (A, k) Avhcn 
we Bu})stituto for the coordinates x and y the quantities 

x' -f h and y' + A*. 

The above article is true wlietlier the axes be oblique 
or i*ect angular. 

120 . To chanye the dlrecHou of the axes of coordinates^ 
wlthcat changing the origin^ both systems of coordinates being 
rectangular. 

Let OX and 0 1' bo the original system of axes and OX* 
and Or'tlic new system, and let 
tlio angle, XOX'y through which 
the axes are turned bo called 0. Y' 

Take any point 7* in the piano 
of the paper. 

Draw PX ajid PX' perpen- 
dicular to OX and 0X\ and also 
X'L and -A 'J/ perpendicular to OX and PX. 

If the coordinates of /*, referred to the oiiginal axes, 
bo X and y, referred to tho now axes, bo x' and y , wo 
have 

(LV=-.r, XP^ y, 0X'---x*, and X'P^^y. 

The angle 

3IPX' r. 1)0'^ - jrN'P= 1 MX*0 -- z XOX' -- 0. 


Wo then have 

.r OX , - OL - JIX* ^ ON' cos 0 - N'P sin 0 

- X cos 0~ y sin 0 ( 1), 

and y ^ XP — LX* MP - ON* sin 0 + X*P cos 0 

= .r' sin 0 + y' cos 0 (2). 
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If therefore in any equation we wish to turn thattaxes, 
being rectangular, through an angle ^ we must substitute 

s' cos 9 — y' sin ^ and z' sin + y ' cos 9 

for X and y. 

When we have both to change the origin, and also the 
direction of the axes, the transformation is clearly obtained 
by combiiiing the results of tJie previous articles. 

If the origin is to be transformed to tlie point (A, /) 
and the axes to be turned through an angle 0, we liavo to 
substitute , 

h + .r cos 0^— y sin 0 and k x sin 0 + y cos $ 
for X and y respectively. 

The (•iiident, who is acquaiuted with tho tlieory of piojection of 
FNcraight lines, will see that equations (1) and (2) express tho fact that 
the 2 >rojections of OV on OX and OY are respectively equal to the 
sum of the projections of OxV' and on tho same two lines. 


130. 8x. 1. Tramform to parallel axes through the point ( "• 2, 0) 
th>e equation 

2x*4'4.Ty + 52^®“Ar~ 22y H 7 = 0. 

We substitute j;=.r'-2 and + and the equation becomes 
2 {x' - 2j3 + 4 {x' - 2) {f/ + 3) + 5 (/ + 3)« ~i{x'- ‘>) - 22 (/ + .3) + 7 = 0, 
i.c. + Lx't/ + - 22 = 0. 


Bx. 8. Transform to axes itxlined at 30° to the original axes the 
equation 

+ 2 njiixtj - y® = 2a*. 

For X and y have to substitute 

ar' cos 80° - wii,30° and x' sin 30° + y' cos 30°, 

and 

2 2 
The equation then becomes 

(*'^3 - yT + 2 V3 (x V3 - V') {Jn' + y V'>) + F 

i,s. x'*-y'“saa*. 
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EXAMPLES. XV. 

1. Transform to paiallel axes through the point (I, -2) the 
equutiona 

( 1 ) + 

and (2) - Ax + Ay ~-0. 

2. What docs the equation 

(y hy=zc^ 

become whtMi it is transferred to parallel axes through 

(1) the point (a -r, h), 

(2) the point (//, h-c)1 

3. What does the equation 

(a - h) (.r- + y‘) 2ahx— 0 

become if the oiigin be moved to the point ’ 

4 . Tiansforni to axes inclined at 45"* to tho original axes the 
c<]uation8 

( 1 ) 

(2) 17.<2- l(;.r»/ I 17^-^225. 

and (14) + (\x-y“ - 2. 

5. Transfonn to axes inclined at an angl(3 a to the oiiginul axes 
ilie equations 

(1) x--{y--i-, 

and (2) -f 2ry tan L'a y" — (i’^ 

6. If the axes be turned through an angle tan ^2, what docs the 
equation Axy - lla--= a- become? 

^ 7. I5y tran*^^)!^!!!!^ to parallel axoj througli a properly chosen 
point {fif A), pro\e that the equation 

] 2x“ - lOxy -t 2y'^ H- 11a; - oy + 2 = 0 
cun be nnluced to one containing only terms of tho second degree. 

8. Find tho angle through wliich the axes may he turned so that 
the equation Ax + Jhj T = 0 

may be reduced to the form 0 -=: constant, and determine the \aliie of 
this constant. 

131 • The j'oner.il propo-sition, which is given in the 
next Jtrticle, on the tninsformatiou from one of oblique 
axes to any other set of oblique axes is of very little 
inq>ortance and is hardly ever required. 
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^132. To chan'fe from one set of «./•««, incUned^it on 
angle < 0 , to another sety inclined at an angle to', the o'Hgin 
remaining unaltered. 



Let OX aiul QFbo the original axes, OX* and OY* the 
new axes, and let the angle XoX* be 0, 

Take any point T in the plane of the paper. 

Draw J*X ajid PX' j)arallel to Dl^and OY' to jneet OX 
and OX* respectively in A^and A"', /V- perpendicular to ("LV, 
and X*Al and iV'Jl' porf>euflicular to OL and LP, 

Now 

^ PXL . YOX 0 , and P Y*M' - Y*OX o>' + 0. 
Htiiice if 

DiV = .r, XP -^gy OX* x\ and A"7' - y', 
we have 7/siii<D- XPs\\\io-LP MX* \-M*P 
— OX* sin ^ +- iV'Psin ( 0 / 1 - 6)y 

so that y siji ta - x* sin 0 + y' bin ( 0 / -f ( 1 

Also 

jc -\- y co.s tii = (V A’ 4 XL OL - OM ^ N*M ' 

- .r cos 0 + y cos ^ 0) (2). 

Multiplying (2) by sin o>, (1) by cos 01 , and subtracting, 
we have 

X sin w — sin (<» - (?) + y sin (o» - w' — (?) (3). 

[This equation (3) may also be obtained by drawing a perpen- 
dicular from V upon O T an I proceeding as for e<£uation (1).] 

The equations (1) and (3) give the proper substitutions 
for the change of axes in the general case. 

A^ iu Art. 130 tlic equations (1) and (2) may be obtained by 
equaling the projections of OP and of OX ami H'P on OX, and a 
straight line perpendicular to OX, 
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*|133. Particular cases of the •preceding article, 

(1) Suppose \vc wish to transfer our axes from a 
rectangular pair to one inclined at an angle w'. In this 
case CD is 90®, and the formulae of tlio preceding article 
become 

.7: — a;' cos 0 + v/ cos (cd' 4- 0), 
and y — x' sin 0 + y' sin (u) -f 0). 

(2) Suppose the transference is to be from oblique 
axes, inclined at <d, to rectangular axes. In this case cd' is 
90", and our formuhe become 

X sin CD = X sill (o) - 6) — y cos (cd - 0}^ 
and y sin cd - x sin 0 f cos 0. 

These particular forimihe may easily be proved in- 
dependently, by drawing the corresponding figures. 

Z2x. Transform tlie etjuation from rectangular axes to 

axes inclined at an angle 2a, the new axis of x being inclined at an angle 
- a to the old axes and sin a being equal to , 

Here {?= - a and w'=r2a, i?o that the formulao of transformation 
0) become 

x^{x' + y') cos a and y -{g' - x') sin a. 

Since sin a~ - , ^ , wc' have cos a~ and hence the 

Ja‘+V^ + 

given equation becomes 

(5'+2/T_ (/-/I! 1 

i.c. 


^134. The degree, (f an equation is unchanged by any 
transformation of coordinates. 

For the most general form of transformation is found 
by combining together Arts. 128 and 132. Hence the 
most general formula* of transformation are 

, , sin (cd — 6) , sin (u> — cd' — 0) 

X : . A 4 a* — ^1 - - 4- y — , 

sin CD sin CD 


and 


, , sin 0 , sia (o) 4- 

y=^k + x 4*y . ' 

^ Bin CD ^ Bin CD 
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For X and y we have therefore to substitute expressions 
in X and y' of the first degree, so that by tliis substitution 
the degree of the equation cannot be mised. 

Neither can, by this substitution, the degree be lowercvl. 
For, if it could, then, by transforming back again, the 
degree would be raised and this we have just shewn to be 
impossible. 

*^135. 1/ hy, any chanye of axex^ without change of origin^ the 

quantity ax- + ^hxy by- become 

a'x^'^ + *2h'x'y'-^h'y'\ 

the axes in ench cage being rectangular ^ to prove that 
« + ft=a' + F, arid - 7*''-. 

I'y Art. 121), the hew axis of x being inclinod at an angle 0 to the 
old axis, we have to substitute 

x’ cos $ ^ RYD. 0 and j;' sin <? + j/' coa <? 
fci X and y respectively. 

Hence ax- -f *lhxy + hy^ 

=r a (x' cos 0-y' sin 0p + 2h (x' cosO-if sin 6) (x' sin $■{•%/ cos 0) 

+ b (x' siu 0 cos (?)* 

[a C 08 “ 0 + 2h cos 0 sin 0 siu*** J 

-f 2x'y* [ - a cos sin ^ + h (cos- 0 - sin'-* 0) -f b cos 0 sin 0] 
+ y'- [a sill* 0 - 2/t cos 0 sin tt + b cos* 0], 

Wo' tbeii have 

a' = a cos'-* + 2/t 008 0 sin ^ ^ sin* 

= J [(a + 6) + (a- 6) cos 20 + 2/1 sin 2^?] (1), 

b^ = a sin* 0 - 2/t cos 0 sin <? + 6 co8*<? 

= ^ f(a + /;)-(«- &) cos 20 - 2/t sin 20] (2), 

and /*' — -a cos 0 sin 0-\-h (cos* 0 - sin'-* 0) + i> cos 0 sin 6 

= \\2hcos20 - (a-h)am20] (3). 

By adJing (1) and (2), we have tt'+/>' = a + /». 

Also, by multiplying them, we have 

4u’b' = {tt + b)* - { (a - b) cos 20 + 2/t sin 20 ]% 

Henoo 4a'b' - 4/t'* 

= (fl + l>)‘-*-[{2/isin 2</ + (tt- 6 )cob2^J*+ {2/icob261 - (a - h ) sm 20 \^ 

= (tt + 6)* - [(a - /»)* + 4/t*] = 4tt6 - 4A*, 
so that a'b' - h^=ah - /t*. 

136. To find the angle through which the axes rnuat be turned so 
that the expression cx'- + 2hxrj + by^ may become an expression in which 
there is no term involving x'y\ 
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Afttuming the work of the previous article the coefficient of 
vaniHhoH if /t' be Kero, or, from equation (3), if 
2/i cos 2^ = (a - h) sin 26, 

2h 

I f if tan 26= • - . 

a - h 

The required angle is therefore 

i 

*137. Tlio ju’oposition of Art. 135 is a particular 
case, when th(* axes are rectangular, of the following more 
general proposition. 

If btf any ckayif^e of axes, without change of origin^ the 
quantify ax^ + 2hxy + by" becomes ax- + Ih'jt'y + b'y-, then 
a h — 2h cos to a + b' — 2h' cos o>' 
siii^ Qi shi^ (i)' ’ 

ab-ir- aU-K'^ 

si)i? sin^iii ^ 

oj a}i(l ia being the angles between the original and final 2 ><( i>rs 
of axes. 

Let th(» coordinates of any point P, referred to tlie 
original ax(^s, bo x and y and, refi*rred to tlie liiial axes, l(jt 
thcjin be x and y. 

By Art. 20 the s(iuare of the distance between P and 
the origin is f 2.ry cos w + ?/, referred to the ririginal .axes, 
and X" 4- 2 x 1 / cos + y", refen-ed to the final axes. 

We therefore always liave 

.r- + 2xy cos <d -i- y^ — x- -f 2xy cos co' + y'- ( 1 ). 

Also, by supposition, \v© Jiavc 

H- 2h.ry 4 Z/y* a.c- -h 2K.cy + Vy* (2). 

^lultiplying (1) by X and adding it to (2), wo therefore have 

(a + X) + 2.1^/ (h 4- X cos w) if (/> 4 X) 

'x^^ {a 4- X) 4 2.r y (/a' 4 X cos w') 4 {U 4- X) . . .(3). 

If then any value of X makes the left-hand side of (3) a 
p<'rfect square, the .same value must make the right-hand 
side also a f)erfeot square. 

But the \'alues of X >vhich make the left-hand a perfect 
square are given by the condition 

(/a 4 - X cos w)* - (<A 4 X) 4 - X), 
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i.e, by 


X® ( 1 — cos- (o) + \ {n -h b — 2/i cos to) 4- ab ft? ~ 0, 

, va \ ^ ^ “ 27tcos oi ah - ^ 

ue. by + X - . . (> (4). 

siirci> siiro) ' ' 


T»i a similar iuaiin<‘r the values of X wJiich make the 
riglit hand sid() of (3) a perfect srjuare are given by the 
equation 

... . f />' — 2/f' cos <u' e7/ 

V 1 X . 3 , + _ . ^ , 0 . . (5). 

sin-'to Biirci) ' 


Since the values of X given by equation (4) are tlie same 
as the values of X given by (3), the two e(iuaUons (4) an<l 
(5) must be the siune. 

Hence we liave 


a + b <- 2h cos cu _ a' + b' — 2h' cos w' 
Bn^oi “ sin^co' 


ab — h2 _ a'b' — h'2 
sin^ OD ’ sin* oi' ‘ 


EXAMPLES. XVI. 

1. The equation to a btraight Hue rf*f(*rrecl to axes inclined at 'Mf 
to one another is y = 2.r-i-l. Find its equation referred to axf*8 
inclined at 45°, the origin and axis of x being unchanged. 

2. Transform the equation 2x^ + 3 v/3.r// + = 2 from axcfl 

inclined at 30-* to rectangular axes, the axis of x remaining 
unchanged. 

3. Transform tlie equation + — 8 from axes inollned at 

60° to axes bisecting the angles between the original axes, 

4. Transform the equation y- i- i.y cot o - 4a: = 0 from rectangular 
axes to oblique axes meeting at an angle a, the axis of x being kept 
the same. 

5. If X and y be the coordinates of a ixiint refened to a system of 
obliqne axes, and x' and y' be its coordinates referred to another 
system of oblique axes with the same origin, and if the formulm of 
transformation be 

x=^mx'-rny' and y = mV + ay, 
ni® -i- ~ I _ mm* 

“ nil* • 


prove that 



CHAPTER VIIL 

THE CIRCLE. 

138 . Defi A circle is the locus of a j)oiiit which 
moves so that its distance from a fixed point, called the 
centre, is equal to a given distance. The given distance is 
called the radius of tlie circle. 

139 . To find the equation to a circle^ the axes of coordi- 
nates heitKj two straifjht lines through its centre at right 
angles. 

Let 0 l)e the centre of the circle and let a bo its radius. 

Let OX and 0 Y be the axes of 
coordinates. 

]jct P be any point on the circum- 
ference of tlie circle, and let its coordi- 
nates be X and y. 

Draw PM perpendicular to OX and 
join OP. 

Then (Euo. i. 47) 

OM^ -h J/P^ = 

i.e. " x2 + y* = a2. 

This being the relation whicli liolds Ijetw’een the coordi- 
nates of any point on the circumference is, by Art. 42, the 
requireni equation. 

140 . To find the equation to a circle referred to any 
rectangular axes. 
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Let OX and OY he the two rectangular axes. 


Let C be the centre of the 
circle and u its radius. 

Take any point P on the 
circuiiiferonce and draw per- 
pendiculars CM and PX upon 
OX ; let P bo the point (a*, y). 

Draw C/j perpendicular to 



XP. 

Let the coordinates of C bo 
h and k ; thpse arc supposed to be known. 


W e have C/j = MX OX— OM -x - /«, 


and LP = XP - XL XP - MC y -- 1\ 

Hence, since VI/ + Z/^=- (7/^, 

we liave (x-h)2+(y-.k)2 = a2 (1). 

Tliis IS the re(iuirod ecpiatiou. 


Bz. The equation to the circle, whose centre is the point ( ■ 3, 4) 
and whose radius is 7, is 

(x4■3)2^-(2^-4)2 = 7^ 
i. e. + y® + G - 8y =: 24. 

141 . Some particular cases of the preceding article may be 
noticed : 

(a) Let the origin 0 be on the circle so that, in this case, 

Z.C. /|2f-/v2=a2. 

The equation (11 then becomes 

k-\ 

i.e. + y? - 2Jix - 2ky = 0. 

(j3) Let the origin be not on the curve, but let the centre lie on 
the axis of x. In this case /v’=:0, and the equation becomes 

(7) Let the origin be on the curve and let the axis of x be a 
diameter. We now have /c=^0 and a=/i, so that the equation hcoomes 

«^ + y®-2Ax=0. 

(5) By taking 0 at C, and thus making both h and k zero, we 
have Ime case of Art. 189. 
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j^) The ciiclc will touch the axis of x if MC be equal to the 
ladtUH, i.e. if k-=a. 

The C(iuaiioii to a circle touching the axis of s is therefore 
-i //® - 2 /m 2/;y f- - 0. 

Hiniilaily, one touching the axis of y is 

+ ‘2//C -2Iy + k^-,0 

Vl42. 7 o jtrovc thdf the equation 

,v' [ -f- %j.v + 2/y + e 0 ( 1 ), 

always represents a circle for all values of (j,f and c, and to 
find its centre and radhts. [I'Ik* u\(*s aro ass’tiiiied to be 
rociangula r.] 

This (M|iiatioii may writUui 

( <•- + '2;/r + ,f) + (>/ I- 2/}/ </■ •(-,/■- - r, 

i. c. (.1- t (/)■•’ *■{!/+/)■ [J </+./■-<■] -■ 

(\)in])iMing this witli the equation ( 1) of Art. 140, we 
se(* that the etjuations are the Hanie if 

I*' ~ ify h f aiul a -^rj ^ — c. 

JliMiee (1) represents a circle wliose centre is the point 
(- </, f), and x\li<i.s(' radiu.s i.s Jf ^f‘- c. 

Iff/* 4 f~ c, the radius of tliis circle is i-eal. 

If < 7 ‘ l./'==c, the radius xanishes, i.e. the circle becomes 
a point coinciding with the jniint (— //, Such a circle 

is ciilled a ptjint-circle, 

U radius of the circle is imaginary. In 
this case the e<jiuition does iiot re^present any real geo- 
metrical locus. It is betti'r not to say that the circle does 
not. exist, but to say that it is a circle with a real centre 
and an imaginary radius. 

Bz. 1. The equation . 1 ® + ?/2+ 4jr - by = 0 can be written in the 
form 

(r + 2)^+(j,-3)*=13 = (.yi3)», 

and thorefoie reproeouts a circle whose centre is the point ( - 2, 3) and 
whose radius im ^^13. 
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Bz. A. Tlie equation 4r>x^ -}- 46?/^ - COx + 36i/ + 1 9 == 0 is equilralent 
to 

.T* + J/“-4x+Jy= -JJ, 

*• (® “ l)*+ (i^+ ?)*= t + A ■ 18 — • 

and therefore rejiresents a circle whose centre is the point (^ , - 1) and 

whose radius is . 

15 

143. Coruiition that the general equation of the necond 
degree may represent a circle. 

The e(|uation (1) of the preceding article, iiiultijdied by 
any arbitral^ constant, is a particular case of tlie general 
equation of the second degree (Art. 114) in w’hich there is 
no term containing xy and in which the coefticients of ac® 
and if are equal. 

The general equation of the second degree in rectangular 
coordinates therefoi e represents a circle if the coefficients 
of and be the same and if the coefficient of xy 
be zero. 


144. The equation (1) of Art. 142 is called the 
general equation of a circle^ since it can, by a pn>{)er 
choice of g^f and c, be made to represent any circle. 

The three constants //, f and c in the general equation 
correspond to the geometrical fact that a circle can be found 
t<» satisfy three independent geometrical conditions and no 
more. Thus a circle is determined when three points on it 
are given, or when it is required to touch three straight 
lines^ 

145. To find the equation to the circle which is described on the 
line joining the points {x^j y^) and {x^, y^) as diameter. 

Let A be the point {x^ , and Ji be the point (x^^ and let the 
coordinates of any point P on the circle be h and h. ** 


The equation to is (Art. C2) 

W- 

and the equation to JIP is 

» ( 2 ). 


But, since APB is a semicircle, the angle APB is a right angle, 
and hence the straight lines (1) and (2) are at right angles. 



122 COOKDINATE GEOMETRY. 

Hifice, by Art. 60, we have 

‘izJb _ 1 

h-x^‘ h-x^ ’ 

i.e. {h - (h - x^) + (k - y,) (A* - .Vg) = 0. 

Bat this is the condition that the point (7i, k) may lie on the curve 
whose equation is 

{.T - arj {X - .Ta) + {y- y^) {y - t/s) = 0. 

This therefore is the required equation. 

146. Intercepts 7nade on Die axes by the circle whose equation is 
ax- + ay^ + 2gx->r2fy^c — 0 (1). 

The abBciasfU of the points where the circle (1) meets* the axis of a*, 
i.tf. y = 0, are given by the equation 



i/T _ If - o ~~ 
a* tt “ a 


A^ain, the roots of the equation (2) aie both imaginary if 
lu this case the circle does not meet the axis of x in real points, i.e, 
geometrically it does not meet the axis of x at all. 

The circle will touch the axis of x if the intoroept bo just 
zero, i.f. if p®=af. 

It will meet the axis of x in two points lying on opposite sides of 
the origin 0 if the two roots of the equation (2) are of opposite signs, 
t. e. if c be negative. 

147. Bx. 1. Find the equation to tJte circle which passes through 


the points (1, 0), (0,-6), and (3, 4). 

Let the equation to the circle be 

+ + + = 0 ( 1 ), 

Since the three points, whose coordinates are given, satisfy this 
equation, we have 

l + 2^ + c=0 (2), 

36-12/+c = 0 (8), 

and 2o-l-6i/ + 8/+r=0 (4). 
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Subtracting (2) from (3) and (3) from (4), we have • 

2^/4- 12/= 35, 

aud 6<7 4-20/=11. 

Hence /=V’ g=s 

Equation (2) then gives c=-V • 

Subetituting these values in (1) the required equation is 
+ 4*/® - 142ar + 47y + 138 = 0. 

Bx. 9. Find tJie equatio7i to the circle which touches the axi$ of y 
at a distance -\-^from the origin and cuts off an intercept 6 from the 
axis of X. 

Any circle is x® 4- + ^gx + 2/1/ + c = 0. 

This meets the axis of y in points given by 
• 2/® + 2 /i/4-c=0. 

The roots of this equation must be equal and each equal to 4^ so 
that it must be equivalent to (y -4)“ = 0. 

Hence 2/= -8, and c = l(>. 

The equation to the circle is then 

+ J/*+ 2/7X - 81/ -f 16 = 0. 

This meets the axis of x in points given by 
4* 2^x4- 16 = 0, 

i,e» at points distant 

-g-r sjg^-l^ anl -g- sjo* - 16. 

Hence 16. 

Therefore and the required equation is 

*2 + ± lOx - 87/ 4- 1 6 = 0. 

There are therefore two circles satisfying the given conditions. 
This is geometrically obvious. 


EXAMPLES. XVn. 

Find the equation to the circle 

1. Whose radius is «S and*TboBe centre is ( - 1, 2). 

2. Whose radius is 10 and whose centre is ( ~ 5, - 6). 

3. Whose radius is a 4* & and whose centre is (a, - 5). 

4 . Whose radius is and wh<M»e centre is ( ~ a, - 6). 

Find the coordinates of the centres and the radii of the circles 
whose ociuations are 

5. X® 4* 2/* -4x^83/ =41, 


6. 3^r®4-32/®- 5x- 6 j/4-4 = 0, 
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7 .« x^-\-y^-k{x-^k), 8 . x^ + y^=2g.c-2fy. 

9 , >/l + rn^ (x^ + y^) - 2cx - 2mcy =r 0 . 

Draw tlie circles whose equations am 
10. .r2 + 2/2^2ay. H. 3jr2-f 3»/2 = 4.r. 

12 . r)x^+5i/^=2x + ^y. 

13. Find the equation to the circle which passes through the 
X)oints (1, - 2) and (4, -3) and which has its centre on the straight 
line 3a; + 4j/ = 7. 

14. Find the equation to the circle passing through the points 
(0, a) and (/>, h), and liaving its centre on the axis of x. 

Find the equations to the circles which pass through the points 

15. (0, 0). («. 0), and (0, b). 16. (1, 2), -(3, - 4), and (6, - 6). 

17. (1, 1), (2. - 1), and (3, 2). 18. ( n 7), (S, 1), and (1, 3). 

19. («, h), (a, ~h), and (a + 6, a-h). 

20. AhCl) is a square whoso side is a\ taking AB and AJ) ns 
axes, i)rove that the equation to the circle circumscribing the square is 

x^ Vy^ -~a (.T + ?/). 

21. Find the equation to the circle which passes through the 
origin and cuts oil intercepts equal to 3 and 4 from the axes. 

22. Find the equation to the ciicle passing through the origin 
and the points (^t, h) and (/;, a). Find the lengths of the chords that 
it cuts off from the axes. 

23. Find tho equation to the circle which goes through the ori^-’in 
and cats off intcrcefits equal to h and k from the positive parts of the 
axes. 

24. Find the equation to the circle, of radius a, which passes 
through the two p>)intH on the axis of x which are at a distance h from 
the origin. 

Find tho equation to the circle which 

25. touches each axis at a distance 5 from the origin. 

26. touches each axis and is of radius a. 

27. touches both axes and passes through tJie point ( - 2, - 3). 

28. touches the axis of x and passes through the two points 
(1, -2) and (3, -4). 

29. touches the axis of y at the origin and passes through tho 
point {hf c). 
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. 30. touches the axis of at a disiauce 3 from the origiff and 
inteicepls a distance G uu the axis of y. 

31, Points (1, 0) find (2, 0) are tal^cn on the axis of x, the axcn 
being rectangular. On tlie line joining these points an equilateral 
triangle is described, its vertex being in the positive quadrant. Find 
the equations to the circles described on its aides as diameters. 

' 32. If y ~ he tlio equation of a chord of a circle whose radius is 
n, the origin of coordinntes being one extumity of the choid and the 
axis of X being a diameter of the o.rclc, prove that the equation of a 
circle of which this clioid is the diameter is 

(1 + m-) (x- + ij^) - 2rt (x + viy) — 0. 

33. Find the equation to the circle passing through the points 
(12, 43), (18, 39), and (12, 3) and prove that it also pusses through 
the points ( ~ 54, - 09]^ and ( - 81, - 3S). 

34. Find the equation to the circle circumscribing the quadrilateral 
formed by the straight lines 

2x f 3y = 2, 3;r-2y~4, jf4-2y = 3, and 2x-y^?K 

35. Prove that the equation to the circle of which the points 
(.r^ , f/j) and (x.j , y.^ are the ends of a chord of a segment containing an 
angle 0 is 

(x - X,) (x - .Tj) 4- (y - y,) {tj - 

± cot e [(X -x,)(y- - (x -**)(//- ?/,)] = 0. 

36. Find the equations to the circles in which the line joining the 
points (a, h) and (5, - o) is a chord subtending an angle of 45^ at any 
point on itr circumference. 

148. Tangent. Tn Geometry the tangent at any 
point of ^ cii cle is defined lo be a straight line which ineeU 
the circle there, but, being produced, does not cut it; this 
tangent is shown to be always perpendicular to the radius 
drawn from the centre to the point of contact. 

From this property may be deduced tlie equation to the 
tangent at any point y') of the circle a:® + y* =: a*. 

For let the point (Fig. Art. 139; be the point 

vy 

The equation to any straight line passing through P is, 


by. Art. 62, 

y~y^m{x-x) ( 1 ). 

Also the equation to OP is 

( 2 ). 
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I'Jie straiglit lines (1) and (2) are at right angles, ue. the 
line (1) is a tangent, if 

VI y — 1, (Art. G9) 

oc' 

2 . e. II wi - — > . 

y 

Substituting this value of m in (1), the equation of tlie 
tiingent at {x\ y) is 

(x-a;'), 

i. €. XX + yy (3). 

But, since (a;', y) lies on tho circle, wc have a*'* + y^ — 
and the required equation is then 

t Jtx’ + yy' = a2. 


149 . J n the case of most curves it is inipossible to 
give a simple construction^ for the tangent as in the case of 
tlie circle. It is therefore necessary, in general, to give a 
diflerent definition. 

Tangent. Def. Let P and Q Ixj any two points', near 
to one another, on any curve. 

Join PQ ] then PQ is called a 
secant. 

The position of the line PQ when 
tho point Q is taken indefinitely close 
to, an<l ultimately coincident with, the 
point P is called the tangent at P. 

The student may better appreciate 
this definition, if he conceive the curve 
to be made up of a succession of very small points (much 
smaller than could be made by the finest conceivable drawing 
pen) packed close to one another along tho curve. The 
tangent at P is then the straight line joining P and the 
next of these small points. 

150. To find i/ie equation of tangent at the point 

f) q/* ciTcle a' + 2/* == a*. 
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Let P be the given point and Q a point (a;", y'') lyi^g on 
the curve and clos^ to P, 

The equation to P^ is then 

(!)■ 

Since both (a;', y') and (x", y ') lie on the circle, wo have 

=. a“, 

and x"^ = ft*. 

By subtraction, we have 

t. «. (x" - x') (x" + he) + (y" - y') (y" + y') = 0, 

. y" ~ ?/ + ®’ 

oc* — od y' ‘^y' ^ 


Substituting this value in (1), the equation to PQ is 

( 2 ). 

Now let Q be taken very close to P, so that it ulti- 
mately coincides with P, i. e, put x" =- x' and y' = y\ 

Then (2) becomes 

2aj^ 

,,_y' 

i. <?, yy' + xx' = x*'* + y'* = a*. 


The required equation is therefore 

xx' + yy' = a* (3). 

It will lie noted tliat the equation to the tangent 
found in this article coincides with the equation found 
fiom the geometrical definition in Art. 148. 

Our definition of a tangent and the geometrical definition 
therefore give the same straight line in the case of a circle. 

151. To obtain the equa;tion of Hie tiomgmt tU crnypti^wi 
(sff y') lying on the circle 

ac* + y® -I- 2gx -i- 2fy + <X 
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P bo Uio given point and Q a point (x \ y”) lying on 
the cui've close to P. 

Tho (Mjuatioii to PQ is therefore 

y-.y- 0)- 

Sinc<) both (x*', y) and (.//', y') lie on the circl', W(j liave 

iv'^ + y^ + %jx + 2/y -fr 0 (2), 

and x'"-* 4- y'^ + + 2//' + c - 0 (H). 

T>y subtraction, we have 

x"" .t'“ + 2/"- - 2/'* + ‘V %f (y' - y) - 

1 . (x" - x) (.r" 4 X + 2</) + (y" - y) (//" 4- y' + 2/) 0, 

v” ~ V + X + 2f]i 

_ aj y + ?/ + 2y 

Substituting this value in (1), the equation to J*Q Ikj- 
eonieit 

, x' 4- X -h 2f/ , . 

'*) «■ 

Now let Q be taken very close to P^ so that it ultimately 
coincides with /*, i.e. jmt x' — x' and //' - y'. 

The equatioji (4) then becomes 

^ »*' + i7 / .V 

Jl-J 

i. e. y (y +/) + a- (x + y) - y' (y + /) + x’ (x + y) 

= a-'* + y'* + ;/x +/y' 

^ -fy'-e, 

by (-’)• 

This may be written 

**' + yy ' + g (x + x) + f (y + y) + c = o 

which is the required equation. 

152. The e<|uation to the tfingent at (x\ y) ifi tliere- 
fore obtained from that of the circle itself by substituting 
XX for :♦**, yy for y*, x -I- x* for 2Xf and y y for 2y, 
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This is a particular case of a general rule which witl^ 
found to enable us to write down at sight the equation to 
the tangent at (os', j/) to any of the curves with which we 
shall deal in this book. 


153. PoirUB of inteTaecUon^ in general , of the straight 
hue 

g^mx’¥c . ( 1 ), 

vnth the circle as® + y* - a* (2). 



The coordinates of the points in which the aeraight line 
(1) meets (2) satisfy both equations (1) and (2). 

If therefore we solve them as simultaneous equations 
we shall obtain tlie coordinates of the common point or 
points. 

Substituting for y from (1) in (2), the abscissas of the 
V f^quirod points are given by the equation 
a? + (mx + c)® = €1*, 

u;* (1 4- n}^) + 2rncx + c* — a* Si 0 . . (3). 

The roots of this equation are, by Art. 1, real, coinot- 
(lent, or imaginary, according as 

(2«*c)* —4(1 + m*) (<f — a') is positive, zero, or negative, 
s.€. abcordhi^as 

^ c* is positive, zero, or negativi^ 
ue: as 

c*i»<=ror>a*(l + fii*). 

Xn the figure the lines marked I, XI, ate M 

';para21^ is. &eir equations all have the'^aame 
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^The straight line I corresponds to a value of c* which 
is (1 + and it meets the circle in two real points. 

The straight line III which corresponds to a value of c*, 
> (I *f m^), does not meet the circle at all, or rather, as in 
Art. 108, this is better expressed by saying that it meets 
the circle in imaginary points. 

The straight line It corresponds to a value of c®, which 
is equal to a* ( 1 + vi^), and meets the curve in two coincident 
points, i.c. is a tangent. 


154 . We can now obtain the length of the chord inter- 
cepted by the circle on the straight line (1). 'For, if and 
x'a be the roots of the equation (3), we have 




2wc 
1 + * 


, c® ~ a- 

ana x. x., ~ ^ . 

1 + 


Hence 


2 

- *» = n/ (••'• i + = y ~a -J "I'c’ “ {<>’- “*) (1 + "»') 

1 + wr ^ ^ ' 


If and y^ be the ordinates of Q and Ji we have, since 
these points are on (1), 

= + c) = m (a;, - a^). 

Hence 


<2A’--= -y,)' + +m*(a',-*j) 


V 1 + wt* 


In a similar manner we can consider the points of inter- 
section of tlie straight line y = mx -f- k with the circle 

x‘ y^ + 2(/x + %fy + c = 0. 


156 . The straight line 

y ~ mx + a^i + m* 
always a tangmii to the circle 

X** -f- y* = 
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As in Art. 153 the straight line 

y mx + c 

meets the circle in two points which are coincident if 
c ~ a J\ + in*. 

But if a straight line meets the* circle in two points 
which are indefinitely close to one another then, by Art. 
149, it is a tangent to the circle. 

The straight line y = rax + c is therefore a tangent to the 
circle if 

c~a J\ + wi", 

t.fi. the equation to any tangent to the circle is 

y = mx -f a */l + (!)• 

Since the radical on the right hand may have the + or — 
sign prefixed we see that corresponding to any value of m 
there are two tangents. They are marked 11 and IV in 
the figure of Art. 153. 


160 . The above result may also be deduced from the equation 
(3) of Art. ir>0, which may be written 


X <1^ 

y= - + 

y y 


( 1 ). 


Put — >=w, 80 that -unj' f and tlie relation given 

y 

y'*(m® + 3)=a®, i.e. 

The equation (1) then becomes 

This is therefore the tangent' at the point whose coordinates are 


- ina , a 

— _ and 


167 . If we assume that a tangent to a circle is always perpen- 
dicular to the radius vector to the point of contact, the result of 
Art. 155 may be obtained in another manner. 

For a tangent is a line whose perpendicular distance from the 
centre is equal to the radius. 
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The straight line y=in4;Hhc will therefore touch the circle if the 
perpendicular on it from the origin be equal to a^i.e. if 

c 



1 m2 

f.«, if c = u 

This method is not however applicable to any other curve besides the 
circle. 

158 , Bx. Find the equations to the tangents to the circle 

which are parallel to the straight line 

4a? + 3?/ + 5=0. 

Any straight line parallel to the given one is 

4x + 8y + C=0 .(1). 

The equation to the circle is 

(ar-3)2 + (y-u2)==5«. 

The fitiaight line (1), if it be a tangent, must be therefore suoli 
that its distance from the point (3, -2) is equal to ±6. 

Hence ^6, (Art. 75), 

V4=' + 3* 

so that <7 = - 6 ± 25 = 19 or - 31. 

The required tangents are therefore 

4a: f-3y + 195=-0 and 4r+3y-31 = 0. 

159. Normal. Def. The normal at any point P of 
a curve is the straight line which passes through P and is 
jierpendicular to the tangent at P, 

To JInd the equation to the normal at the point {jt^ y) of 
(1) the circle 

a* + y- = a*, 

mi4 (2) the circle 

a?2 + y* + 2^0? + 2/}/ + c — 0. 

(1) The tangent at {x\ y') is 

aa?' + yy' = a®, 
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The equation to the straight line passing through (a;', fr') 
perpendicular to this tangent is 


wliere 


y - 2/' = m (a; - a;'), 


(Art. 69), 


X 


The required equation is therefore 

i, e, Jy — xy = 0. 

This straiglit hue passes through the centre of tlie circle 
which is the point (0, 0). 

If We assume the ordinary geometrical propositions the 
equation is at once written down, since the normal is the 
straight line joining (0, 0) to (aj', y*), 

^ (2) The equation to the tangent at {x\ y*) to the circle 
cc* + ^ + 2ya; + %fy + c = 0 

3 Y =- — — • (Art. 1 5r.) 

y y +/ ^ ' 

The equation to the straight line, passing through the 
point (a:', y') and perpendicular to this tangent, is 

y = m (a; - x% 1 

= (Art. 69), 

*' + g' 

The equation to the normal is therefore 

».«. y(<e'+p)-a!(y'+/)+j^— = 


where 


i. a 
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EXAMPLES. XVni 

Write down the equation of the tangent to the circle 

1. + 3a: ^ 10^ = 15 at the point (4, -11). 

2. + lGa; + 24^ -117 at the point ( -4, -V)* 

Find the equations to the tangents to the circle 

3. + 2 /''^ = 4 which are parallel to the line x + 2^ + 3 = 0. 

4. J “ 4 2/® + "lijx f 2/// + c = 0 which are parallel to the line 

— 6 = 0 . 

5. Prove that the straight line y—x->rc»J'l touches the circle 

+ and find its point of contact. 

6. Find the condition that the straight line cx - hy + h^ = Q may 
touch the circle x'^-^-y^ — ax-^^hy and find the point of contact. 

7. Find whether the straight line x + y touches the circle 

_ ‘Jx - 2i/ -f 1 = 0. 

8. Find the condition that the straight line ^x + 4^y = k may 

touch the circle -10.r. 

9. Find the value of p so that the straight line 

a* cos a + y sin a- p = 0 

may touch the circle 

x2 + y •! - 2nx cos a -2hy sin a - a® sin® a = 0. 

10. Find the condition that the straight line Ax + Jiy-^ (7=0 may 
touch the circle 

(.r - «)*+ (y - 

U- Find the equation to the tangent to the circle jr® + y*=a* 
which 

(i) is parallel to the straight line y = mj’ + f, 

(ii) is perpendicular to the straight line y =. wx r, 

(iii) passes through the point (b, 0), 

and (iv) makes with the axes a triangle w^hoso area is a". 

12. Find the length of the chord joining llio points in which the 
straight line 

* + *' = ! 
a b 

meets the circle + 

13. Find the equation to the circles which pass through the origin 
and out off equal cnords a from the straight lines y and y= --z. 
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14. Find the equation to the straight lines joining the on'g^ to 
the points in which the straight line y^vix-^c cuts the circle 

a^ + y^=z%jtx^2hy. 

Hence find the condition that these points may subtend a right 
angle at the origin. 

Find also the condition that the straight line may touch the 
circle. 

Find the equation to the circle which 

15. has its centre at the point (3, 4) and touches the straight line 

5a;-f-12y = 1. 

16. touches the axes of coordinates and also the line 


the centre being in the l)OBitive quadrant. 

17. has its centre at tlie point (1» - 3) and touches the straight 
line 2a5-y -4=0. 

18. Find the general equation of a circle referred to two perpon* 
dicnlai tangents as axes. 

19. Find the equation to a circle of radius r which touches the 
axis of y at a point distant h from the origin, the centre of the circle 
being in the positive quadrant. 

Prove also that the equation to the other ta.ngent which passes 
through the origin is 

(r»-/i®)x + 2r;ty = 0. 

20. Find the equation to the circle whose centre is at the point 
(a, and which passes through the origin, and prove that the 
equation of the tangent at the origin is 

afle + /3y=0. 

21. Two circles are drawn through the points (a, 5a) and (4a, a) 
to touch the axis of y. Prove that they intersect at an angle tan"^ V • 

22. A circle passes through the points ( - 1, 1), (0, 6), and (5, 5). 
Find the points on this circle the tangents at which are parallel to the 
straight line joining the origin 4o its centre. 

160 . To shew that from any yoini there can be drawn 
UmgenUy real or imaginary, to a circle. 

, Let tlie equation to the circle be ac* + y® ^ a®, and let the 
given point be (ajj, y,). [Fig. Art. 161.] 

The equation to any tangent is, by Art, 165, 
y = mx 4* a 
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t If this pass through the given point (ajj, y,) we have 
2/i = mx^ + ajl m* (1). 

This is tlie equation which gives the values of m corre- 
sponding to the tangents which pass through (xi, y^). 

Now (1) gives 

a Jl + 

i. e. +■ in^x^ — iv -f a®m®, 

i. e. (x^ — a‘) — 2miri2/i + yj® — a® = 0 (2). 

The equation (2) is a quadratic equation and gives 
therefore two values of m (real, coincident, or imaginaiy) 
corresponding to any given values of and y^. For each 
of these values of m we have a corresponding tangent. 

The roots of (2) are, by Art. 1, real, coincident or 
imaginary according as 

(2.Tj2/i)® “■ 4 (x^ — a®) — a®) is positive, zero, or negative, 

?. e. according as 

rt® (— rt® + + yi) is positive, zero, or negative, 

i. according as + y^ ^ a®. 

If a:*!® + ^ 1 ® > a®, the distance of the point (arj, y^ from 
the centie is greater than the radius and hence it lies outside 
the circle. 

If + y,* = a®, the point (.Tj, y^ lies on the circle and 
the two coincident tangtnits become the tangent at (a?!, y^. 

If iTj® 4- 2 / 1 ® < a®, the point y^ lies within the circle, 
and no tangents can then be geometrically drawn to the 
circle. It is however better to say that the tangents are 
imaginary. 

^ 161. Chord of Contact. Def. If from any point 
^ without a circle two tangents TP and TQ be drawn to 
the cii'cle, the straight lino PQ joining the points of 
contact is called the chord of contact of tangents from T, 

To Jind the eqtuition of the chord of contact of tangenie 
draton to the circle a*® + y* = a* from the ext^ned point 
(^, yi)- 
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Let T be the point y,), and F and Q the points 
y') and (x'% y") respectively. ^ 

Tlie tangent at F is 

^ xx'-\ryy' = a^ ( 1 ), 

and that at Q is 

xx" -^yy” ( 2 ). 

Since these tangents pass through 
T, its coordinates (». , Vi) must satisfy 
both (1) and (2). 


Hence 


and 


+ yiy = • 

+ yiy" = a® 


The equation to FQ is then 



.( 3 ), 

.(4). 


xxi+3ryi = a2 (6). « 

For, since (3) is true, it follows that the point (a:', y), 
Le, jP, lies on (5). 

Also, since (4) is true, it follows that the point y"), 
i.e, Q, lies on (5). 

Hence both F and Q lie on the straight Hue (5), ».«. 
(5) is the equation to the required chord of contact. 

If the point (.Tj, yi) lie within the circle the argument 
of the preceding article will shew that the line joining the 
(imaginary) points of contact of the two (imaginary) 
tangents drawn from (x^, y,) is xx^ + yy^-a^ 

We thus see, since this line is always real, that wo may 
have a real straight line joining the imaginary |>oints of 
contact of two imaginary tangents. 




Pole and Polar. Def. If through a point 
P "(within or without a circle) there be drawn any straight 
line to meet the circle in Q and P, the locus of the point of 
intersection of the tangents at Q and F is called the polar 
of F ; also F is called the pole of the polar. 


In the next article the locus will bo proved to be a 
straight lina 
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Let QE be any chord drawn through P and let the 
tangents at Q and E meet in the point T whose coordinates 
are (//, 1c). 

Hence (JE is the chord of contact of tangents drawn 
from the point (A, k) and therefore, by Art. 161, its 
equation is xh + yk ~ a^. 

Since this line passes through tlie point y^) we 
have 

xji + y^k — or (1). 

Since the relation (1) is true it follows tliat the 
variable point (//, k) always lies on the straight line whose 
equation is 

x*i+yyi=a* (2). 

Hence (2) is the polar of the point (x ^ , y^). 

In a similar manner it may be proved that the polar of 
(^ij ?/i) ^vith respect to the circle 

ar* + y^ + 2yx + 2/y + c — 0 
is aM', yi/i + g{x + a:,) +/ {y + y.) ■‘. c-O. 

164 . The equation (2) of the preceding article is the 
same as equation (f)) of Art. 161. If, therefore, the point 
(jjj, y^) be without the circle, as in the right-hand figure, 
the polar is the same as the chord of contact of the real 
tangents drawn througli (a?,, y^). 

If the point (scj, yi) be on the circle, the polar coincides 
with the tangent at it. (Art. 150.) 
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If the point (ajj, yj) he within the circle, then, ai in 
Art. 161 , the equation (2) is the line joining the (imaginary) 
points of contact of the two (imaginary) tangents that can 
be drawn from (x ^ , yj). 

We see therefore tluit the polar might have been 
defined as follows : 

The polar of a given point is the straight line which 
passes through the (real or imaginary) points of contact of 
tangents drawn from the given point ; also the pole of any 
straight line is the point of intersection of tangents at the 
points (real or imaginary) in which this straight line meets 
the circle. 

165 . Geometrical construction for the jmlar of a 'point. 


The equation to 0/^ which is the line joining (0, 0) t(^ 
(^1. yi). is 



Also the polai* of V is 

xx^^yy^---a- .( 2 ). 

‘ By Art. 69, the lines (1) and (2) are perpendicular to 
one another. Hence OF is i>erpendicular to the polar 
of 1\ 

Also the length OF = -f 
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ani the perpendicular, O-V, from 0 upon (2) 


n/o-i’ -i yi®' 

Hence the product OiT. OP = a®. 

The polar of any point P is therefore constructed tlius : 
Join OP and on it (produced if necessary) take a point N 
such that the rectangle ON , OP is equal to the square of 
the radius of the circle. 

Through N draw the straight line LL perpendicular to 
OP ; this is the polar required. 

[It will be noted that the middle point N of any chord LL' lies on 
the line joiaing the centre to the pole of the chord.] 

<^66. To find the liole of a given line with respect to 
^ any circle. 

Let the equation to the given line be 

-da? + + (7 = 0 (1). 

(1) Let the equation to the. circle be 
a;® + 2/® = a®, 

and let tlie required pole be y^. 

Then (!) must be the equation to the polar of {x^y 
Le. it is the same as the equation 

( 2 ). 

Comparing equations (1) and (2), we have 

ccj _ yi _ - a® 

a * 

A h 

so that a® and t/i = - 7, a®. 

•> C G 


'fhe required pole is therefore the point 

(2) Let the equation to the circle be 
a-® y® + ^ 4 - <? « 0. 
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If (* 1 , yi) be tlie' required pole, then (1) musl^be 
equivalent to the equation 

aasi +yyi + S'(a! + +/(y + y,) + c-0, (Art. 163), 

i.e. * (®i + </) + y (yi +f) + ya;, +/y, + c 0 (3). 

Comparing (1) -with (3), we therefore have 

*1 + y _ yi +/_ ff-fi +/yi + « 

A ' B ' V' 

By solving these equations we liave the values of 
and yj. 

Bz. Find the pole of the straight line 

9x+j(-28=:0 (1) 

VJiih respect to the circle 

2j;«+2y2-8ar + 6y-7=0 (2). ^ 

If (.Tj. be tbe required point the line (1) must oomoide with the 
polar of y-^, whose equation is 

2x3?! + 22 /j/i - i (« + xj) + 1 (y + y i) - 7 = 0, 
i.e, x(4xi-3) + y(4yi + 5)-3fiBi l-5yi~14 = 0 (3). 

Since (1) and (3) are the same, we hare 

4xj^^ _ ^^1 + ® "" 

9 i “28 ’ 

Hence Xj = 9yi + 12, 

and HXi - 117yi = 126. 

Solving these equations we have Xj = 3 and yi~ -1, that the 
required point is (8, - 1). 

^67- y the polar of a point P pass throfi^h a point 1\ 
then the pola/r of T paeaee through P, 

Let P and T be the points (sCj, y,) and (a^, y,) re- 
spectively. (Fig. Art. 163.) 

The polar of {xi, y,) with respect to the circle 
as* + y* = a* is 

This straight line passes through the point T if 

avi + yd'i^*^ (1). 
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^ince the relation (1) is true it follows that the point 
(iCj, 2/j), t.c. P, lies on the straight line xx^-v which 

is the polar of (iCj, i.e. P, with respect to the circle. 
Hence the proposition. 

Cor. The intersection, P, of the polars of two points, 
P and Qj is the pole of the line PQ. 

168 . To find the length of the tangent that can he 
drawn from the 'paint (.r^, y^ to the circles 

( 1 ) 

and (2) •\- y“ + 2yx + 2fy + c = 0. 

If T be an external point (Fig. Art. 163), l^Q a tangent 
and 0 the centre of the circle, tlien P()0 is a right angle 
and hence 

TQ-^-OT^^OQ\ 


) If the equation to the circle be x*® + ^ 0 is the 

origin, OP® = + y;\ and 

Hence P(J® = + yj® — a®. 

(2) L<^t the equation to the circle be 
a?® + y® + 2yx + 2fy + c 0, 
i.e. {x + y)® + (y +/)® = y® +/® - c. 

In this case 0 is the point (“ y, — f) and 
0(f= (radius)® = y® +/® — c. 

Hence 0 = [.c, - (- y)]® + [y^ - ('-/)]■* (Art. 20). 

= (*i+9)' + (yj+/A 

Therefore + gf + (y, +ff - (f +/^ - c) 

a:,= + + 2gx^ + 2/y, + c. 

In each case we see that (the equation to the circle 
being written so that the coefficients of x® and y® are each 
unity, and the right-hand member zero), the square of the 
length of the tangent drawn to the circle from the point 
(a?i, y,) is obtained by substituting and y^ ^or x and y 
in the left-hand member of the equation. 

\>i69. To find the equcdion to the pair of tangents that 
can he draumfrom the point (%, y^) to tits circle 4- y® == o®. 
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Let (A, k) be any point on either of the tangents 

(iCi, 2/i)* 

Since any straight line touches a circle if the perpen- 
dicular on it from the centre is equal to the radius, the 
perpendicular from the origin upon tlie line joining (ajj, 
to (A, k) must be equal to a. 

The equation to the straight line joining these two 
points is 

k — y 


i.e. 


Hence 


ij {h - Xi) - X (k- + kx^- hi/i-O. 
kxi — Ayi 

j\^-Xif+(k-y^f 


SO that (kxi — At/i)® = a® [(A — Xj)® + (A — 2/1 )^]- 

Therefore the point (A, k) always lies on the locus 

(x,y - xyjf = a’ [(« - as,)* + (y - y,)*] (1 ). 

This therefore is the required equation. 

The equation (1) may be writteiS in the form 


I 


(yi® - a*) + y® (ah’ - «’) - (ah’ + Vi) 

= 2a^ahyi - 2a'3^i - 2ft“yyi> 

i.e. (a^ + y“ — a?) (x^ + - <i®) = + y’yi* + a* + 2aTya:,y, 

- 2a’iBa:, - 2a“yyj = (asCj + yy, - o’)’ (2). 


# 170 . In a later chapter we shall obtain the equation to the pair 
of tangents to any curve of the second degree in a form analogous 
to that of equation (2) of the previous article. 

Similarly the equation to the pair of tangents that can be 
drawn from yi) to the circle 

is { {X -/)« + (p - - a*} 1 {X, -/)*+ (y, - p)» - a»} 

= { -/) (^1 -/) +iy-g) (yi - y) - (i)- 

If die equation to the circle be given in the form 
a* + p® -I- 2px + 2/p + c = 0 
the equation to the tangents is, similarly, 

(x®+p®+2px + 2/p -he) (xi9-hyi®+S|pXi -h2/pj +<j) 

«t^+yyi+y(«+i>fi)+/(y+yi)+cp (2). 
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t EXAMPLES. XIX. 

Find tho polar of the point 

1. (1, 2) with respect to the circle a:® + y®=7. 

2. (if - 1) with respect to the circle 2®* + 2//®= 11. 

3. (-2,3) with respeoi to the circle 

- ix - (jy + 5 = Q. 

4. (5, - with respeft to the circle 

3a:® 4 3p®- 7a; 4- By - 9 = 0. 

5. (i*f - with respect to the circle 

a*® 4 y-* 4 2aar - 2fty 4- fl® - = 0. 

Find the pole of the straight lino 

6. a; 4 22 / = 1 with respect to the circle a;®4 y®= 5. 

7. 2j; - y = C with respect to the circle 5x^ 4 5y® = 9. 

8. 2a; 4 y 4 12 = 0 with respect to the circle 

a;® + y®- 4a:4 3y- 1=:0. 

9. 48 j - 54y 4 53=0 with respect to the circle 

3a;* 4 By® 4 6a: - 7y 4 2 =0. 

10. 0*4 5y 4 3a® 4 35® respect to the circle 

a;® 4 y® 4 2a.r 4 2by = a® 4 5®. 

11. Tangents are drawn to the circle a-®4y® = 12 at the points 
where it is mot by the circle a®4y*-5x4 3y-2=:0; find the point of 
intersection of these tangents. 

12. Find the equation to that chord of the circle a;®4y®=81 which 
is bisected at the point ( - 2, 3), and its pole with respect to the circle. 

13. Prove that the polars of the point (1, - 2) with respect to the 
circles whose equations aie 

a;®4y®4Gy 40 = 0 and a;®4y®-r2x48y 46=0 
coincide; pro^e also that there is another point the polars of which 
with respect to these circles are the same and find its coordinates. 

' 14. Find the condition Hint the chord of contact of tangents from 
the point (x', y') to the circle a:® 4 y®=:n® should subtend a right angle 
at the centre. 

*15. Prove that the distances of two points, P and Q, each from 
tlie polar of the other with respect to a olrclo, are to one anotW 
as the distances of the points f^om the centre of the circle. 

-16. Prove that the polar of a given point with respect to any one 
of the circles x®4y®-2Ar 4c*=0, wliei*e k is variable, always passes 
through a fixed point, whatever he the value Of k. 
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17. Tangents are dra^m from the point {ht k) to the^ circle 

prove that the area of the triangle formed b^them 
and the straight line joining their points of contact is 

o(ft»+ifc*-a*)* 

Find the lengths of the tangents drawn 

18. to the circle 2ar- + 2i/^=3 from the point ( - 2, 3). 

19. to the circle Bar® + - 7^ - 6y = 12 from the point (6, - 7), 

20. to the circle a;® + y® + 2bx - 3b* = 0 from the point 

{a + b, a-‘h), 

21. Giveif the three circles 

«* + y®-16a; + 60 = 0, 

Sa:S-f3y*-36x + 81 = 0, 
and a:® + 2 /*- 16a!- 12y + 84=0, 

find (1) the point from which the tangents to them are equal %i 
length, and (2) this length, ^ 

22. The distances from the origin of the centres of three circles 
a?* + 2/*-2Xai=c* (where c is a constant and X a variable) are in 
geometrical progression ; prove that Mj^nglhs of the tangents drawn 
to them from any point on the circleiVPhy*=:c*are also in geometrical 
progression. 

23. Find the equation to the pair of tangents drawn 

(1) from the point (11, 8) to the circle a;® + y*=65, 

(2) from the point (4, 3) to the circle 

2a!* + 2y* - 8a! + 12y + 21 = 0. 

To find tlie genend aquation of a circle referred 
to polar coordinates. 

Let 0 be the origin, or pole, OX the initial line, C the 
centre and a the racfiiita of the 
circle. 

Let the polar coordinates of C 
be R and a, so that 00 and 

z XOC flu 

Let a radius vector through 0 
at an angle $ the initial line 
cut the circle in JP and Q. Let 
OP, or OQ, be r. 
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T^n {Trig, Art. 164) we have 

CP^ - OC^ -f 0P^~ 20C . OP cos COP, 
a* LT — 2i?r cos (0 ~ a), 

— 27?r cos {0 ~ a) 7?® — a’* = 0 (1 ). 

This is the required polar equation. 


172 . l^articular cases of the fjeneral equation inpolar coordinates, 

(1) Let the initial line be taken to go throngh the centre G. Then 
x=0, and the equation becomes 

7*2 - 2Rr cos 0 + li^-a^ = O. 

(2) Let the pole O be taken on the circle, so that 

It=.OC^a, 

The general equation then becomes 

- 2ar cos (^ - a) = 0, 
r = 2rtcos (0-a), 

(3) liCt the pule be on the circle and also let the initial line pass 
through the centre of the circle. In this case 

a = 0, and li — a. 

The general equation reduces then to the 
simple form r = 2a cos 0. 

This is at once evident from the figure. 

For, if OCA be a diameter, we have 
OP=OA cos^, 

i.e, r=2aco30. 


i.e. 

m 



173 . The equation (1) of Art. 171 is a quadratic 
equation which, for any given value of 6, gives two 
values of r. These two values in the figure are OP and 
OQ, 

If these two values be called and rj, we have, from 
equation (1), 

product of the roots = - a®, 

i,e, OP.OQ^P^--a\ 

The value of the rectangle OP, OQ is therefore the 
same for all values of 0, It follows that if we drew any 
other line through 0 to cut the circle in P, and Qi we 
should have OP . OQ = OP ^ . OQ^, 

This is the well-known geometrical proposition. 
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0 174. Find the equation to the chord joining the point$ on the circle 

r=2aco8 0who8e vectorial anglee are ami and deduce the eqwation 
to the tangent at the point . 

The equation to any straight line in polar coordinates is (Art. 88) 
j5=rcos(^-o) (1), 

If this pass through the ]X)inis (2a cos 0^) and {2a oob6.j, we 
have 

2a cos cos - a) —p = 2rt cos 0.^ cos (fly - a) (2) . 

Henco cos (2fli — a) + cos a = CfiS (2fly - a) + cos a, 

i.e. 2flj - a = - (2fly - a) , 

since flj and fly are not, in general, equal. 

Hence • a = fli + fl3, 

and then, from (2), ^ = 2a cos fl^ cos fly . 

On substitution in (1), the equation to the required chord is 

r cos (fl - fl^ ~ fly) = 2a cos flj cos fly (3). 

The equation to the tangent at the point is found, as in 
Art. 160, by putting fl2 = fli in equation (3). 

We thus obtain as the equation to the tangent 
r cos (fl - 2$]) = 2a cos^ fl^ . 

As in the foregoing article it cotil^^lie sliewn that the equation to 
the choid joining the points flj and fly oh the circle r—2acoB (fl - y) is 

r cos [fl - fli - fly + 7] = 2a cos (flj ~ 7) cos (fly - 7) 
and hence that the equation to the tangent at the point flj is 
r COP (fl - 2fli + 7) = 2a cos* (flj - 7). 


EXAMPLES. XX. 

1. Find the coordinates of the centre of the circle 

r = A cos fl + Esin fl, 

2. Find the polar equation of a circle, the initial line being a 
tangent. What does it become if the origin be on the circumference? 

3. Draw the loci 

(1) r=a; (2) r=tt sin fl; (3) r = «co8fl; (4) rsa sec fl; 

(5) r~acos(fl-a); (6) r=a sec (fl-o). 

4. Prove that the equations r=ftco8(fl-ol and r=6Bin(fl-a) 
represent two circles which cut at right angles. 

5. Prove that the equation r* cos fl ~ ar cos 2fl - 2tt* cos fl=0 
represents a straight line 1^ a circle. 
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6. Find the polar equation to the circle described on the straight 
lino joining the points (a, a) and {h, fi) as diameter. 

7. Prove that the equation to the circle described on the straight 
line joining the points (1, 60°) and (9, 30°) as diameter is 

r» - r [cos ( d - 60°) + 2 cos (d - 80°)] + ^8 = 0. 

8. Find the condition that the straight line 

-=aoos^ + 6Bin9 
r 

may touch the circle r = 2c cos 6. 

175. To find the general equation to a circle referred to 
oblique ajses which meet at an angle o). 

Let C be the centre and a the radius ‘of the circle. Let 
the coordinates of C be {h, k) so 
that if 6W, drawn parallel to the 
flkis of y, meets OX in Af, then 
OM^h and Ma = k. 

Let P be any point on the 
circle whose coordinates are x and 
y. Draw PA", the ordinate of P, 
and CL parallel to OX to meet 
PN in L, 

Then CL - MX = ON- OM = a; - A, 
and PP = NP -NL=^NP-MC^y-k, 

Also i CLP - z ONP =-180" ~ z PNX «= 1 80" - w. 
Hence, since CL^ + J^P^ — 2CL . LP cos CLP = a®, 

w© have (x-h)>+ (y-k)2 + 2 (x-h) (y-k) coscius 

Le, + y® + 2xy cos u)-2x{h + k cos to) - 2y (k + h cos w) 

+ /i® + A® + 2hk cos <0 - - «®. 
The required equation is therefor© found. 

176. As in Art. 142 it may be shewn that the 
equation 

ar® + 2xy cos w + y® + 2gx + 2fy + c == 0 
represents a circle and its radius and centre found. 




OBLIQUE COORDINATES. 


149 


■ac. If the axes be inclined at 60^ prove that the equation ^ 

a?®+aEy + y*“4x >5y-2s0 (1) 

represents a circle and find its centre and radius. 

If w be eqaal to 60°, so that coacj=|^, the equation of Art. 175 
becomes 

X® + i-y + 2/“ - a; (2/i + it) - y (2fe + ft) + /i* -1- P + ft fc .= a® . 


This equation agrees with (1) if 

2ft + ft«4 (3), 

2k + h-t> (3), 

and ft® + ft* + ftft“a®= -2 (4). 


Solving {2][ and (3), we have ft=l and ft =2. Equation (4) then 
gives 

a®=fta + fe® + ftft + 2 = 9, 

BO that * a =8. 

The equation (1) therefore represents a circle whose centre is the 
point (1, 2) and whose radius is 3, the axes being inclined at 60° 

EXAMPLES. XXL 

Find the inclinations of the axes so that the following equations 
may represent circles, and in each case 6nd the radius and centre ; 

L +y®-2|7x-2/y=:0. 

2. a;® + i^3x// + y®-4x-6y +5 = 0. 

3. The axes being inclined at an angle u, find the centre and 
radius of the circle 

X® -I- 2xy cos w + y® - %jx - 2fy = 0. 

4. The axes being inclined at 45°, find the equation to the circle 
whose centre is the point (2, 3) and whose radius is 4. 

5. The axes being inclined at 60°, find the equation to the oirole 
whose centre is the point ( - 8, - 5) and whose radius is 6. 

6. Prove that the equation to a circle whose radius is a and 
which touches the axes of coordinates, which are inclined at an angle 
w, is 

x®+2xj^ cos 2a (x+y) cot a® cot® g =0. 

7b Prove that the straight line y = mx will touch the circle 
x*+2xy oo8»+y®+2iyx+2/y + c=0 
if (i;+/m)*ssc(l + 2»ioos«+w®). 

3. The axes being inclined at an angle w, find the equation to the 
circle whose diameter is the straight line joining the points 

and 
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Coordinate! of a point on a circle expressed in 

terms of one single variable. 

' < 

• 177 . Tf, in the figure of Art. 13D, we put the angle 
MOP equal to a, the coordinates of the point P are easily 
seen to be a cos u and a sin a. 

Tliese e(iuations clearly satisfy equation (1) of tliat 
article. 

The position of tlie point F is therefore known when 
the value of a is given, and it may be, for brevity, called 
“ the point a.’' 

With the ordinary Cartesian coordinates we have to 
give the values of two separate quantities x and y (which 
are however connected by the relation x' = to 

express the position of a point P on the circle. The 
%,bove substitution therefore often simplifies solutions of 
problems. 

178 . To find tJiX eqiiat 'uni to the straight line joining 
two points^ a and on ihs circle or + y® — or. 

Let the points be P and and let ON be the perpen- 
dicular from the origin on the straight line PQ ; then ON 
bisects tlie angle POQ^ and hence 

: NON -r ( z XOP + z XOQ) = i ^ P)' 

Also ON -- OP cos NOP = a cos — 7 ^— . 

The equation to PQ is therefore (Art. 53), 

a + .a + /? a — /? 

.rcos -a cos . 

If we put /? - a we have, as the equatio!i to the tangent 
at the point a, 

X cos a -f y sin a a. 

This may also be deduced from the equation of Art. 150 
by putting x' - a cos a and y = a sin a. 

179 . If the equation to the circle be in the more 
general form 

(cc Ay 4- (y - Ay - a*, (Art. 140), 
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we may express the coordinates of P in the form 

(A + a cos a, A + a sill a). 

For these values satisfy the above equation. 

Here a is the angle LCP [Fig. Art. 140]. 

The equation to the straight lin#* joining the points a and 
fS can be easily shewn to be 

-- A) cos ^ - a oo^ ^ , 

and so the tangent at the point a is 

{x — A) cos a + (y — A) sin a = a. 


*180. Common tangents to two circles. If 0 ^ 

and 0.2 be the centres of two circles whose radii are r, and 
'/’a, and if one pair of common tangents meet O^O,^ in I\ 
and tlie other pair meet it in then, by similar triangles, 

we have = -- = , The points and T,^ therefore 

divide OiO^ in the ratio of the radii. 

The coordinates of 1\ having been found, the corre- 
sponding tangents are straight lines passing through it, 
such that the perpendiculars on them from 0^ are each 
equal to r^. So for the other pair which pass through 

8x. Find the four common tangente to the circles 
ar -f- y® - 22a: -f- 4^ + 100 = 0, and a:--|- y*-|-22j:- 4y - X00=0. 

The equations may be written 

(x-ll)a + {y-h 2)2=6*, and (a: + (y - 2)» = 15«. 

The centre of the first is the point (11, -2) and its radius is 5. 

The centre of the second is the point ( - 11, 2) and its radius is 15. 

Then T, is the point dividing internally the line joining the centres 
in the ratio 6 ; 16 and hence (Art. 22) its coordinates are 

16xll + 5x(-ll) ^ 16x(-2) + 6x2 

16 + 6' "15 + 6 

that is, Tg is the point (V^, - 1). 
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Siipiilarly ig the point dividing this line externally in the ratio 
5 ; 15, and hence its coordinates are 

16xll-6x{-ll) 15x(-2)-5x2 

15-5 ’ 16-5 * 

that is, is the point (22, - 4). 

Let the equation to either of the tangents passing through be 

y + l = m(j:-V) (1)* 

Then the perpendicular from the point (11, - 2) on it is equal to 
sk 5, and hence 

m (ll-V)M-2 + l) _^ 

On solving, we have «i= - or 

The required tangents through are therefore 
2405 + 7y — 125, and 4x - 3i/ = 25. 

^ Similarly the equations to the tangents through Ti are 

y + 4=m(x-22) (2), 

^here *5. 

./l + m* 

On solving, we have 

On substitution in (2), the required equations are therefore 
7x -2^y=i 250 and 3z + 4y =. 50. 

The four common tangents are therefore found. 

181 . We shall conclude this chapter Tvith some mis- 
cellaneous examples on loci. 

Sac. 1. Find the locns qf a point P which moves so that its distance 
from a given point O is always in a given ratio (n : 1) to its distance 
from another given point A* 

Take O ns origin and the direction of OA as the axis of x. Let 
the distance OA be a, so that A is the point (a, 0). 

If (x, y) be the coordinates of any position of P we have 

t.e. a;® + /=n®[(x-a)®+|/2], 

i.e. (x^ + y®) (n® - 1) - 2an®x + (1). 

Hence, by Art. 143, the locus of P is a circle. 

Let this circle meet the axis of x in the points C and P. Then OC 
and OD are the roots of the equation obtained by putting y equal to 
aero in (1). 
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We therefore have 


Hence 


CA=^ 


— , and AD = 
n + 1 

0^_qD_ 

'CA~AD~'^' 


a 

f7-l* 




The points C aifd D therefore divide the line OA in the given ratio, 
and the required circle is on CD as diameter. 


Bx. 2, From any point on one given circle tangents are drawn to 
another given circle; prove that the locus of the middle point of the 
chord of contact is a third circle, ^ 


Take the centre of the first circle as origin and let the axis of » 
pass through the centre of the second circle. Their equations are 
then 


( 1 ), 

and ‘ (x-c)2 + ?/*=62 (2), 


where a and h are the radii, and c the distance between the centres, of 
the circles. 

Any point on (1) is (a cos d, a sin d) where d is variable. Its chord 
of contact with respect to (2) is 


(«-c)(aco8d-c)+yaBind=6® (3). 


The middle point of this chord of contact is the point where it is 
met by the perpendicular from the centre, viz. the point (c, 0). 

The equation to this perpendicular is (Art. 70) 


- (a;- c)a8ind+(aoosd -c)y = 0 (4). 

Any equation deduced from (3) and (4) is satisfied by the coordi- 
nates of the point under consideration. If we eliminate d from them, 
we shall have an equation always satisfied by the coordinates of the 
point, whatever be the value of d. The result will thus be the equation 
to the required locus. 

Solving (3) and (4), we have 


a8ind= 




y2-!-(x-C)2’ 


and 


acosd^c = 


b* (x - c) 


b*(x-c) 

BO that + 

Hence 

a* satt*oofif* d + a® sin® d= c* -i- 2cb* a ' A ' ™ + ”5TT va 

The required locus is therefore 

(a* - <?’) (* - c)*]»2c6* (x - c) + 

This is a circle and its centre and radius are easily found. 
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a. Find the locus of a point P which is such that its polar with 
respect to one circle touches a second circle. 

Taking the notation of the last article » the equations to the two 
circles are 

+ ( 1 ), 

and + (2). 

Let {hy k) bo the coordinates of any position of P. Its polar with 
respect to (1) is 

xh + yk=ia^ (3). 

Also any tangent to (2) has its equation of the form (Art. 179) 

[x - 6*) cos d + y sin d = h (4), 

If then (3) be a tangent to (2) it must be of the form (4). 


Therefore 


COR 0 _ sin B _c cos B-\-h 
h ” k " ' 


These equations give 

cos^(a®-ck) = b?i, and BinB {a^ -~ch) = hk. 
Squaring and adding, we have 

(a2-c/t)2=b2(;i2+A-2) 

The locus of the point (/i, k) is therefore the curve 
b- {x^ + y^) — (a* - cx)^. 


Alitor. The condition that (3) may touch (2) may be otherwise 
found. 

For, as in Art. 1.58, the straight line (3) meets the circle (2) in the 
points whose absciss® are given by the equation 

( j, _ c)2 4- (aS - hx)^ - 

i. e. a-2 (hP + A =) - 2x (ck^ + aVi) + (kK'^ + a*- V^kP) = 0. 

The line (8) will therefore touch (2) if 

{rlP + aVi)^-{h^-^k^) {k'^c^ + a*-hVz\ 
i.e. if lP{lP-^'l^ = {ch- 

which is equation (5). 

ax. 4. 0 is a fixed point and P any point on a given circle; OP 

is joined and on it a point Q is taken so that OP. OQ=za constant 
quantity k^ ; prove that the locus of Q is a circle which becomes a 
straight line when O lies on the original circle. 
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Let O be taken as pole and the line through the centre Oi§a the 
initial line. Let and let the 

radius of the circle be <i. -.6^ 

The equation to the circle is then 
a®=r* + d®--2rdco8d, (Art. 171), 
where OP=r and z POC — d. 

Let OQ be p, so that, by the given 
condition, we have rp=k^ and hence r^ — 

n 



Substituting this value in the equation to the circle, we have 

( 1 ). 


a^zs. — cosd 

p-> p 


so that the equation to the locus of Q is 


k* 


k^d 

— jrcosd-- ..." (2). 

d--a^ ci--a* ' 


But the equation to a circle, whose radius is ci' and whose centre^ 
on the initial line at a distance d\ is 


7-2 - 2rd' cos d - a'2 - d'2 . . 


• (3). 


Comparing (1) and (2), we see that the required locus is a circle, 
such that 


Hence - l] = 




k^a 


The required locus is therefore a circle, of radius oi whose 

kH 

centre is on the same line as the original centre at a distance ~ 
from the fixed point. 

When O lies on the original circle the distance d is equal to n, and 
the equation (1) becomes /c2=2drcosd, Lc., in Cartesian coordinates, 

A:* 

In this case the required locus is a straight line perpendicular 
to 0(7. 


When a second curve is obtained from a given curve by the above 
geometrical process, the second curve is said to be the Inverse of the 
first curve and tibe fixed point O is called the centre of inversion, 

'' The inverse of a circle is therefore a circle or a straight line 
according as the centre of inversion is not, or is, on the oiicumference 
of the original circle. 
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5* FQ it a straight line drawn through O, one of the common 
points of two circles ^ and meets them again in F and Q; find the locus of 
the point S which bisects the line PQ. 

Take O as the ori^n, let the radii of the two circles be R and 
and let the lin^s joining their centres to O make angles a and a' with 
the initial line. 

The equations to the two circles are therefore, {Art. 172 (2)}, 
r=2J2oos(^-a), and r=2R' cob($ - a.^). 

Hence, if S be the middle point of PQ, we have 

20S=:OP+ OQ — 2R COB {$- a) + 2R' ooB{e-a'). 

The locus of the point S is therefore 
r = JR cos (d - a) + R' cos {$ - a') 

= {R cos o + cos a') cos ^ + (J2 sin a + R' sin a') sin 0 

= 272" cos (d - a") . . (1), 

'^ere 2 J2" cos a " = R cos o + 72' cos4x', 

and 272" sin a" = 72 sin a + 72' sin a'. 


Hence 

and 


It" = i +It^+ 2RR' cos (o - a') , 

. ,, 72 sin 0 + 72' sin o' 

tana"«=v; #• 

72 cos a + 72' cos a 


From ^1) the locus of ^ is a circle, whoso radius is 72", which 
passes through the origin O and is such that the line joining 0 to its 
centre is inclined at an angle o" to the initial line. 


EXAMPLES. XXII. 

1. A point moves so that the sum of the squares of its distances 
from the four sides of a square is constant ; prove that it always lies 
on a circle. 

2. A point moves so that the sum of the squares of the perpendi- 
culars let fall from it on the sides of an equilateral triangle is constant; 
prove that its locus is a circle. 

3. A point moves Sh that the sum of the squares of its distances 
from the angular points of a triangle is constant ; prove that its locus 
is a circle. 

4. Find the locus of a point which moves so that the s^Juare of 

the tangent drawn from it to the circle x^+y^ssa^ is equal to e times 
its distance from the straight line lx + my +nsEO. ^ 

5. Find Ute locus of a point whose distance from a fixed poinl js 
in a constant ratio to the tangent drawn from it to a given 
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6. Find the locus of the vertex of * triangle, given (1) its bsi||» akid 
the sum of the fK^uares of its sides, (2) its base and the sum of m times 
the square of one side and n times the square of the other. 

7. A point moves so that the sum of the squares pf its distances 
from n fixed points is given. Prove that its locus is a circle. 

8. Whatever be the value of a, prove that the locus of the inter- 
section of the straight lines 

os cos a + 2/ sin a = a and ^ sin a - ^ cos a=:& 

is a circle. 

9. From a point P on a circle perpendiculars PM and PN are 
drawn to two radii of the circle which are not at right angles ; find 
the locus of thfe middle point of MN, 

10. Tangents are .drawn to a circle from a point which always 
lies on a given line ; prove that the locus of the middle point of the 
chord of contact is another circle. 

11. Fiud the locus >of the middle points of chords of the oircM 

which pass through the fixed point (^, k)» 

12. Find the locus of the middle points of chords of the circle 

which subtend a right angle at the point (c, 0). 

. 13. O is a fixed point and P any point on a fixed circle ; on OP 
is taken a point Q such that OQ is in a constant ratio to OP ; prove 
that the locus of Q is a circle. 

0 is a fixed point and P any point on a given straight line ; 
OP is joined and on it is taken a point Q such that OP. OQ^k^\ 
prove that the locus of i.e, the inverse of the given straight line 
with respect to 0, is a circle which passes through 0. 

15. One vertex of a triangle of given species is fixed, and anotl^ 
moves along the circumference of a fixed circle ; prove that the locus 
of the remaining vertex is a circle and find its radius. 

16. O is any point in the plane of a circle, and OPjP^ any chord 
of the circle which passes through O and meets the circle in Py and 
P.. On this chord is taken a'point Q such that OQ is equal to (1) the 
anthmetic, (2) the geometric, and (3) the harmonic mean between OP^ 
and OP) ; in each ease find the equation to the locus of Q* 

17. Find the locus of the point of intersection of the tangent to 
a given nircle and the perpendicular let fall on this tangent from a 
fixed point on the circle. 

18. A circle tenches the axis of x and cuts off a constant length 
22 trom the axis of y ; prove that the equation of the locus of its centre 

Pcosec^ ta, the axes being iimlined at an angle w. 
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A straight line moves so that the product of the perpendi- 
culars on it from two fixed points is constant. Prove that the locus 
of the feet of the perpendiculars from each of these points upon the 
straight line is a circle, the same for each. 

20. O is a* fixed point and AP and BQ are two fixed parallel 
straight lines ; BOA is peipendioular to both and POQ is a right 
angle. Prove that the locus of the foot of the perpendicular drawn 
from O upon PQ is the circle on .dP as diameter. 

21. Two rods, of lengths a and 5, slide along the axes, which are 
rectangular, in such a manner that tlieir ends are always concyclic ; 
prove that the locus of the centre of the circle passing through these 
ends is the curve 4 (a;* - = a® — hK 

22. Show that the locus of a point, which is ftuch that the 
tangcjnts from it to two given concentric ciiclcs are inversely as the 
radU, is a concentric circle, the square of whose* radius is equal to the 
sum of the squares of the radii of the given circles. 

23. Sliew that if the length of the tangent from a point P to the 
ihcle a:* + y®=a“ be four times the length of the tangent from it to the 
circle {x-aY’\-xf^^a^^ then P lies on the circle 

15ar* + 15y2 - 32tia; + a® =r 0. 

Prove also that these three circles pass through two points and that 
the distance between tlio centres of the first and third circles is 
sixteen times the distance between the centres of the second and 
third circles. 

24.. Find the locus of the foot of the perpendicular let fall from 
the origin n]^n any chord of the circle + y'** 4 2gx 4- 2j'y 4- c = 0 which 
subtends a right angle at the origin. 

Find also the locus of the middle points of these chords. 

25. Through a fixed point O are drawn two straight lines OPQ 
and ORS to meet a circle in P and Qt and H and 8^ respectively. 
Prove that the locus of the point of intersection of P8 and QR^ as also 
that of the point of intersection of PR and QS^ is the polar of 0 with 
respect to the circle. 

26. A, P, Cf and D are four points in a straight line; prove that 
the locus of a point P, such that the angles APB and CPD are equal, 
is a circle. 

27. The polar of P with respect to the circle + touches 

the circle (x - a)^ 4 (y - ; prove that its locus is the curve given 

by the equation (ax + /3y- = t*-* (x® 4- y’^) • 

28. A tangent is drawn to the circle (x - a)* 4- y^=lf^ and a perpen- 
dioular tsmgent to the circle (x4-a)*4*y*=c*; find the locus of their 
point of intersection, and prove that the bisector of the angle between 
them always touches one or other of two fixed circles. 
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29. In, any circle prove that the perpendicular from any poi||t of 
it on the line joining the points of contact of two tangents is a mean 
proportional between the perpendiculars from the point upon the two 
tangents. 

30. From any point on the circle 

+ 2/^ + + 2/y -H t* = 0 

tangents are drawn to the circle 

+ + 2gx + 2/j/ + c sin- a -I- (f/® -f /*) cos'-* a = 0 ; 

prove that the angle between them is 2a. 

31. The angular points of a triangle are the points 

(a cos a, A sin a), (acoBfi, asin^), and (nco 8 7 , a sin 7 ); 
prove that the coordinates of the orthocentre of the triangle arc 
a (cos a + cos + cos 7 ) and a( 8 in a + sin/9 + sin 7 ). 

Hence prove that if A, Ji, C, and J) be four points on a circle the 
ortbocentres of the four triangles ABC, BCD^ CDA^ and DAB lie on* 
a circle. 

32. A variable circle passes through the point of intersection 0 
of any two straight lines and cuts oS from them portions OP and OQ 
such that w. OP + n.OQ is equal to unity; prove that this circle 
always passes through a fixed point. 

33. Find the length of the common chord of the circles, whoso 
equations are {x- a)^-\-y^ — a^ and x^ + {y - f>) 2 = and prove that the 
equation to the circle whose diameter is this common chord is 

(a* + 6*) (x® + y-) = 2ab (bx + ay), 

34. Prove that the length of the common chord of tlie two circles 
whose equations are 

(« - a)®-f- (y ~ b)2 = c 2 and (ar - Z>)*4- (y - a)®=c® 
is Jic^-i(a-b)K 

Hence find the condition that the two circles may touch. 

35. Find the length of the common chord of the circles 
a 5 *-l-y^“ 2 aa!— 4ay-4a*=0 and ar^ + y*- 3ttap + 4ay =s0. 

Find also the equations of the common tangents and shew that 
the Jeugth of each is 4a. 

36. Find the equations to the common tangents of the circles 

(1) a?® + y“-2a;- Gy + 9 = 0 and a:» + y® + 6a:-2y-t-l=i0, 

( 2 ) a!® + y*=c® and (a: -a}^ + y*= 6 *. 



CHAPTER IX. 

SYSTEMS OF CIRCLES. 

[This chapter may be omitted by the student on a first 
reading of the subject.] 

182 . Orthogonal Circles. Def. Two circles are 
said to intersect orthogonally wlieu 
the tangents at their points of 
intersection are at right angles. 

If the two circles intersect at 
P, the radii O^P and OgP, which 
are perpendicular to the tangents 
at P, must also be at right angles. 

Hence + O^P®, 

i.e. the square of the distance between the centi’es must be 
KUpal to the sum of the squares of the radii. 

Also the tangent from 0^ to the other circle is equal to 
the radius a^, t if two circles be orthogonal the length of 
the tangent drawn from the centre of one circle to the 
second circle is equal to the radius of the first. 

Either of these "two conditions will determine whether 
the circles ai*e orthogonal. 

Tlie centres of the circles 

+ + + + c=50 and + + + + 

are the points (-p. - f) and also the squares of 

radii are xy® +/* - c and p'® +/'• - c% 
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Th|»^ therefore cut orthogonally if 

( - /; + + ( -/+/ V =!?" +P-C + 4 /^ - c'. 
i.e, if 2#/^' + 2//'=c + < . ^ 


183* Radical Axis. Def. The radical axis of 
two circles is the locus of a point which moves so tliat the 
lengths of the tangents drawn from it to tlie two circles aiv 
equal. « 

Let the equations to the circles bo 

^ x^ + y^ + 2gx + 2/i/ + c 0 ( 1 ), 

and 4- y* 4 2/7, a; ■+. 2/,^ 4- c, =r 0 (2), 

and let (a:,, j/,) be any point such that the tangents from it 
to these circles are equal. 

By Art. 168, we have 

+ ^9^1 + 2/y, 4- c 4- 4- 4- 2/,y, + 

it. 2a?i (r/ ~ + 2yi (/-/i) + c-c,=0. 

But this is the condition that the point (a?i, y,) should 
lie on the locus 


2* + 2y (/-/,) + 0 (3). 

This is therefore the’^uation to the radical axis, and it 
is clearly a straight line. 

It is easily seen that the radical axis is perpendicular 
to the line joining the centres of the circles. For theSv 
centres are the points -/) and {—ffn -/i)- The 

“m” of the line joining them is therefore — - — 

uJ-A. 

y-9x 


The “ w” of the line (3) is — ^ 

J —y I 


The product of these two “ w’s” is ~ 1. 

Hence, by Art. 69, the radical axis and the line joining 
the icfontres are perpendicular. 

T.. 6 
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^184. A geometrical conBtruction can be given 
for the radical axis of two circles. 



If tlie circles intersect in real points, P and Q, as in 
Fig. 1, tlie radical axis is clearly tlie straight line PQ» 
For if T bo any point on PQ and TE and TS be the 
tangents from it to the circles we have 

TE^-^~TP,TQ TS\ 


If they do not intersect in real points, as in the second 
figure, let their radii he <7| and be a point such 

tliat the tangents TR and TS are equal in length. 

Draw TO perpendicular to OjOg. 

Since TE^- TS\ 

we have - O^E^ ~ 

le. -f 0,0^ - a,= - T0‘^ + 00/ - a/, 

i,e. OiO* - 00/ = a/ — a/, 

i.e. {OiO — 00 . 2 ) (0^0 + 00 . 2 ) ~ a/ a/y 

0i0~ 00 2 - ^ constant quantity. 


Hence 0 is a fixed point, since it divides the fixed 
straight line OjO-j into parts whose difference is constant. 

Therefore, since OfiT is a nght angle, the locus of T, 
1 . 0 . the radical axis, is a fixed straight line perpendicular to 
tlie line joining the centrea 
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185 . If the equations to the circles in Art be 

written in the form and S' --O, the equation (3) to 

the radical axis may be written S - S' = 0, and therefore 
the radical axis passes through the coninion pcflnts, real or 
imaginary, of the circles ^ = 0 and S' = 0. 

In the last article wo saw that this was true geometri- 
cally for the case in which the circles meet in r(*al points. 

When the circles do not geometrically intersect, ns in 
Fig. 2, we must then look upon the straight line TO as 
passing through the imaginary points of int(‘rsoction of the 
two circles. 

186 . 2'he radical axes of three circles^ take a in pairs^ 
rmet in a point. 

Let the equations to the three circles bo 

S^O (1 

‘S'-o Cl), 

and (3). 

The radical axis of the circles (1) and (2) is the straight 

line 

S-S'^0 (4). 

The radical axis of (2) and (3) is the straight lino 

^ - S" -- 0 (5). 

If we add equation (5) to eij[uation (4) we sliall liave the 
equation of a straight line tlirough tlieir points of inter- 
section 

Hence S-S" (0) 

is a straigiit line through the intersection of (4) and (5). 

But (G) is the radical axis of the circles (3) and (1). 

Hence the three radical axes of the thi’ee circles, taken 
in pairs, meet in a point. 

This point is called the Radical Centre of the three 
circles. 

This may also be easily proved geometrically. For let 
the three circles be called A, Bj and Cj and let the radical 
axis of A and B and that of B and C meet in a point O. 
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Ay the definition of the radicnl axis, the tangent from 0 
to the circle A - the tangent from 
0 to the circle and the tangent 
from 0 to the circle ^ = tangent 
from it to the circle C, 

Hence the tangent from 0 to 
the circle A =the tangent from it 
to the circle C, i.e. 0 is also a 
point on the ladical axis of the 
circles A and C. 



187 . and S' ~0 he the equations of two circles y 

the equation of any circle through their points of inter- 
section is S ~ \S\ Also the equation to any circhy such that 
the. radical axis of it and S=i) is u~Oy is S + ku- 0. 

( For wherever *S*--0 and aS"— 0 are both s;ilisiied the 
equation S— XaS' is clearly satisfied, so that S — \S' is some 
locus through tlie intersections of S = 0 and S' =0. 

Also in both S and S' the coefficients of and y“ are 
equal and the coefficient of ory is zero. The same statement 
is therefore true for the equation S=kS', Hence the 
proposition. 

Again, since u is only of the first degree, therefore in 
S + \u the coefficients of .r** and y® are equal and the 
coefficient of xy is zero, so that S + Aw = 0 is clearly a circle. 
Also it passes through the intersections of = 0 and w = 0. 


EXAMPLES. XXm. 

Prove that the following pairs of circles intersect orthogonally ; 

1. x^ + if- 2ax + c = 0 and y~ + 2by - c = 0. 

2. x^ + if-^2ax + 2by + c=0 and x'^ + y- 2bx - c ==0. 

3. Find the equation to the circle which passes through the origin 
and outs orthogonally each of the circles 

jr- + y*- 6 j’ + 8=0 and + -2x ^ 2y = 7, 

Find the radical axis of the pairs of circles 

4. a;®+y*=144 and + ISar + lly — 0. 

5. a:® + 2^®-S«-4y4.6=*0 and 3x* + 3y’-7j; + 6y + ll=s0. 
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6. + + 6a:- 7// + 8^0 and .r^ f y*- jry - 4 = 0, 

the axes being inclined at 120°. 

Find the radical centre of the sots of circles 

7. x® + y® + ^ + 2?/ + 8 = 0, X‘ + y^ + *2x-\-4y + Sm=z0j 

and a?- + - 7.c - Hy - 0 =- 0. 

8. (.r-2)3+(y-3)‘‘i = 3C. (c + 3)'* + (y + 2)2 = 40, 

and (j: - 4)2 + (y + 5)2 = 61. 

9. Provo that the square of the tangent that can be diawn from 
any point on one circle to another circle la equal to twice the product 
of the perpendicular distance of the point from the radical axiu of the 
two circles, and the distance between their centres. 

^ P* that a common tangent to two circles is bisected by the 

radical axis. [Hence, by joining the middle points of any two of the 
common tangents, we have a construction for the radical axis.] 

11. Find the general equation of aV circles any pair of which ha#e 
the same radical axis as the circles 

^2 4- 1/2 — 4 and x^-^- y^-^2x + 4ys=.0, 

12. Find the equations to the straight lines joining the origin to 
the points of mteisection of 

.r2 + y - 4x - 2i/ = 4 and J*- + y2..2x 4y~4 = 0. 

13. The polars of a point P with respect to two fixed circles meet 
in the point <y. Prove that the circle on PQ as diameter passes 
through two fixed points, and cuts both the given ciich'S at right 
angles. 


14. Prove that the two circles, which ‘pass through tlie two points 
(0, a) and (0, - a) and touch the straight line y — mx + c, will cut ortho- 
gonally if c- = a2 (2 + m2). 


15. Find the locus of the centre of the circle which cuts two given 
circles orthogonally. 


16. If two circles cut orthogonally, prove that the polar of any 
point P on the first circle with respect to the second pa-ses through 
the other end of the diameter of the first circle which goes through P. 

Hence, (by considering the orthogonal circle of three circles as 
the locus of a point such that its polars with respect to the circles 
meet in a point) prove that the orthogonal circle of three circles, 
given by the general equation is 


1 25 + . y + /a f 

x + y + Za. 




- 0 , 
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^,88. Coaxal Circles. Def. A system of circles 
is said to l)e coaxal when they have a common radical axis, 

wlien the radical axis of each pair of circles of the 
system is the same. 

To find the equation of a system of coaxal circles. 

Since, by Art. 183, tlie radical axis of any pair of the 
circles is perpendicular to the line joining their centres, it 
follows that the centres of all the circles of a coaxal system 
must lie on a straight line which is perpendicular to the 
radical axis. 

Take the line of centres as the axis of x ai>d the radical 
axis as the axis of y (Figs. 1. and IF., Art. 190), so that O 
is the origin. 

The Cfiuation to any circle with its centre on the axis 
of X is 

^ x^ + + c — 0 (1). 

Any point on the radical axis is (0, y^). 

The scjuai’e on the tangent from it to the circle (1) is, 
by Art. 168, y^ + c. 

Since this quantity is to he the same for all circles of 
the system it follows that c is the same for all such circles ; 
the different circles are therefore obtained by giving dif- 
ferent values to <j in the equation (1). 

The intersections of (1) with the radical axis are then 
obtained by putting a? - 0 in equation (1), and we have 

y^±J 

If c be negative, we have two real points of intersection 
as in Fig. I. of Art. 190. In such cases the circles are said 
to be of the Intersecting Species. 

If c be positive^ we liave two imaginary points of in- 
tersection as in Fig. II. 

189. Ifimiting^ points of a coaxal system. 

The equation (1) of the previous article which gives any 
circle of the system may be written in Ihe form 

(* - + y’ = - c =r [V'/”- *:]*. 
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It therefore represents a circle whose centre is tlie ^oint 
(^, 0) and whose radius is — r. 

This radius vanishes, i.e. the circle becomes a j)oint- 
circle, when - c, i.e, when y - ± Jc. ^ 

Hence at the particular }M)ints (+ Jcy 0) we liave point- 
circles wliich belong to the system. These point-circles are 
called the Limiting Points of the system. 

Tf c be negative, these points are imaginary. 

But it was shown in the last article that when c is 
negative the circles intersect in real points as in Fig. 1., 
Art. 190. 

If c be positive, the limiting points Z| and (Fig. 11.) are 
real, and in this case the circk's intersect in imaginary points. 

The limiting points are therefore real or imaginary 
according as the circles of the system intersect in imaginary 
or real £)oints. 

190. Orthogonal circles of a coaxal system. 

Let 2^ be aity point on the common radical axis 
of a system of coaxal circles, and let 2'Ji be tluj tangent 
from it to any circjle of the system. 



Then a circle, whose centre is T and whose radius is 77?, 
will cut each circle of the coaxal system orthogonally. 



1G8 


COOIlDlNATli GEOMETRY. 


p'or the radiuH Tli of this circle is at right angles to 
the radius and so for its intersection with any other 
circle of the system.] 



Hence the liniiting points (Leing circles of the 

system) are on this orthogonal circle. 

The limiting points are tlierefore the intersections with 
the lino of centres of any circle whose centre is on the 
coininon radical axis and wlu»se radius is the tangent from 
it to any of tlie circles of the system. 

Since, in Fig. T., the limiting points are imaginary tliese 
orthogonal circles do not meet the line of centres in real 
points. 

In Fig. JT. they pass through the limiting points Ly 
and L_.. 

Tliese orthogonal circhss (^since they all pass through two 
points, real oi* imaginary) are therefore a coaxal system. 

Also if the original circles, as in Fig. 1., intersect in 
real points, the orthogonal circles intersect in imaginary 
points; in Fig. 11. the original circles intersect in imaginary 
points, and the orthogonal circles in real points. 

We therefore have the following theorem : 

A set of coaxal circles can be cut orthoyonalhj by another 
set of coaxal circles, the centres of each set lying on the 
radical axis of the other set ; also one set is of the liniiting- 
point species and the other set of the other species. 
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101 . Without reference to the limiting points of the original 
system, it may be easily found whether or not the orthogonal ofeles 
meet the original line of centres. 

For the circle, whose centre is T and whose radius is TU, meets 
or does not meet the line OjO^ according as T/i® is > or^ 

i.e. according as is < TO*, 

i.e, according as T0*+ OOj* - Oj/J* is ^ T0“, 
i.e. according as OOj is X 

i.e. according as the radical axis is without, or within, each of the 
circles of the original system. 

192 . Tn the next article tlie above results will be 
proved analytically. 

To find the equation to any circle vdtich cnii^ tivo given 
circles orthogonally. 

Take the radical axis of tli<5 two circles as th(‘ axis of 
so chat their equations may be written in tin* form 


+ 0 ( 1 ), 

and in? + + c- 0 (2), 

the quantity c being the same for each. 

Let the eejuation to any circle which cuts tlu'm or- 
thogonally be 

+ (, 3 ). 

The equation (1) can be written in the form 

+ (4). 


The circles (3) and (4) cut orthogonally if tlie square of 
the distance between their centres is equal to the sum of 


the squares of their radii, 

i.e. if (A ~ r/)- -f- - 71^ -f - c]\ 

ie. \f - 2Ag ^ 77^ — c (5). 

Similarly, (3) will cut (2) orthogonally if 

+ ( 6 ). 


Subtracting (6) from (5), we liave -4 (p - g^) --- 0. 
Hence A =*0, and 7?^ ?= + c. 


6 * 
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Substituting these values in (3), the equation to the 
rec(liired orthogonal circle is 

a? + y‘ -21iy -c 0 (7), 

where B is any quantity wliatover. 

\Vl)atever he the value of B the equation (7) represents 
a circle whose centre is on tlie axis of y and which j)asses 
through tiie points (+ Jc, 0). 

But the latter points are tlie limiting points of the 
coaxal system to wliich the two circles belong. [Art. 189.] 

Hence any pair of circles belonging to a coaxal system 
is out at right angh*s by any circle of anotlier co<axal 
system ; also tlie centres of the circles of tlie latter system 
lie on the common radical axis of the original system, and 
all the circles of the latter system pass through the limiting 
points (real or imaginary) of the first system. 

4 Also the centre of the circle (7) is the point (0, />) and 
its radius is jBUc. 

The square of the tangent drawn from (0, B) to the 
circle (1) -- B^ + c (by Art. 168). 

Hence the radius of any circle of the second system is 
equal to the length of the tangent drawn from its centre to 
any circle of the first system. 

193 . The equation to the system of circles which cut 
a given coaxal system orthogonally may also be obtained 
by using the result of Art. 182. 

For any circle of the coaxal system is, by Art. 188, 
given by 

ar*+y~2(;.r rc-=0 (1), 

where c is the same for all circles 

Any point on the radical axis is (0, y). 

The square on the tangent drawn from it to (1) is 
therefore y'^ + c. 

The equation to any circle cutting (1) orthogonally is 
therefore 

i,e. .r* + y® - 2yy' - c = 0. 
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Whatever he the value of y this circle passes thr(^gh 
the points 0), i,p. through the limiting points of the 

system of circles gi\'en by (1). 

194 . A\^e can now deduce an easy construction for the 
circle that cuts any three circles orthogonally. 

Consider the three circles in the figure of Art. 18G. 

By Art. 102 any circle cutting A and 7/ orthogonally 
has its centre on their common radical axis, i,e. on the 
straight lino 01). 

Similarly any cii-cle cutting JJ and orthogonally h.ts 
its centre on tjie radical axis OJjJ, 

Any circle cutting all throe circles orthogonally must 
therefore ha\f\its centre at the inters<^ction of OJ) and OA\ 
i.e. at the radical centre 0. Also its radius must be the 
length of the. tangent drawn from thft radical centre to 
any one of the three circles. 

Bx. Find the equation to the circle irhich cnt» orthogonally each 
of the three circles 

.t® + |/2 + 2c+17?/+ 4 = 0 (1), 

.r2 + »/« + 7.c+ % + (2), 

jr^ + y-- T ^2'2y 3 = 0 (3). 

The radical axis of (1) and (2) is 

5.r-ll// + 7 = 0. 

The radical axis of (2) and (3) is 

8j;-10y + 8 = 0. 

These two straight lines meet in t)io point (3, 2) which is therefore 
the radical centre. 

The square of the length of the tangent from tlie point (3, 2) to 
each of the given circles = 57. 

The required equation is therefore (x - 3)** + (y - 2)®=57, 
t . e. X“ + y*^ -’6j: - 4y - 44 = 0. 

195. Bx. Find the locus of a point which moves so that the length 
of the tangent drawn from it to one given circle is X times the length of 
the tangent from it to another given circle. 

As in Art. 168 take as axes of x and y the line joining the centres 
of the two circles and the radical axis. The equations to the two 


circles are therefore 

ar® + y*-2yjj: + c=0 (1), 

and a:® + y^-2y^ + c = 0 (2). 
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Lot (hj k) be a point such that the length of the tangent from it to 
(1) 14 always X times the length of the tangent from it to (2). 

Then + k^- 2g{k + c = [h^ + - 2g.Ji + c]. 

Hence (hj k) always lies on the circle 

x' + y"-- 2j- + c = 0 (3). 


This circle is clearly a circle of the coaxal system to which (1) and 
(2) belong. 

Again, the centre of (1) is the point (//j, 0), the centre of (2) is 
(f/ 2 » whilst the centre of (3) is -y » ^ 


Hence, if those three centres be called O^, Oo, and O 3 , we have 


j,0„ = - .'/i = ijh - ." 1 ) . 

^ and yi' - 35= J-J - ?i). 

so that (\ 0 ^ : ^>2^3 : : X* : L 

The required locus is therefore a circle coaxal with the two given 
circles and whose centre divides externally, in the ratio X*** : 1, the lino 
joining the centres of the two given circles. 


EXAMPLES. XXIV. 

1. Prove that a common tangent to two circles of a coaxal 
system subtends a right angle at either limiting point of the system. 

2. Prove that the polar of a limiting point of a coaxal system 
with respect to any circle of the system is the same for all circles of 
the system. 

3. Provo that the polars of any point with respect to a system of 
coaxal circles all pass through a lixed ptiint, and that the two iJoints 
are equidistant from the radical axis and subtend a right angle at a 
limiting point of the system. If the first point he one limiting point 
of tlie system prove that the second point is the other limiting point. 

4. A fixed circle is cut by a series of circles all of which pass 
through two given points ; prove that the straight line joining the 
intersections of the fixed circle with any circle of the system always 
passt's through a fixed point. 

5. Prove that tangents drawn from any point of a fixed circle of 
a coaxal system to two other fixed circles of the system are in a 
constant xatio. 
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6. Prove that a ajstem of coaxal circles ioverte with resp^t to 

either limiting point into a syetem of ooiicentric circles and find the 
position of the common centre. ^ 

7. A straight line is drawn touching one of n system of coaxal 
circles in P and ontting another in Q and H, Show that PQ and Vli 
subtend equal or supplementary angles at one of the limiting points 
of the system. 

8. Find the locus of the point of contact of parallel tangonta 
whicli are drawn to each of a series of coaxal circles. 

9. Prove that the circle of similitude of the two circles 

x^ + y^ -2kx-i-S = 0 and x* + y* “ ^ 0 

{i.e. the locus of the points at which the two circles subtend the same 
angle) is the coaxal circle 

x^ + y^- 2 x + S = 0. 

10. From the preceding question shew that the centres of simili# 
tude {ue. the points in which the common tangents to two circles 
meet the line of centres) divide the line joining the centres internally 
and externally in the ratio of the radii. 

11. If x + T/ ^/ ~ l = tan(a + c - 1), where x, v, «, and v are all 
real, prove that the curves constant give a family of coaxal circles 
pissing through the points (0, ^1), and that the curves vss constant 
give a system of circles cutting the first s^ stem orthogonally. 

12. Find the equation to the circle which cuts orthogonally each 
of the circles 

2/*+2/x+c = 0, x‘^ + 2/* + 2g'a:-f c = 0, 

and a^ + y® 4 ' 2 fMP 4 - 2 fry + a=s0. 

13. Find the equation to the circle cutting orthogonally the 
three circles 

x® + y®=a-, (x-c)2 + y®=:a*, and + - 6)-5sa* 

14. Find the equation to the circle cutting orthogonally the 
three circles 

+ 7 = 0, + + fix -52^4- 9 = 0, 

and x*+y*+7x-9y + 29 = 0. 

15. Shew that the equation to the oircie cutting orthogonaWy the- 
circles 

(x - a)* + (i/ - b)^ = (x - b)*+ (y - a)*= a*, 

and (*-a-6-c)*+y^=:ab + c*, 

is x®+y*-8x(a + ft) -y (u + b) +a* + 3ab+ b*as0. 
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OUAPTER X. 

THE PARABOLA. 

^ 196. Conic Section. Def. The Iocuh of a point 

/*, which moves so that its distance from a fixed point is 
always in a constant ratio to its perp<‘ndicular distance 
from a fixed straight line, is called a Conic Section. 

The fixed point is called the Focus and is iisually 
denoted hy S. 

The csmstant raliv) is called the Eccentricity and is 
denoted by c. 

The fixed straight line is called the Directrix. 

Tlie stra.ight line passing through the Focus and per- 
pendicular to the I)irectrix is called the Axis. 

When the eccentricity e is equal to unity, tlie Conic 
Section is called a Parabola. 

AVheii e is less than unity, it is called an Ellipse. 

When e is greater than unitv, it called a H!3rper« 

bola. 

[The name Conic Section is derived from the fact that 
these curves were first obtained by cutting a cone in 
various ways,] 
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197 . To find the equaHoti to a Parabola, 


Let H be the fixed jioint 
require therefore the locus 
of a point P which moves 
so tliat its distance from H 
is always equal to PM^ its 
perpendicular distance from 
ZM. 

Draw SZ perpendicular 
to the directrix and bisect 
SZ in the point A ; produce 
ZA to X. 

The point A is* clearly a 
point on the curve and is 
called the Vertex of the 
Parabola. 


and ZM the directrix. We 



Take A as origin, AX as the axis of .r, and A Yj 
perpendicular to it, as the axis of y. 

Ijct the distance ZA^ or AS^ be called a, and let P be 
any point on the curve whose coordinates are x and y. 

Join SP, and draw PM and PM perpendicular respec- 
tively to the axis and directrix. 

We have then *SP^= PM'\ 


Le. (x — o)* -f = ZaV^ = - (cr i .r)-, 

y2=4ax (1). 


This being the relation which exists b<‘tween the co- 
ordinates of any point 7^ on the j)aral>oIa is, by Art. 42, the 
equation to the parabola. 


Cor. The equation (1) is equivalent to the geometrical 
proposition 

4 AS, AX, 


198 . The equation of the preceding article is the 
simplest possible equation to the parabola. Throughout 
this chapter this standard form of the equation is assumed 
unless the contrary is stated. 
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\f iuHtead of AX and AY we take the axis and the 
directrix ZM as tlie axes of coordinates, the C(iuatiou 


would be 

^ {x — 2a)- + y- == 

ix. ~ ia{x — a) ( 1 ). 

Similarly, if the axis SX and a perpendicular line SL 
be taken as the axes of coordinates, the equation is 

2ay, 

ie, y* - 4a (j* + a) (2). 


These two equations may be deduced from the equation 
of the previous article by transforming the origin, firstly to 
the point (- a, 0) and secondly to the point (a, 0). 


199 . The equation to the parabola referred to any focus and 
directrix may bo easily obtained. Thus the equation to the parabola, 
whoso focus is the point (2, 3) and whose directrix is the straight 
lino jr - 4?/ -+ 3 -0, is 

2)»4 {j,-3)*=-f'- 


(■r- 


(.r_-4y + 3) “ 


■n/I 

i.e. 13] = {j!“ + 16y*+9-83T/ + (xr-24y}, 

i.f. lfix* + j/a + 8j-y-7tx-78i/4 212=0. 


aoo. To trace the curve 

4rt.r (1). 

If X bo negative, the corresjx)nding values of y are 
imaginary (since the siiuare root of a negative quantity is 
unreal) ; lionce there is no part of the curve to the left of 
the point A, 

If y be zero, so also is x, so that the axis of .r meets 
the curve at the point A only'. 

If X be zero, so also is y, so that the axis of y meets 
the ourv'e at the point A only. 

For every positive value of x we see from (1), by taking 
the square root, that y has two equal and opposite values. 

Hence corresponding to any point P on the curve there 
is another point /*' on the other side of the axis which is 
obtained by producing PN to P so that PX and jXP are 
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equal in magnitude. The line PF is called a double 
ordinate. 

As X increases in magnitude, so do the coy^sponding 
values of y\ finally, when x Iwcoines infinitely givat, y 
becomes infinitely great also. 

By taking a large number of \alues of x ami th<* 
corresponding values of y it will be found that the curve is 
as in the figure of Art. 1 97. 

The two branches never ine<jt but are of infinite length. 

201 . Tke qtiaiUity — ^ax' is vegative^ zero, or positive 
according as the paint (x\ y) is within^ upon, or without the 
parabola. 

Let Q be the point (.«, y') and let it l)e within the 
curve, i.e. be between the curve and the axis AX. Draw 
the ordinate QX and let it meet the ciirve in P. 

Then (by Art. 107), PN^^ia.y. 

Hence y'®, i.e. QX\ is <PN^, and hence is <iay. 
y^ - ^ax is negative. 

Similarly, if Q be without the curve, then y ®, i.r, QN\ 
is > PN^, and hence is > 4aa;'. 

Hence the proposition. 

202. Latus Rectum. Def. Tlie latus i^^ctum of 
any conic is the double ordinate LSIJ drawn througli the 
focus S. 

In the case of the parabola we have SL distance of L 
from the directrix = 2a. 

Hence the latus rectum = 4a. 

When the latus rectum is given it follows that the 
equation to the parabola is completely knowm in its 
standard form, and the size and shape of the curve 
determined. 

The quantity 4a is also often called the principal 
parameter of the curve. 

Focal Distance of any point. The focal distance 
of any point P is the distance SP. 

This focal distance = PJf = ZA 
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ilac. Find the vertex, axis, focus, and latus rectum of the parabola 
4//2+i2j:-20i^ + 67 = 0. 

The equation can bo written 

y2_6i/= -3a: -V i 

i.e. (?/- 5)’*--S.r~V + V=“8(a: + 4 ). 

Transform this equation to the point (-{, and it becomes 
7/®-= - 3x, which je))resrnt8 a parabola, whose axis is the axis of x 
nnd whose concavity is turned towards the negative end of this axis. 
Also its latiiH rectum is 3. 

Referred to the oiiginal axes the vertex is the point ( - 5 i *)» 
axis is y-- and the focus is the point ( - 5 - §)» f -c. ( - Vi f)- 


EXAMPLES. XXV. 

Fiud tho equation to the parabola with 
r 1. focus (3, - 4) and directrix Gjc- 7y + 5 = 0. 

2, focus {a, h) and directiix “ ^ = 

Kind tho vertex, axis, latus rectum, and focus of tho parabolas 

3. 7/=^ = 4j; -I- 4y. 4. x^-{-2ij = %x-l. 

5. j''* - 2^1.1; + 2rty = 0, 0. y^ = 4y-4x. 

7. Draw the curves 

(1) y'^—-Aax, (2) and (3) x-— -4ay. 

8. Find the value of p when the parabola goes through 

the point (i) (3, - 2), and (li) (9, - 12). 

9. For what point of the parabola is tho ordinate equal 

to three times tho abscissa? 

10. Prove Unit tho equation to the parabola, whose vertex and focus 

are on tho axis of x at distances a and a' f om the origin respectively, 
is 7/‘’ = 4(a'-rt)(x-a). 

11. In the parabola i/*=Cx, find (1) the equation to the chord 
through the verti^x and the negative end of tlic latus rectum, and 
(2) the equation to any chord through tin: po:nt on the curve whose 
abscissa is 24. 

12. Prove that tho equation y* + 2Ax4-2/?v + C = 0 represents a 
parabola, whose axis is parallel to the axis of x, and find its vertex and 
the equation to its latus rectum. 

13. Prove tliat tho locus of the middle points of all chords nf 
the parabola 2/'-^=4ax which are draw'n through the vertex is the 
parabola y* = 2ajr. 
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14. Prove that the loctiB of the centre of a circle, which intcRsepte 
a chord of given length 2a on the axis of jt and passes through a given 
point on the axis of t/ distant b from the origin, is the curve 

as® - 2t/b + -=r a®. 

Trace this parabola. 

15. PQ is a double ordinate of a parabola. Find the locus of its 
points of trisection. 

10. Prove that the locus of a point, which moves so that its 
distance from a fixed line is equal to the length of the tangent drawn 
from it to a givt'n circle, a parabola. Find the position of the 
focus and directrix. 

17. If a circle be drawn so as always to touch a given stiaight 

line and also a given circle, prove that the locus of its centre is 
a parabola. ^ 

18. The vertex d of a parabola is joined to any point 1* on tbo 

curve and I'Q is drawn at light angles to AP to meet the axk in (,>. 
Plrove that the projection of PQ on the axis is iihvaya equal to the 
latus rectum. ^ 

ID. If on a given base triangles be df«eribed such that the snm of 
the tangents of the base angles is constant, prove that the locus of 
the vertices is a parabola. 

20. A double ordinate of the curve is of length ; prove 

that the lines from the vertex to its two ends are at right angles. 

21. Two parabolas have a common axis and concavities in oppo- 
site directions ; if any line parallel to the common axis meet the 
parabolas in P and P', prove that the locus of the middle point of PP' 
is another parabola, provided that the Jatera recta of the given para- 
bolas are unequal. 

22. A parabola is drawn to pass through A and P, the cuds of 
a diameter of a given circle of radius a, and to have as directrix a 
tangent to a concentric ciixde of radius b; the axt>s l)eLUg AJf and 
a perpendicular diameter, prove that the locus of the focus of tlie 

^51 tjydi 

parabola is + 

203 , To find tfie poi'nU of intersection of any straiylU 
line with tJte parabola 

y^z:iiax (1). 

The equation to any straight line is 

y mx + 0 (2). 

Tlie coordinates of the points common to the straight 
line and the parabola satisfy both equations (1) and (2), 
and are thei'efore found by solving them. 
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f^libsiituting the \alue of y from (2) in (1), we have 
(wtjc + c)® — 4a£c, 

i,e. ^ mV + 2a; [me ~ 2a) + c® = 0 (3). 

This is a quadratic equation for x and therefore has two 
roots, resd, coincident, or imaginary. 

TJie straight line therefore meets the parabola in two 
points, real, coincident, or imaginary. 

Tlie roots of (3) are real or imaginary according as 
{2 (me — 2a)}® - 

is positive or iiegativ(5, ix, according as — armi + a® is 
positive or negative, i.e, according as me is J a. 


a04. To find the length of the chord intercepted by the parabola on 
the straight line 

f y=-mx + c (1). 

If (Tj, j/j) and (jo, i/^) bo the common points of intersection, then, 
as in Art. 154, we have,* from equation (3) of the last article, 

= (Xj + - 4x^X3 

_4(/nc-2a)® 4(‘® __ 16a (a- wic) 

VI* in'^ ~ rn* ’ 

and 2/i*-2/2=w(jei-3-2). 

Hence the required lengths ^(ifi - 2 / 2 )“*+ ('’’i “ -^ 2 )^ 

=> a/I + w® (Xi - X,) = \/l + rn^ J a (a - me) 


Hibs. To Jind> the ^tq'iialion to the tangent at any point 
(®^ y ) of the parabola y® = 4:ax, 

* Tlie definition of the tangent is given in Art. 149. 

Let P be the point {x\ y) and Q a point yx \ y') on the 
parabola. 

The equation to the line PQ is 

(!)• 

Since P and Q both lie on the curve, we have 


y'® = 4aar' (2), 

and ^ y"® - Aax" (3). 
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Hence, by subtraction, we liavo 

~ 4a (a*" - ar'), 

{y" - y') iy'" -h y') -- 4a (y' - .r ), 

and hence ^ , - ,r^—, • 

.c -.r y +y 

Substituting this value in etjuation (1), we Imve, as 
tlie equation to any secant PQ^ 

i.(\ y (y 4 y") 4ax 4- ijy" 4 y'^ - be/ 

4ax + yy' (4). 

To obtain the equation of the tangent at (.r , y) wo take 
Q indefinhely close to P, and hence, in the limit, put y* z=y\ 
The equation (4) then becomes 

'2yy y'^ 4 4aa: 4^/.r -r 4fr/, 

yy' = 2a (x + x'). 

Cor. It will be noted tiiat the equation to tlie tfingent 
is obtained from tho e<]uation to the curve by the rule of 
Art. 152. 


Bxa. The equation to the tangent at tlio pr>int (2, • 4) of the 
parabola 7/“ = 8 j: is 

2/{-4) = 4(j;42), 

i.e. x + y + 2 = 0. 

The equation to the tangent af tlie point of tho parabola 

4,/.^ is 

2« o / 

y , — -2a lx + - J , 


a 

y=7nx-i‘- . 


206. To find tJi^G condition that ihn straight Hue 

y — mic4-c (1) 

may touch the parabola 4ax (2). 

The abscissae of the points in which the straight line (1 ) 
meets the curve (2) are as in Art. 203, given by the equation 
w*a3* 4- 2a; {nvc — 2a) + c® = 0 (3). 
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1^10 lin(» (1) will touch (2) if it meet it in two points 
wliicTi are iiideliuitely close to oiui another, i.p. in two 
points which ultimately coincide. 

The roi)ts of ecjuation (3) must therefore be equal. 

The condition for this is 

\ (me — 2't)“ = 

i.e. a^—amr—0. 


so that 


a 

m ‘ 


( 1 ). 


Substitutini^ this value of c in (1), we liave as the 
equation to a tangent, 

. a 

y = mx + --. 

m 

In this O(iua(ion m is the lant^ent of tlie an^ijle which 
the tangent makes with the axis of 

* Tlic forogcung piopositioii may also be obtained from the equation 
of Art* 20«>. 

For equation (t) of that article may be \vi tten 

*2a * 2(1 r' 

V = , .r 4 — 

2 r ‘> 

Tr this equation put - i.c. y' — “ , 

^ ^ ij' • m 

, , , y'^ a , 2ii r' n 

and hence .r ~ ,> and — 

vr y 111 

The equation (1) then becomes y = mr+ . 

Also it is the tangent at the point (j:', if), i.e | V 

\m- VI J 

207 . Equation to the vormal at (x\ ?/). The required 
normal is the straight line wliich pusses through tlie point 
(.v'j y') and is perpendicular to tlie tangent, i.e to the 
straight line 

2a . 

y--. (•'•+•'»•) 


Its equation is tho»*efore 


where 


m X — 1, 

y 


U. = 


(Art. 69.) 



NOBHAL TO A PARABOLA. 


183 


and the equation to the nomiul is 

y-y'=^ (*-*') (*)■ 

208. To erpre'iS the equation of tht> nor mail in the fonn 

y - mx— %im am\ 

In e(|uati<ni (1) of the last article put 

, - - m. l.e, y - lam 
la ' ^ 

Hence ./ a7n‘\ 

I’he normal is therefore 

24 + lam - ni (./* am"), 

i.e. y = mz — 2am — am^ 

and it is a normal at the point (am®, — 2am) of the curve. 

In this equation m is the tangent of the angle whicli 
the normal makes with the axis. It must bo carefully 
distinguished from the m of Art. 20G which is the tangent 
of the angle which the tangent makes with the axis. The 
m ” of this article is — 1 divided by the m ’’ of Art. 20G. 

209. Subtangent and Subnormal. Def. if 

the tangent and normal at any point P of a conic section 
meet the axis in T and G i*e.spoctively and PN be the 
ordinate at P, then NT is called the Subtangent and NG the 
Subnormal of P, 

To find the length of the auhtangent and snhnortnal. 

If P be the point (.c, y) the equation to TJ* is, by 
Art. 205, 

yy' = 2a(x + x) (1). 

To obtain the length of A 1\ we 
have to find the point where this 
straight line meets the axis of x, ' 
i.e. we put y~0iii (1) and we 
have 

( 2 ). 

Hence AT- AN. 
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[The nefffxiWe sifjn in equation (2) shews that T and 

ii^ays lie on opposite sides of the vertex j4.] 

Jlenco the subtangent ^2^ — 2AN t'wice the abscissa 
of the point P. 

»S!jice 77^' is a right-angled triangle, we have 

llenco the subnormal NG 

^ _ PN^ ^ 

~ TN ~ 2AN'~'' 

The Hubnonnal is therefore constant for all points on 
the parabola and is equal to the senii-latus rectum. 

aio. Bz. 1. If a chord which is normal to the parabola at one 
end subtend a riftht anple at the vertcsTy prove that it is inclined at an 
angle tan~^ ^2 to the axis, 

Tlic equation to any chord which is normal i-i 
^ g = 7nx - 2a m — am^, 

i. e. mx - y - 2am + ani'. 

Tlie parabola is ip — iax. 

The Htraif;ht lines joininp the oii^^iii to the intersections of the^e 
two arc thercfjio giv<>n by the equation 

{2nni + ain^) - iax {mx - ?/) 0. 

If these be at right augles, then 

2a ni + a tn^ - Aa = 0, 
i,e. 

Bx. 2. From the point irhere any normal to the parabola ip^Arx 
meets the axis is drawn a line jterpendicular to this normal ; prove that 
this line always touches an equal paiabuiu. 

The equation of any normal to tlie parabola is 
y ~ mx - 2am - 

Tliis meets the avis in the point {2a -^-am^, 0). 

The equation to the straight line through this point perpendicular 
to the noniial is 

7/ = wij (.r _ - nm*), 

svhero 7/ijW= -1. 

The equation is therefore 

i.e, y = Ml (.r - 2<f) - — . 
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Tills straight line, as in Art. 200, always touches the equal par|^o]a 
-4a (j;-2rt), 

whose vertex is the point {2a, 0) and whose concavity is towards the 
negative end of the axis of x. 


EXAMPLES. XXVI. 

^yrite down the equations to the tangent and normal 

1. at the point (4, C) of the parabola 9x, 

2. at the point of the paral)ola y®— 6 j* whose ordinate is 12, 

3. at the ends of the latus rectum of the parabola 12x, , 

4. at the ends of the latus rectum of the parabola y- = la (x ~ a). 

5. Vind the equation to that tangent to the parabola — 7x 
which is parallel to th£ straight line 4y - x + » 0. Emd also its 
point of contact. 

6. A tangent to the parabola \j^=r\.ax makes an angle of C()° witl^i 
the axis ; find its point of contact. 

7. A tangent to the parabola makes an angle of 45° with 

the straight lino = Find its equation and lis point of 

contact. 

8. Find the points of the parabola i/2i4«i.r at which (i) the 
tangent, and (ii) the normal is inclined at 30° to the axis. 

9. Find the equation to the tangents to the parabola - Ox which 

goes through the point (4, 10). 

10. Prove that the straight line x + y = l touches the parabola 

11. Prove that the straight line j/ = w.r f c touches tlio parabola 
w^=:4afx + a) ifc=:wifl + — . 

12. Prove that the straight line lx + wi/ + « = 0 touches tlie parabola 

y 2 ~ 4^,^ if f ft .=s am“. 

13. For what point of the parabola y2=4«x is (1) the normal equal 
to twice the subtangent, (2) the uormal equal to the difference between 
the subtangeut and the subnormal ? 

Find the equations to the common tangents of 

14. the parabolas and 

15. the circle x®+ ?/®:=4ax and the parabola y^^Anx. 

16. Two equal parabolas have the same vertex and their axes are 
at right angles ; prove that the common tangent touches each at the 
end of a latun rectum. 
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17, Rrovft that two straight lines, one a tangent to the parabola 
(.r 4 a) and the other to the parabola i/-=4a' (j + a'), which are 

at right angles to one another, meet on the straight line x + a + a'=0, 
Shew also that this straight line is the common chord of the two 
I)arabolas. ^ 

18. PN is an ordinate of the parabola ; a straight line is drawn 
parallel to tbe axis to bisect NP and meets the curve in Q ; prove 
that NQ meets the tangent at the vertex in a point T such that 
AT=INP. 


19. Prove that the chord of the parabola y^ — 4ax, whose equation 

is j/ - j* ^2 + 4a — 0, is a normal to the curve and that its length is 

20. li* per])endicularB bo drawn on any tangent to a parabola from 
two Gxed points on the axis, whicli are equidistant from the focus, 
prove that the difference of their squaies is constant. 

21. If P, and R be three points on a parabola whose ordinates 
are in geometrical progression, pro\o that the tangents at P and JR 
meet on the ordinate of Q. 

t 22. Tangents are drawn to a parabola at points whose abscissee 
are in the ratio /x : 1 *» prove that they intersect on the curve 

23. If tiie tangents at the points {.r\ if) and (r", ?/") meet at the 
point (jj, y^) and the normals at the same points in (jto, 7/o), prove 
that 

( 1 ) 


y'2 ^ y>U 


4a 


and y.^ — 


and hence that 


(3) ar 2 = 2a+’^ - and ' 


-yy 


?/'+?/" 

’ * 


24. From the preceding question prove that, if tangents be drawn 
to the parabola y- — 4rt.r from any point on the parabola y^=o (x + 6), 
them the norm.als at the {loints of contact meet on a fixed straight 
line. 


25. Find the lengths of the normals drawn from the point on the 
axis of the parabola |/^=8aas whose distance from the focus is 8a. 

26. Prove that the locus of the middle point of the portion of a 
normal intersected between the curve and tlie axis is a parabola whose 
vertex is the focus and whose latus rectum is one quarter of that of 
the original parabola. 

27. Prove that the distance between a tangent to the parabola and 
the parallel normal is a cosec 6 seo^ where $ is the angle that either 
makes with the axis. 
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28. -PNP^ is a doable ordinate of the parabola; prove thaljat^e 
locus of the point of intersection of the normal at P and the straight 
line through P' parallel to the axis is the equal parabola 4tf ( r - 4a) . 

29. The normal at any point P meets the axis in G and the 
taiij/ent at the vertex in G ' ; if ^ be the vertex and Ihe rof.angle 
AGQG^ be completed, prove that the equation to the locus of Q is 

a^ = 2ax^ + ay^. 

30. Two equal parabolas have the same focus and their axes are 
at right angles ; a normal to one is perpendicular to a normal to the 
other; prove that the locus of the point of intersection of these 
normals is another parabola. 

31. If a normal to a parabola make an angle <f> ^ith the axis, 
shew that it will cut the curve again at an angle tan' ^ tan 0). 

32. Pro\ e that the two parabolas 4aar and ij^ - 4c ( r h) cannot 

have a common normal, other than the axis, unles'? 2. 

a - c 

33. If prove that a point can be found such that the two© 

tangents from it to the parabola y'^=Aax arc normals to the parabola 

34. Prove that three tangents to a parabola, which are such that 
the tangents of their inclinations to the axis are in a given harmonioal 
progression, form a triangle whose area is constant. 

35. Prove that the parabolas y^^Aax and x^ = Aby cut one another 

at an angle tan'i 5 v . 

2 (a» + b^) 

36. Prove that two ))arabolas, having the same focus and their axes 
in opposite directions, cut at right angles. 

37. Shew that the two parabolas 

x^ + ia{y -26-o)=0 and y^=ib (x-2a + b} 
intersect at right angles at the common end of tb.e latus rectum 
of each. 

38. A. parabola is drawn totfehing the axis of x at the origin and 
having its vertex at a given distanee k from this axis. Prove that the 
axis of the parabola is a tangent to the parabola x^=- - 8A (y ~ 2k), 

211. Some properties of the Parabola. 

(a) 1/ tlie tangent and nvormal at way point P of the 

pwrahola Tneet the axis in T and G respectively ^ then 

ST^SG^SP, 
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arid the iamjent at P is equally inclined to the axis and the 
focal distance of P. 



Let P ])e the point (.r, y). 

Draw PM perpendicular to the directrix. 

Ily Art, 209, we have AT- AX. 

TS - TA +AS - ^ A+ ZA -- irX- MP = SP, 
and hence z kS^TP z 

By the s>ame article, XG - 2zl#S^“ ZS. 

.. SG-;sx-i-xa zs^sx- mp-sp. 

(P) If the tamjcnl at P meet the dincirix in K, then 
KSP is a right angle, 

For z 'SPT= z PTS= z KPM. 

Hence the two trianp;les KPS and KPM liave the two 
Rides KP^ PS and the angle KPS equal respectively to tlie 
t^\o sides KP^ PM awd the angle KPM, 

Hence .l KSP^ z KMP a right angle 
Also lSKP^lMKP, 

(y) Tangents at the extremities of any focal chord inter- 
sect at right angles in the directrix. 

For, if PS be produced to meet the curve in then, 
since P**SK is a right angle, the tangent at P* meets the 
directrix in K, 
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Also, by (13), L MKP l SKP, 
and, similarly, i M'KP' = l SKP\ 

Hence 

/ PKP' --- ^ L SKM + ^ z SKM' = a right angle. 

(8) If SY he perpendicular to the tangent at P, theti Y 
lies on the tangejit at the vertex and SY^~ AS , SP. 

For the equation to any tangent is 

y = mx + ( 1 ). 

The equation to the perpendicular to this line passing 
through the forus is 

y ^ (2). 

The lines (1) and (2) meet where # 

a 1 . , 1 a 

inx -t- - — - ~ (.r — a) .r 4- — , 

m 7n ' m m 

1 . e. where a = 0. 

Hence Y lies on the tangent at the vertex, 

Also, by geometry, 

SY^ ^ SA , ST - AS . SP. 


212. To prove that through any given point (xj, y^) 
there pass, in generaJ, two tangents to the parodtola. 

The equation to any tangent is (by Art. 206) 


y = mx 


a 

in 


(1)- 


If this pass through the fixed point y^, we have 


y^ = 4 - 


a 


i. c. m^Xi — my I -i- a~0 (2), 

For any given values of Xi and yi this equation is in 
general a quadratic equation and gives two values of m 
(real or imaginary). 

Ck>rreBponding to each value of m we have, by substi* 
tuting in (1), a difiTerent tangent. ^ 
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•The roots of (2) are real and different if l>e 

positive, i.e., by Art. 201, if the point y^) lie without 

the curve. 

Tiiey afe equal, i. e. tlie two tan^^ents coalesce into one 
tangent, if y^— be zero, Lp. if the point y^) lie on 
the curve. 

The two roots are imaginary if y^^ — Aa.j\ be negative, 
i.e. if the point (.r,, y^) lie within the curve. 


213. Equation to the chord of contact of tangents 
Arawn from a innnt (a*^, y^. 

The equation to the tangent at any point whose 
coordinates are x! and y\ is 

yy =- 2a (x i x). 

Also the tangent at the point A, wliose cfx)rdinates are 
V' and y", is 

yy" - 2a (,c + .«'). 

If these tangents meet at the point T, whose coordi- 
nates are 'u\ and y,, we have 


j/,y' = 2a {j-i + x') (1) 

aiHl »/,</' = 2a (.r, + a-'') {2). 

The etjuation to QR is then 

yyi = 2a(x+Xi) (3). 

For, since (1) is true, the point (x', y) lies on (3). 

Als(), since (2) is true, the point (x*, y") lies on (3). 

Hence (3) must be the equation to the straight 
joining (a;', y) to the point {x\ y”), i.e. it must bo the 
equation to QH the chord of contact of tangents from the 
point (:c,, y^. 


^ 214:. The })olar of any point with respect to a para- 

bola is defined as in Art. 1 62. 

To fimi the equation of Oie polax of the point (x^, y,) 
with respect to the paraboRi f — 4ax. 

Let Q and E ^e the points in which any chord drawn 
through the pojnt I\ whose coordinates are (.r,, y^), meets 
the parabola. ^ 
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Let the tangents at Q and R meet in the point wRose 
coordinates are (4, k). 


We re<juire tlio locu.s of (4, k). 

Since QR is the chord of contact of tangents from (4, k) 
its equation (Art. 1^13) is ^ 

hif - 2a {x f 4). 

Since this straight line passes througli tlie i)oint »/i) 
we have 

%x = 2..(rr,H-4) (1). 

Since the relation (1) is true, it follows that the point 
(4, k) always lies on the straight line 

• yyi = 2a(x + xi) ( 2 ^. 

Hence (2) is the equation to the polar c>f (r^, //j). 

Cor. The equation to the polar of the focus, viz, the point (a, 0), 
is 0 = r f a, so that the polar of the focus is the directrix. 

• 215 - When the point lies without the paralxda 

the equation to its polar is the same as the eejuation to the 
chord of contact of tangente drawn from (.Vj, y^). 

When (a*!, is on the parabola the polar is the s^une 
as the tangent at the point. 

As in Art. 164 the polar of (jr,, y,) might have been 
defined as the chord of contact of the tangents (real or 
imaginary) that can be drawn from it tOjthe parabola. 

216 . Geometrical construction for tJ^e pola/r of a point 

(^9 i/i)- 
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uet T be the point (as, , y,), so that its polar is 

j/y,=^2a(x + a-,) (1). 

Throiigli T draw a straight line parallel to the axis ; its 
equation is therefore 

y -Vi (-)• 

Let this straight line meet the polar 
in V and tlic curve in J\ 

The (coordinates of F, which is the 
intersection of (1) and (2), are therefore 



Also is the point on the curve 
whose ordinate is yj, and whose coordi- 
nates are therefore 

aiul y,. 
abscissa of 7" + abscissa of r 

Sinc0 ttoscissjx of A ^ tri©rO" 

fore, by Art. 22, Cor., J* is the 
middle point of TT. 

Also the tangent at is 



which is parallel to (1). 

Hence the polar of T is parallel 
to the tangenc at P. Fig. 2. 

To draw the polar of 7^ we therefore draw a line through 
7] parallel to the axis, to meet the curve in 7' and produce 
it to V so that TI* - PV \ a line through V parallel to the 
tangent at P is then the polar required. 

ai7. IJ tlie polar of a point P vatufei throutfh the point T, then 
the polar of T goes through P. (Fig. Art. 214). 

Lot P be the point yi) and T the {>oint {h, k). 

The polar of P is yy^ = 2a (jf + ac,) 

Since it passes through T, we have 

' 4'i*'=2<i(a, + ft) (1). 
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The polar of T is p/c = 2a (ar 4- //). ^ 

Since (1) is true, this equation is satisfied by the coordinates 
andj/i. 

Hence the proposition. 

Cor. The point of intersection, T, of the polars of two points, 
P and Q, is the pole of the lino PQ. 

218 . To find the i^ole of a given straight line yyith respect to the 
parabola. 

Lot the given straight line be 
Ax 

If its pole bo the point (.r^, it must be the same straight 
line as 

yy^^%i (ac + j-j), 

i.e. 2nx - yy^ -f 2ax^ - 0. 

Since these straight lines are the same, wc have 
2a _ -Pi _ 2aj*j 

J- ii € * 

C , 2Da 

i,e. yi=“ ^ • 

219. To find the. equation to the pair of tangents thcU 
can be drawn to the parabola from the point (.Tj, 

Let (4, k) be any point on either of the tangents drawn 
from (.r^, yf). The equation to the line joining (.r^, y,) to 
(4, 4) is 




i.e. 

*•'•1 

^ A - /i — j\ 

If this bo a tangent it must be of the forn 


a 

y - mx + — , 

so that 

4-y/, , a 

h — Xy n — rn 

Hence, 

by multiplication, 


^ h^Xy h—Xy ^ 

i, e. 

a (h - Xyf = (4 - yy) {hyy - JeXy). 


J. 


7 
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^ The locus of the point {h, k) (i. e. the pair of tangents 
required) is therefore 

a(x- *,)= {>/ - y,) (ay, - ya:,) (1). 

It will be seen that this equation is the same as 
(y® - 4aa-) (y,® - 4<ia-,) ^ {yy, - 2a (x + a^)}®. 


220 . To prove that the middle pointu of a system of 
parallel chords of a parabola all lie on a straight line which 
is parallel to the a,ris. 

8ince the chords are all parallel, they all make the same 
angle with tlie axis of a*. Jjet 
the tangent of this angle be m. 

The equation to QR^ any 
one of these chords, is there- 
fore 

•• y - mx^'C ( 1 ), 

where c is diflerent for the 
several chonls, but rn is the 
same. 



This straight line meets the parabola — \ax in points 
whose ordinates are given by 

ia{y-c), 

. Aa Aac 

?,6. y- 


-y + ~ 
m m 


-0 




Let the roots of this equation, i.t. the ordinates of Q 
and Ry be f and y", and let the coordinates of T, the 
middle point of QR^ be (//, k). 

Then, by Art. 22, 

2 m ’ 

from equation (2). 

The coordinates of V therefore satisfy the equation 
2<r 

so that the locus of K is a straight line parallel to the axis 
of the curve. 
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The straight line y = meets the curve in a puiift P, 

iii 

whose ordinate is ~ and whose abscissa is therefore — 
nx • wi* 

The tangent at this point is, by Art. 205, 

a 

y — mx + — , 
m 

and is therefore parallel to each of the given chords. 

Hence the locus of the middle points of a system of 
parallel chords of a parabola is a straight line whicli is 
parallel to the axis and meets the curve at a point the 
tangent at which is parallel to the given system. 

221 . To find the equation to the chord of the parabola which it 
bisected at any point {h, h). 

By the last article the required chord is parallel to the tangent at 
the point P where a line tlirough {h, k) parallel to the axis meets thf 
curve. 

Also, by Art. 216, the polar of (7<, k) is parallel to the tangent at 
this same point P. 

The required chord is therefore parallel to the polar yk=^2a {r //), 

Hence, since it goes through (/t, ^), its equation is 

k{y-l)-=2a{x-h) (Alt. 07). 

222, Diameter. Def. The locus of the middle points 
of a system of parallel chords of a parabola is called a 
diameter and the ^*lior<ls are called its double ordinates. 

Thus, in the figure of Art. 220, PT is a diameter and 
QE and all the parallel chords are ordinates to this 
diameter. 

The proposition of that article may therefore bo stated 
as follows. 

A7iy diameter of a parabola i» parallel to ilie axis and 
fhe tangent at the point tchere it metis the curve is parallel 
to its ordinates, 

223. The tangents at the ends of any chord meet on 
the diameter which bisects the chord. 

Let the equation of QR (Fig., Art. 220) be 
y = mx -h c 


( 1 ), 
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andf let the tangents at Q and 12 meet at tJie point T 

(*i, yi)- 

Tlieii QJl is the chord of contact of tangents drawn 
from 7\ and hence its equation is 

yyi - 2a (a- + a-,) (Art. 213). 

Comparing tliis with equation (1), we have 

2a 2a 

— — Vi, so that ?/. = — , 

2/1 m 

and therefore 7' lies on the straight lino 


But tliis straight line was proved* in Art. 220, to be 
the diameler PV which bisects the chord. 

224 . To find the equation to a parabola, the axes 
heinej any diatneter and the tangent to the parabola at the 
point where this diameter meets the curoe. 

Let PYX be the di.ameter and PY the tangent at P 
meeting the axis in 7\ 

Take any jioint Q on the curve, 
and draw QM perpendicular to the 
axis meeting the diameter in L. 

Let PV Ixi .r and YQ be y. 

Draw PN |K3rpendicular (o tlie 
axis of the curve, ami lot 

(9- . yPX^ lPTM. 

Then 

4J.y. t.V- PS'^-- Arnam<9=4JA^tan^^?. 

AN — AS , cot* B -- a cot* B, 
and PN ^JiAS .AN - 2a cot B. 

No^v AJf-4a. AM (1). 

Also 

QM - Nl* + LQ - 2a cot B + YQ sin B = 2a cot^ + y sin Bf 
and AM ■=i AN + PY + YL — a col* d + a* + y cos B 
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Substituting these values in (1), we have 

(2a cot 0 J y sin By — la {a cot® ^ + .r + y cos 0)^ 

L e. y® sin® 0 - 4a.r. 

ITie recjuired equation is therefore 

y^~4pc . ( 2 ), 

where 

p = + cot-* ^) - a ^ AiV SI* (hy Art. 202). 

The equation to the parabola referred to the above axes 
is therefore of tJie same form as its equation ieferr(Hl to the 
rectangular axes of Art. 197. 

The equation (2). states that 

QV'^ 4SP rr. 

225 . The quantity 4/) is cidlod the parameter of thS 
diameter PV, It is equal in length to the chord which is 
parallel to PY and passes through the focus. 

For if Q'V'Ji' be the chord, parallel to PI and ]>assing 
througli the focus and meeting PY in V\ we have 
PV' .Vr SP=p, 

so that t/r® 4p.PV' 4;r, 

and hence (/P — 2Q' V* 4p. 

226 . Just as in Art. 205 it could now be shown that 
the tangent at any point (r , y) of the above curve is 

yy 2p{,r-i x). 

Similarly foi the equation to the polar of any point. 

examples, xxvn. 

1. Prove that the length of the chord joining the points of 
contact of tangents drawn from the pouit (jtj, is 

•Jitiyr^a^JyPj- 4rtXj 
a 

2. I’rove that the area of the triangle formed by the tangents 
from the point (arj, j/J and the chord of contact is {y^ - 
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S, If a perpendicular be let fall from any point P upon ita polar 
prove tbat the distance of the foot of thin perpendicular from the 
focus is equal to the distance of the point P from the directrix. 

4 . What #8 the equation to the chord of the parabola 
which is bisected at the point (2, -3)? 

5. The general equation to a system of parallel chords in the 
parabola y^= V ^ is 4x - y + 1 =0. What is the equation to the cor- 
lespoiiding diameter? 

6. P, Qi and R arc three points on a parabola and the chord PQ 
outs the diameter through R in T. Ordinates PM and QN are drawn 
to this diameter. Prove that RM . RN = 22 

7. Two equal parabolas with axes in opposite directions touch at 
a point O. Fiom a point P on one of them are diawn tangents PQ 
and PQ' to the other. Prove that QQ' will touch the first parabola in 
P' where PF is parallel to the common tangent at 0. 

Coordinates of any point on the parabola ex- 
i[>reB8ed in terms of one variable. 


227 . It is often convenient to express the coordinates 
of any point on the curve in terms of one variable. 

Ft is clear that the values 

a 2a 


alwnys satisfy tlie equation to the curve. 
Hence, for all values of m, the point 



lies on the eurve. J]y Art. 206, this m is equal to the 
tangent of the angle which the tangent at the point makes 
with the axis. 

The equation, to the tangent a( this point is 


y = mx + 


a 

m ’ 


and tlie normal is, by Art. 207, found to be 
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228. The coordinates of the point could also be Ex- 
pressed in tonus of the m of the normal at the point ; in 
this case its coordinates are aim? and — 2am. 

The equation of the tangent at the point (am^, — 2am) 
is, by Art. 205, 

my + JT + awt® - 0, 

and the equation to the normal is 

y — mx — 2t«m - am^. 

229. The simplest substitution (avoiding both nega- 
tive signs and fractions) is 

and ys2at. 

Tliese values satisfy the equation y* = 4a,x*. 

The equations to the tangent and normal at the point * 
{af, 2<it) are, by Arts. 205 and 207, 

ty = x at\ 

and 2 / /a* = 2a< + at'\ 

The equation to tlie straight line joining' 

{at^, 2at^) and (a<./, 2at^ 
is easily found to be 

y (^1 + ^a) = + 2a^i^a. 

The tangents at the points 

2aty) and (a«./, 2aQ 
are t^y + at^, 

and — ic + at.^. 

The point of intersection of these two tangents is clearly 
a (^1 - 1 -/ 2 )}. 

The point whose coordinates are (a/*, 2at) may, for 
brevity, be called the point “L” 

In the following articles we shall prove some important 
properties of the parabola making use of the above substi* 
tution. 
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i230. If the taiujents at P and Q meet in T, prove that 

(1) TP and TQ subtend equal angles at the focus S, 

(2) ST^^SP.SQ, 

and (3) 1 h 0 triangles SPT and STQ are similar. 

Lot P he the point (at-^^ and Q be tlie 

point {atf^, 2rt bo that (Art. 221)) T as the i)oint 

(1) The equation to *S7^ is y= (.r - a), 

i.e. -2t^x + 2at^ — (). 

Tht! perpendicular, Tl\ from T on this 
Htraight line 

_ (^- - 1) (^ + ^.) - 2/, . - t,% ) + {t, -J .) 

= </{/,- hj). 

Similarly 777' han the Banic numerical value. 

The angles PST and QST are therefore equal. 

(2) By Ai t. 202 we have SP=a (1 + and SQ — a{l h tf). 

Also S'T- = - a)“ + (tj + 1^)^ 

[tf'Lf -f - + 1.- -hl] = a^{l + ri«) (1 -t- «./). 

Hence ST-=SP.SQ. 

(3) Since and the angles 7\SP and TSQ are equal, the 

triangles SPT and STQ are similar, so that 

Z SQT-^ I STP and Z STQ=z z SPT. 



231. The area of the triangle formed by three points on a 
parabola is tuuce the area of the triangle fanned, {vy the tangents at 
these 2^01 nts. 

Let the three points on the parabola be 

2a/i), (atf\ Satg), and {at^^, 2a^g). 

The area of the triangle formed by these points, by Art. iio, 

- i (2af2 - 2«/g) + at^“ (2atQ - 2afj) at.^^ (2tt(i - 2at^)] 

= (V 

The intersections of the tangents at these points are (Art. 229) 
the points 

{«Ua. «(^3+<»)}. «(^3+^i)}» and {at^U, ^(^ + < 2 )}. 

The area of the ti iangle formed by these throe points 

{*^^^ 2^8 (^*^^3 ■" ^^^o) ■) ^^3^1 (nfj — <ifj) + afjfg ((it2“^tfi)} 

a=^a- (f.j - fj) (^3 - fj) (tj - rj)* 

The first of these areas is double the second. 
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3S3. The circle cireunacrihing the triangle formed hy any three 
taufjents to a parabola prufseis through thejociut, 

hot }\ and Jl be the points at which Die tangents are drawn 
and let their coordinates be ^ 

2ot^)f {at/y 2at^)y and 2at^), 

As in Art. 2‘iO, the tangents at Q and R intersect in the point 


Similarly, the other pairs of tangents meet at tiie points 
{«Vi, o.rnl f '‘.Oj. 

Let the equation to the circle bo 

J.2 ^ 2gx -I- 2fy + c - 0 (1). 

Since it passes tlirough the above three points, we have 

+ a- ( tf+ 1 ,)2 + 2ga + 2fa ( 4 t J + c -- 0 . . . . (2 ), 

+a^(t^ + /j)2 + 2gat.Jj 4- 2/‘a (fj 4- A,) | c - 0 . . . .(H), 

and <2 ‘^/j%2 4- {<1 -h 1* 2/« (A, * A^) f r = 0 ( 1). 


Subtraxiting (3) from (2) and dividing by a (A^ - Aj), wo have 
® (^1 + f'i) + fj + A 3 + 4* 2f=r 0. 

Similarly, from (3) and (4), wo have 

^ {^1^ (^2 + Aj) + 12 4' + ^ j 2/ - 0. 

From these two equations we have 

2^= — a (1 4* A2A3 4- Agtj 4- A^A^) and 2/-=^ - a [Aj -1- A^ *f A^ - A^A^Ay]- 
Substituting these values in (2), we obtain 

C = a2 (A2As4-A3Ai4-A,A2). 

The equation to the circle is therefore 
J:® + 2/“’ - ax (1 4- A2A3 4- tyAj 4- AjA2) - «!/ (Aj -f- Ay -f- A3 - 

+ rt-(A2A., 4 AjAj + A|A2)“0, 
which clearly goes tlirough tlie focus {«, 0), 

233 . If 0 he any point on the axie and POP' he any chord 
parsing through 0, and if PM and I^M' he the ordinates of P and JP', 
prore that AM .JM'=AO^, and PM . ~4a . AO. 

Let O be the xioint {hy 0), and let P and bo the points 
(flA|*, 2aAj) and 2at^). 

The equation to PP is, by Art. 229, 

(A2 + A,)y-2fle=2fltiA2* 

If this pass through the point (ft, 0), we have 
-2ft=2aA,t5, 
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Hence A .V . A Jl/' = a/i' . a t,»= «* . *• = 7/* = /1 0«, 

and = ^ = -4a . AO. 

Oot, If O bti the focuB, A():=:n, and we have 

a 

The points (at^\ 2ft t^) and therefore at the ends 

of a focal chord. 


234 . 'To prove tiutt the orthoceiitre of any triangle formed by 
three tangents to a parabola lies on the directrix. 

Let the equations to the three tangents be 



a 

y=m^x + 

(1), 

a 

‘ uq 

1/=Wlj5X+ 

7M., 

(2). 


and 




,{3). 


The point of intersection of (2) and (3) is found, by solving them, 
to be 


f ^ 

/I 

IM 

1 » 

a ( — + 

jv 

Iw*2'”8 

\»«2 

m,/) 


The equation to the straight line through this point perpendicular 
to (1) is (Art. C9) 

^ wij) ” ~ j?q [f ■ ’ 

i,e. 1 / H- — =a f — + - + — 1 (4). 

Wlj L«*2 ^'^8 Wh?7?2«t3J 

Similarly, the equation to the straight line through the intersection 
of (3) and (1) perpendicular to (9) ie 

■ X / I I 1 \ 

y-H — — -f ) 5), 

and the equation to the straieht line through the intersection of (1) 
and (2) perpendicular to (8) is 


x /II 

M + — =a — + — 


2 WIiWjWlj/ 


( 6 ). 


The point which is common to the straight lines (4), (o), and (6), 
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i.e. the orthooentre of the triangle, is easily seen to bo the pMnt 
whose coordinates are « 


/111 1 \ 
w = a{ 1- — ^ + , 

'' \m^ wij JHj 

and this point lies on the directrix. 


EXAMPLES. XXVIII 

1. If (u be the ani:;le which a focal chord of a parabola makes with 
the axis, prove that the length of the chord is 4a cosec^ u and that the 
perpendicular on it from the vertex is a sin w. 

2. A point on a parabola, the foot of the perpendicular from it 
upon the directrix, and the focus ate the vertices of au equilateral 
triangle. Prove that th^ focal distance of the point is equal to the 
latus rectum. 

3, Prove that the seini-latus-rectum is a harmonic mean between 

the segments of any focal chord. i 

4, If 'f’ be any point on the tangent at any point P of a parabola, 
and if TL be perpendicular to the focal radius SP and TN be perpeii- 
dicular to the directnx, prove that SL = TN, 

Hence obtain a geometrical construction for Ihe pair of tangents 
drawn to the parabola from any point ’i\ 

6. Prove that on the axis of any parabola there is a certain point 
K which has the property that, if a choid PQ of the parabola be drawn 
through it, then 

_3 JL_ 

is tlie same foi all positions of the chord. 

6, The normal at the point 2atj) meets the parabola again 
in the point (afg*, 2 at 2 ) ; prove that 



7. A chord is a normal to a* parabola and is inclined at an angle 
9 to the axis ; prove that the area of the triangle formed by it and 
the tangents at its extremities is 4a^ sec^ 0 oosec^ 0. 

8. If PQ be a normal chord of the parabola and if be the focus, 
prove that the locus of the centroid of the triangle SPQ is the curve 

Sdays (3x - 6a) - 81y*= 128a^ 

9. Prove that the length of the intercept on the normal at the 
point {at\ 2at) made by the circle which is described on the focal 
distance of the given point as diameter ha + 
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K). Prove tbiit tlic nrea of the triangle formed by the normals to 
the i^irabola at the points 2at,j) and is 

T, ih - ^3^ (fs - M (h - U) ('l + '2 + h)^- 

* 

11 . Prove that the normal chord at the point whose ordinate 
is equal to its abscissa suhleuds a light angle at the focus. 

12. A chord of a parabola passes through a point on the axis 
(outside the parabola! whose distance from the vertex is half the 
latus rectum ; prove that the normals at its extremities meet on the 
curve. 

13. The normal at a point P of a parabola meets the curve 
again in Q, and T is the pole of PQ ; shew that T lies on the diameter 
passing through the other end of the focal chord passing through P, 
and that PT is bisected by the directrix. 

14. If from the vertex of a parabola a jlair of chords be drawn at 
right angles to one anotlier and with these chords as adjacent sides a 
rectangbi be made, pro^e that the locus of the further angle of the 

^ rectangle is the parabola 

y^—4a (.r- 8rt). 

15. A series of chords is drawn so that tlieir projections on a 
Btraight line which is inclined at an angle a to the axis are all of 
constant length c ; prove that tlie locus of tlicir middle point is the 
cur\ e 

(y2 - 4ax) {y cos a + 2a sin a)^ -f a^c- = 0. 

16. Prove that the locus of the poles of chords which subtend a 
right antrlo at a fixed point (/j, A) is 

ax^ - hy^ + (4^'-* -I 2ah) x - ^aJry + a {h- + A-) = 0. 

17. Prove that the locus of the middle points of all tangents 
drawn from points on the directrix to the parabola is 

p* (2x + o) =<i (3a; -t a)-. 

18. Prove that the orthocentrc»fl of the triangles formed by three 
tang('jits and the corresponding three normals to a parabola are 
equidistant from the axis. 

19. T is the pole of the chord PQ ; prove that the perpendiculars 
from P, T, and Q uiioii any tangent to the parabola are in geometrical 
progression. 

20. If and be the lengths of radii vectores of the parabola 
which are drawn at right angles to ono another from the vertex, prove 
that 

rj J = 16<|2 ^ 

21. A parabola touches the sides of a triangle APC in the points 
D, jK, and F respectively ; if I)E and T)F cut the diameter through the 
point .d in & and c respectively, prove that Bb and Cc are parallel. 
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22. Provo that all circles described on focal chords as diamelprs 
touch the directrix of the curve, and that all circles on focal radii as 
diameters touch the tangent at the vertex. 

23. A circle is described on a focal chord as diametei^; if m be the 
tangent of the inclination of the chord to tlie axis, prove that the 
equation to the circle is 

x»+7/=-2«r (l+ -3-(S^0. 

‘ ' ?«■*/ 

2i. L OIJ and jVOilPare two chords of a parabola passing through 
a p >int O on its axis. Piovo that the radical axis of the circles 
described on LV and MM’ as diameters passes through the vertex of 
the parabola, 

25. A circle and a parabola intersect in four points; shew that the 
algebraic sum of the ordinate a of the four points is zero. 

Shew also that the line joining one pair of those four points and 
the line joining the other pair are equally inclined to the axis. 

26. Circles are drawn through the veitcv of tlie parabola tocut^ 
the parabola orthogonally at the other point of interHcction. Prove 
that the locus of the centres of the circles iii the curve 

2y* (‘2y2 I2(f r ) = ax (.'Ij* - 4a )3, 

27. Pr<5ve that llie equation to the circle passing through the 
points (atj®, 2a tj) aud (afjj®, 2af2) aud the iiitcpseotion of the tan- 
gents to the parabola at these points is 

a^ + tj--axl(t^ + U)^ + 2]-ay + (1 - tj/.j) + (2 - 

28. f^nd TQ arc tangents to the parabola and the normals at P 
and Q meet at a point on the curve ; pro\e that the centre of the 
ciicle circumscribing the triangle TPQ lies on tlie parabola 

2y^=:a {x~a). 

29. Through the veitex A of the parabola y^-4ar two chords AP 
and AQ are drawn, and the circles on AP and AQ as diameters 
intersect in Ji. Prove tliat, if ^j, and 0 be the angles made with 
the axis hy tlie tangents at P and Q and by Aliy then 

cot 01 + cot 0^ -i- 2 tan 0—0. 

30. A parabola is drawn such that each vertex of a given triangle 
is the pole of the opposite side ; shew that the focus of the parabola 
lies on the nine-point circle of the triangle, and that the ortlioccntro of 
the triangle formed by joining the middle points of the sides lies on 
the directrix. 



CHAPTER XI. 

THE PARABOLA {continued). 


[On a first reading of this Chapter, the student may, with 
advantage, omit from Art. 239 to the end.] 

Some examples of Loci connected with the 
Parabola. 

236. Bac. 1. Fhul the locus of the intersection of tangents to the 
•parahoia j/^ = 4aa:, the angle between them being always a given angle a. 

The Btraight line y = mx + — is always a tangent to the parabola. 
in 

If it pass through the point T {h, 1) we 
liavo 

niVi-mk + a = 0 (1). 

If and jWj ho the roots of this equation 
we have (by Art. 2) 

Wj H (2), 

and = ^ (3). 

and the CHxuations to TF and TQ are then 



a . a 

w='i«,x+ - and wssniaXH . 

wij 

Hence, by Art. Gft, we have 

m^ - vi.2 + in 2 ) ^ - 4m |Wa 


tan tt — _ ^ ~ = 


1 + m^m,2 


1 + niiin .^ ' 

/¥~‘la __ 

^ V ~ h _ ^ki^Wah 

, a a + /i * 


by (2) and (8). 
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fc’»-4a/i=(a+fc)*tan<a. 

Hence the coordinates of the point T always satisfy ttie equation 
- iax = (a tan® a. 

We shall find in a later chapter that this curve is a hyperbola. 

As a particular case let the tangents intersect at right angles, so 
that - 1. 

From (3) we then have ft = - n, so that in this case the point 2’ lies 
on the straight line a* = - a, which is tho directrix. 

Hence the locus of the point of intersection of tangents, which cut 
at right angles, is the directrix. 


Bsc. 2. Prove that Vie locus of the poles of chords which are normal 
to the parabola y®=5 4aa; Is the curve 

p®(j5 + 2fl)4-4a®=-0. 

Let PQ be a chord which is normal at P. Its equation is then 


y = nix-- 2am - ani^ (1). 

Let the tangents at P and Q intersect in 1\ whose coordinates are 
ft and /c, so that we require the locus of 7\ 

Since PQ is the polar of the point (ft, k) its equation is 

yk=r.2a(X’{- h) (2). 


Now the equations (1) and (2) represent the same straight line, so 
that they must Im 3 equivalent. Hence 


2a , H 2aft 

m=^, and - 2am-a»r=-^ . 


Eliminating i e. substituting the value of m from the first of 
these equations in the second, we have 

4a® 8a* _ 2aft 


i.e. A:® (ft f 2a) + 4o*=0, 

The locus of the point T is therefore 

p® (df + 2a) + 4a®=0. 


Bz. a. Find the locus of the middle points of chords of a parabola 
which subtend a Hght angle at the vertex^ and prove that these chords all 
pass through a fixed point on the axis of the curve. 
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first BSsthod. Let PQ bo any snch chord, and let its equation be 

y -vix + c (1). 

Tlie lines joining the vertex with tho 
points of intersection of this straight line Y 
with the paral ola 

2/*Tr4f/.r (0), 

are given by the equation 

y-c = iax (y - mx). (Art. 1 22) 

These straight lines arc at right angles if 
c + ^am-^0. (Art. Ill) 

Substituting this value of c in (1), tlic 
equation to PQ is 

y — m (.r - ia) (3). 

This straight line cuts the axis of ar at a constant distance 4a from 
the vertex, i.e. AA'-da. 

If the middle point of PQ bo (//, k) we have, by Art. 220, 

. 

Also the point {/i, k) lies on (3), so that we have 

A; = m {h - 4a) (5). 

If between (4) and (.j) we eliminate w, we have 

A=^^^(/i-4a), 

i.e, k‘^~2a(h -4a)f 

BO that (/j, k) always lies on the parabola 
y^-~ 2a (.r - 4a). 

This is a parabi)la one half the size of the original, and whose 
\< rtcx is at the i)oiut A' through which all the chords pass, 

asetbod. Let P be the point 2at{) and Q be the point 

(a^2^» 2a^j) . 

Tho tangents of the inclinations of AP and AQ to the axis are 

2 , 2 
-- and - . 

Since AP and AQ are at right angles therefore 
2 2 


r. (6). 

As in Al t. 22'J the equation to PQ is 

(fi + ^ 2 ) y = 2a: + 2af j f 7). 
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This meets the axis of js at a distanoe - i.f., by (0), 4a, from 

the origin. • 

Also, (ft, k) being the middle point of PQ, we have 
2h=a(ti^ + i./), 
and 2k=:2a(t^‘4-Lj). 

Hence - 2afi = a® ( + ^ 2 )® - a- (/j- + t,y) 

= 2a%ts= - 8tt2, 

so that the locus of (ft, A) is, as before, the parabola 
y** — 2a (j* - 4a), 

Tliird Matliod. The equation to tlie chord which is bisected at 
the point (ft, h) is. by Art. 221, 

k(y -h) — 2a(x - h), 

i.e. * ky -2ax—h^-2ah (8). 

As in Art. 122 the equation to the straight lines joining its points 
of intersection with the parabola to the vertex is 

(k^ - 2a/<) (ky - 

These lines are at right angles if 

(fc3-2a/*) + 8a*«0. 

Hence the locus as before. 

Also the equation (8) becomes 

ky - 2ctx = - 8a^. 

Tliis straight line always goe.s through the iK)int (4a, 0). 


EXAMPLES. XXIX. 

From an external point P tangents are drawn to the parabola ; find 
the equation to tlie locus of 1* whin these tangents make angles 0^ and 
^2 with the axis, such that 

X. tan 0^ + tan 6^ is constant ( = h), 

2. tan 0^ tan 0^ is constant ( — c). 

3. cot -f cot 0^ is constant ( =d). 

4. 01 + constant ( = 2o). 

5. tan® 01 + tan® 0^ is constant ( = X), 

6. cos 0i cos 6^ is constant ( s:- fjCu 
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7, Two taoRents to a parabola meet at an angle of 45° ; prove that 
the ICcuB of their point of interBectioii is the curve 

j^®--4aj;=(x + o)*.. 

If they meet at an an^le of 60^, prove that the locus is 
• 1/® - 3ar®- lOox- 3a- = 0. 

8. A pair of tangents aie drawn which are equally inclined to a 
straight lino whose inclination to the axis is a ; prove that the locus 
of their point of intersection is the straight line 

7/ = (j* a) tan 2a. 

Prove that the locus of the point of intersection of two tangents 
which intercept a given distance 4c on the tangent at the Wtex is an 
equal parabola. V 

10. Shew that the locus of the point of intersc^ction of two tangents, 
which with the tangent at the vertex form a triangle of constant area 
c®, is the curve as® (y® - 4« j) — 4c^. 

11. If the normals at P and Q meet on the parabola, prove that 
tiie point of intersection of the tangents at P and Q lies either on a 
rartain straight line, which is parallel to the tangent at the vertex, or 
on the curve mIiosc equation is y®(j;+5la)-f4n^=0. 

12. Two tangents to a parabola intercept on a fixed tangent 
segments whose product is constant; prove that the locus of their 
point of intersection is a straight line. 

13. Shew that tlic locus of the poles of chords which subtend ^ 
constant angle a at the vertex is the curve • 

(a: + 4tt)® = 4 cot® a (y® - Aax). k 

14. In the preceding question if the constant angle be a right angle 
the locus is a stiaight line perpendicular to the axis. 

15. A i^oiiit P is such that the bliaight line drawn through it 
perpendicular to its polar with icspect to the parabola f/®=.4rt.r touches 
tlio parabola .'i;® =:4hy.. Prove that its locus is the straight line 

2<ix + 6y + 4a®=0. 

16. Two equal parabolas, A and B, have the same vertex and axis 
but have thtur concavities turned in opposite directions ; prove that 
the locus of poles with respect to B pf tangents to A is the parabola A . 

17. Prove that the locus of the poles of tangents to the parabola 
with respect to the circle j:*-f y®=2aar is the circle a;® + y®=air. 

18. Shew the locus of the poles of tangents to the parabola 
y^=4aa: with respect to the parabola. |/®:^'4ba; is the parabola 

4b3 
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Find the locns of the middle points of chords of the p^^abola 
which 

19. pass through the focus. 

20. pass through the fixed point Xh^ k). 

21. are normal to the curve. 

22. subtend a constant angle a at the vertex. 

23. are of given length 1. 

24. are such that the normals at their extremities inert on the 
parabola. 

25. Tjjbough each point of the straiglit line x-my + h is drawn 
the chord of the parabola 7/-=4rij; which is bisected at the point; 
prove th{it it always touches the parabola 

(y + 2am)* = (j; - /i). 

26. parabolas have the same axis and tangents are drawn to 
the second from points on the first ; prove that the locus of the middle 
points of the chords of contact with the second parabola all lie o^a 
fixed parabola. 

« 

27. Prove that the locus of the feet of the perpemliculars dra\^n 
from the vertex of the parabbla iqton choids, which subtend an an:’le 

f 45° at the vertex, is the curve 

r* - 24ar cos 6 + 10a- cos 2^ - 0. 

236. To prove {liat^ in general^ three normah can he 
dra^/rom ang point to the parabola and that the algf,hra%o 
sum of the ordiivates of the feet of these three normals is 
zero. 

The straight line 

y = mx — 'Mim - a titT • ( 1 ) 

is, by Art. 208, a normal to the 
parabola at the points whose coordi- 
nates arc 

awi® and -2ani* (2). 

If this normal passes through 
the fixed point 0, wliose coordinates 
arc h and we have 

k = r/^^ — 2am — am\ 

i.e. am*+ (2a— /#)?a + A? = 0 



( 3 ). 
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TJ^is equation, being of the third degree, has three 
roots, real or imaginary. Corresponding to each of these 
roots, wo have, on substitution in (1), the ecjuation to a 
normal which passes through the point 0, 

Hence three normals, real or imaginary, pass through 
any point 0, 

If 7/ii, r//5j, and be the roots of the equation (3), we 
have, by Art. 2, Ex. 2, 

wii + — 0. 

If tlie ordinates of tlie feet of these normals bo t/i, ya, 
and ya, we then have, by (2), 

yi + ya + ya -- o. 

Hence the second part of the proposition. 

We shall find, in a subsequent chapter, that, for certain 
positions of the ]X)iut 0, all three normals are real ; for 
oftier positions of 0, one normal only will be real, and the 
other two imaginary. 


337. Bx. Tiud the locus of a point which is such that (a) two of 
the vitnnah drawn from it to the parabola are at right angles, 
(jti) the three normals through it cut the aTts in points whose distances 
pom the vertex are in arithmetical progression. 

Any normal I.*? y - 2am - anc\ and this passes through the 
point (/i, A), if 

awi* + (2a - li) 7/1 -f- A = 0 (1). 

If ilu'n 7/7 j , ?//_,, and be tho loots, wo h.ivc, by Ait. 2, 


7'7i4 7/i.j4 mj = U, (2), 

- h 

^ , ■■■ ( 3 )» 

and wq7/i.»7Wj- - ^ (4). 


(a) If two of the normals, say in^ and ///j, bo at light angles, we 

k 

have 7/ii///a=-l, and hence, from (4), 
k 

The quantity ^ is llierefore a root of (1) and hence, by substitution, 
we have 

-" + (2«-;()-+fc=o, 

a^ ' a 


i.e. 


k^=a(h- 3a). 
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The locus of the point {li. A) is thcio^oro the paiabtila y'^- n^- Ha) 
xvhose vertex is the point (Jti, 0) and whose lulus leetum is one quarter 
that of the given parabola 

The student should draw the figure of both {urabolas 

(/3) The normal 7/ = ?w r 2a«i - aw* meets the axis of r at a point 
whose distance from the veitcx is 2a + am-^ The conditions ot the 
question then give 

(2« + ^ (^a A am ,") - 2 (2a -f am/), 

te + 2m f (5) 

If we eliminate mj, tWj, and from the equations (2), ( J), (i), 
and (5) we shall have a relation tatwiin h and / 

From (2) and (3), we have 

2a- h , , , ,, , 

f in^ (m^ + wij) = WjWij, - (b) 


Also, (5) and (2) give 

2m/ i (m j 4- mj^ 2/rtjmj - m/ 
i,e H Zm^m^ -= 0 

Solving (b) and (7), ^^e have 

, , and wi - 2 

^ * 3a 


2nqw3, 


2a - h 
la 


(7). 


Substituting these values in (4), we have 

2a - A / 2a A _ _ A 
\ la ~ a ’ 


%.e, 27aA2=2(/7-2a)\ 

so that the required locus is 

27a^*=2 (x- 2ti)\ 


288. Sz. Tr Ote not mala at time points I\ (?, and U nuet in a 
point 0 and S be the focus, prove that bP SQ tili — a SO”. 


As in the previous questipn we Know that the noimals at the 
points {am/, - 2 ain 2 )i (am/,~2amj) and (am/, - 2anii) meet in the 
noint (h, /) if 



Hij 4 +7173-0 

(1). 


2a h 

(2), 


mjtLj f + ^ 

and 

A 

ijumom= - 
* * " a 



By Art 202 we have 


-SP=a(l+«i,»). .S<2 = «(l + »0. and 
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Henoe ' '^v'— = (1 + m,^) (1 + »%«) (1 + 

ss 1 + ( Wj® 4- TWg® 4- wig®) 4- 4- mj* Wg®) 4- 

Also, from (1) and (2), we have 

4- 4- = (wij 4- Wa 4- wig)® - 2 (wta^s + wigWii + wtjWia) 

=2^^, 

a 

and 

m^m.^ + m.^m^ + wii®wia® = (wtaWig 4- wigWi^ 4* wiiTUg)® - (nii 4 wij 4- wig) 


Hence 


HP . fifQ . *S/2 


HR . ^7i~2a /7i-2a\® fc® 

=14-2 4- ( — ^ 4--3 

a \ a / 

(;i-a)®4-)^__/?0® 


HP,SQ.HR = HO^.a, 


EXAMPLES. XXX. 

Find the locus of a point O when the three normals drawn from 
it are such that 

1, two of them make complementary angles with the axis. 

2, two of them make angles with the axis the product of whose 
tangents is 2. 

3, one bisects the angle between the other two. 

4, two of them make equal angles with the given line y = wiar 4 - c. 

5, the sum of the three angles made by tliem with the axis is 
constant. 

6, the area of the triangle formed by their feet is constant. 

7, the line joining the feet of two of them is always in a given 
direction. 

The normals at three points P, Q, and R of the parabola y® = 4aa; 
meet in a point O whose coordinates are h and k ; prove that 

8, the centroid of the triangle PQR lies on the axis. 

9« the point 0 and the orthocentre of the triangle formed by the 
tangents at P, Q, and R are equidistant from the axis. 



[ExB. XXX.] THKEE NORMALS. EXAMPLES. 


215 


10. if OP anil OQ make complementary angles with the axU,^hen 
the tangent at iZ is parallel to fiO. 

11. the Bum of the intercepts which the normals cut off from the 

axis is 2(/{+a). • 

12. the Slim of the squares of the sides of the triangle PQH is 

equal to (^ + 10rt). 

13. the circle circumscribing the triangle PQU goes through the 
vertex and its equation is 2x^ + 2y^-2x{h-{‘^a) -ky = 0. 

14. if P be fixed, then QR is fixed in direction and the locus of 
the centre of the circle circumscribing PQR is a straight line. 

15. Three normals are drawn to the parabola cos a from 

any point lying on the straight line y = f> sin a. Prove that the locus 
of the orthocentre of the triangles forme 1 by the corresponding tan> 

gents is the curve ^ angle a being variable. 

16. Prove that the sum of the angles which the three normals, 
drawn from any point O, make with the axis exceeds the angle whiciji 
tlie focal distance of O makes with the axis by a multiple of ir. 

17. Two of the normals drawn from a point O to the curve make 
complementary angles with the axis ; prove that the locus of 0 and 
the curve which is touched by its polar are parabolas such that their 
latera recta and that of the original parabola form a geometrical 
]>rogression. Sketch the three curves. 

18. Prove that the normals at the points, where the straight line 
lx + mij=i\ meets the parabola, meet on the normal at the point 

parabola. 

19. If the normals at the three points P, Q, and R meet in a point 
and if PP'j QQ\ and RR! be chords parallel to QP, PP, and PQ 
respectively, prove that the normals at P\ Q\ and R' also meet in a 
point. 

20. If the normals drawn from any point to the parabola out the 
line a;=2a in points whose ordinates arc in arithmetical progres- 
sion, prove that the tangents of the angles which the normals make 
with the axis are in geometrical progression. 

21. PCr, the normal at P to a parabola, cuts the axis in G and is 
produced to Q so that GQ = iPO; prove that the other normals 
which pass through Q intersect at right angles. 

22. Prove that the equation to the circle, which passes through the 
focus and touches the parabola y®-=4aa? at the point (of®, 2<if), is 

arH y® - oa: (3P + 1) - ay (3t - «») + = 0. 

Prove also that the locus of its centre is the curve 
27ay® ss (2a; - a) (a? - 5a)*. 
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[Szs. XXX.] 


21 Shew that three circles can be drawn to touch a parabola and 
aho to touch at the focus a given straight line passing through the 
focus, and prove that the tangents at the point of contact with the 
parabola form an equilateral triangle. 

< 

24. Through a point P are drawn tangents PQ and PR to a 
parabola and circles are drawn through the focus to touch the para- 
bola in Q and R respectively ; prove that the common chord of these 
circles passes through the centroid of the triangle PQR. 

25. Prove that the locus of the centre of the circle, which passes 
through the vertex of a parabola and through its intersections with a 
normal chord, is the parabola 2^‘^ = ax-a^. 

26. A circle is described whose centre is the vertex and whose 
diameter is tliree-quartera of the latus rectum of a parabola; prove 
that the common chord of the circle and parabola bisects the distance 
between the vertex and the focus. 

27. Prove that tlie sum of the angles which the four common 
♦angents to a parabola and a circle mnke with the axis is equal to 

2a, where a is the angle which the ladius from the focus to the 
centre of the circle makes with the axis and ft is an integer. 

28. and QR are chords of a parabola which aro normals at P 
and Q. Prove that two of the common chords of the parabola and 
the circle circumscribing the triangle PRQ meet on the directrix. 

29. The two parabolas y^^4.a (x-J) and .T® = 4rt (y - /') always 
touch one another, tlie quantities I nnd V being both variable ; prove 
that the locus of their point of contact is the curve J’y = 4a-. 

30. A parabola, of latus n'etum I, touches a fixed equal parabola, 
the axes of the two curves being paiallel; prove that the locus of the 
vertex of the moving curve is a parabola of latus rectum 21. 

31. The sides of a triangle touch a parabola, and two of its angular 
points lie on aiiother parabola with its axis in the same direction ; 
prove that the locus of the third angular point is another parabola. 

239 . In Art, 197 we obtained the simplest possible 
form of the equation to a parabola. 

We shall now transform the origin and axes in the 
most general manner. 

Let the new origin have as coordinates (A, A), and let 
the new axis of x be inclined at 0 to the original axis, and 
let the new angle between the axes be <o'. 
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By Art. 133 we have for x and y to substitute 
X cos ^ + y cos (w + ^) + A, 
and X sin B y sin (o>' 4 - 4- A 

respectively. 

The equation of Art. 197 then beconiea 
{a; sin ^ 4 - y sin (cd' 4 - 4 ky -* {x cos ^ 4- y cos (w + B) 4- //}, 
i. e. 

{x sin ^ 4- y sin (ai’ 4 - B)y 4 - '2x {k sin B - 2(i cos B\ 

4 - 2y {k sin {ta + B) — 2a cos (<u' 4 B)] 4 - 4aA *- 0 

(1)- 

This c(juation is therefore the most general form of the 
equation to a parabola. 

We notice that in it the terms of the s(»cond degr^ 
always form a perfect square. 

240 . To find the equation to a parahola^ any two 
tangents to it being the axes of coordinates and the points of 
contact being dist/int a and b from the origin. 

By the last article the most general form of tlie equa- 


tion to any parabola is 

(.4.7* 4 /?y)“ 4 2yx 4 2yy 4 c - 0 (1). 

This meets the axis of x in points whose abscissae are 
given by 

A^.i^+2ffj; + c-0 ( 2 ). 

If the pambola touch the axis of a; at a distance a from 
tlie origin, this equation , must be equivalent to 

A-^ix-^af-^O (3). 

Compfiring equations (2) and (3), we have 

g = — A^ay and c = A^a^ (4), 


Similarly, since the parabola is to touch the axis of y 
at a distance b from the origin, we have 

and c = W 


(5). 
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From (4) and (5), equating the values of c, we have 
sothat ' Ji = ±At (6). 


Taking the negative sign, we have 

g — ~A^a, and c-A^a^. 

0 * o 

Substituting these values in (1) we have, as the required 
equation, 

- I - 2ax- 2 ^ y + = 0, 

(7). 

^ \a hj a 0 


This equation can be written in the form 


(»)■ 

[The radical signs in (8) can clearly have both the positive and 
negative signs prefixed. The different equations thus obtained corre- 
spond to different portions of the curve. In the figure of Art. 243, 
the abscissa of any point on the portion VAQ is < 0 , and the ordinate 
< b, so that for this portion of the curve we must take both signs 
positive. For the part beyond P the abscissa is > a, and ^ | » so 

that the signs must be + and -. For the part beyond Q the 

ordinate is >b, and so that the signs must be - and +. 

b d 

There is clearly no part of the curve corresponding to two negative 
signs.] 
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241 . If in the previous article we took the positive 
sign in (6), the equation would reduce to 



This gives us (Fig., Art. 243) tlie pair of coincident 
straight lines FQ. This pair of coincident straight lines is 
also a conic meeting the axes in two coincidoid; points at F 
and Qy but is not the parabola required. 


242 . To find tile equation to the tnnyenf at any point 
(x\ y') of the parabola 




Let (x \ y") be any point on the curve close to (a?', y'). 
The equation to the line joining these two points is 




But, since these points lie on the curve, we have 




BO that 


Jx" — Jx' Ja 


The equation (1) is therefore 


or, by (3), 


^ Jx" - '4^' + Jx'^ 

, Jb 4^' + 4y' , 
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♦The equation to the tangent at (*', y’) is then obtained 
by putting .r" — £ and y" = y', and is 

, Jb \Jy’ , ,, 

• y-y 

V ^ 


+ .y _ /i' /y'-i 

tjax ijl>y V ((> 'V^ h 


sjby 

This is the required equation. 


.(5), 


[In the foregoing we have aKSumcd that (x\ y'} lies on the portion 
rA(f^ (Fir., Art. 243). If it lie on either of the other portions the 
proper signs must be affixed to the radicals, as in Art. 240.] 


Bx. To Jind the condition that the stmUflit line y + " — 1 may he a 
tangent. 

This line will he the same as (r>), if 

f = Jax and g=Jhy\ 


so that 
Hence 




•-+y=i. 

a 0 


This is the required condition; also, since ^ ^ 

the point of contact of tho given line is ( “ » • 

Similarly, the straight lino /.r4-?»»y=^M will touoh the parabola if 

IL ^ 

al ^ hni~ 


243. To find the focus of the 'parabola 



Let S Iks the focus, 0 the origin, and V and Q the 
points of contact of the parabola with the axes. 

Since, by Art. 230, the triangles OSF and QSO are 
similar, the angle angle 8Q0. 

Hence if we descrilje a circle through 0, Q, and S, then, 
by geometry, OP is the tangent to it at ft 
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Hence S lies on the circle passing through tlie origin 
Of the point Q, (0, Z»), and touching the axis of x at the 
origin. 



The equation to this circle is 

+ 2x]/ cos 0) 4- 2/** ~ ^>2/ ( 1 )• 

Similarly, since l S()Q — L SPO^ H 'will lie on the circle 
through 0 and P and touching the axis of y at the origin, 
on the circle 

.T® + 2ry cos if, --rax (2). 

The intersections of (1) and (2) give the point required. 
On solving (1) and (2), we have as the focus the point 
/ ah^ a^h \ 

\a“ + 2ah cos m -k- b*' (v + 2ah cos a> + 


244. To find ihe equation to the axis. 

If r be the middle point of PQ, we know, by Art. 223, 
that 0 V is parallel to the axis. 

Now V is the point . 

Hence the equation to'O K is y - - 

The equation to tiie axis (a line through S parallel to 
OV) is therefore 




aPh 


dP -h lab cos <i> 


= * — 'i 

+ 6* a\ aP + lab cos + ’ 


x*e* 


ay — 6a; - 




a® + 2a6 cos « + 6* ’ 
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^45. 7b find the equation to the directrix. 

If we find ilie point of intersection of OF and a 
tangent perpendicular to OF, this point will (Art. 211, y) 
be on the directrix. 

Similarly wo can obtain the point on OQ which is on 
the directrix. 


A straight line through the point {fi 0) per])endicular 
to OX is 

y - vh {x - /), where (Art. 93) 1 + m cos cu = 0. 

The equation to this perpendicular straight line is 
then 

X + y cos o) ■--/ (1). 

TJiis straight line touches the parabola if (Art. 242) 
f , . ^ ah cos a» 


a b cos <u 


1, if /=- 


a + 6 cos CD ’ 


The point ( 0^ therefore lies on the directrix. 

^ \a + 0 cos to / 

Similarly the point ( 0, , ^ is on it. 

^ \ 6 + a cos to/ 

The equation to the directrix is therefore 

x{a + h cos <ii) + y{h + a cos to) — ah cos to (2). 

The latus rectum being twice the perpendicular distance 
of the focus from the directrix = twice the distance of the 
point 

/ ah^ a^b \ 

\a® + 2ab cos to + 6® ’ a® + 2ab cos to + by 
from the straight line (2) 

^ 4a®6®sin®to ^ * 

(a® + 2ah cos to + 6®)^ ’ 
by Art. 9G, after some reduction. 


246. 7b find the coordinates of the vertex and the 
equation to tits tangent at the vertex. 
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The vertex is the intersection of the axis and the cilirve, 
i.e, its coordinates are given by 


X 

a 




and by 
i.e, by 


a* + 2ab cos w + 6* 





\a o J a 


From (1) and (2), we have 


Similarly 


n 2 

Tb\ 


.( 2 ). 


a}/ {h + a cos 0>)* 

+ 2ab cos o) + * 


+ 2ab cos oi 

a~b {a-¥h cos oj)* 

^ {a^ + 'lah cos to + * 

These are the coordinates of the vertex. 

The tangent at the vertex being parallel to the directrix, 
its equation is 

. , , r al? (6 4- a cos w)’ “I 

(a+6cosw) ic- 12 ^ 2 ] 

L « 4" 2a6 cos 01 4- 6 )*J 

j r a^b (a + h cos cu)'^ I 

4 - (6 4 a COS w) y - . „ - ' — - - r 72\!l “ 

^ ^ L + 2a6 COS <0 4- J 




- 4- 


V 


ah 


5 + a COS w a 4- 6 COS w a® 4- 2a6 cos w 4- 6^ * 

[The equation of the tangent at the ^"ertex may also be 
written down by means of the example of Art. 242.] 


EXAMPLES. XXXI. 

1. If a parabola, whose latns rectum is 4c, slide between two 
reotanjmlar axes, prove that the locus of its focus is c* (ar®4-2/*)» 
and that the curve trocei out by its vertex is 

2. Parabolas are drawn to touch two given rectangular axes and 
their foci are all at a constant distance c from the origin. Provo that 
the locus of the vertices of these parabolas is the curve 

a;^4.y^=A 
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3t The axes being rectangular, prove that the locus of the focus 
of the parabola ® ^ being variables such 

that, ia the curve (x^ + y^)-^c^xy. 


4. Parabolas are drawn to touch two given straight lines which 
are inclined at an angle u ; if the chords of contact all pass through 
a fixed point, prove that 

(1) their directrices all pass through another fixed point, and 
(2) their foci all lie on a circle which goes through the intersection of 
the two given straight lines. 


5. A parabola touches two given straight lines at given points ; 
prove that the locus of the middle iK)int of the portion of anj tangent 
which is intercepted between the given straight lines is a straight 
line. 


6. TP and TQ are any two tangents 'to a parabola and the 
tangent at a third point R cuts them in P' and Q ' ; prove that 


c 


TP' TQ' 
TP i'Q 


1, and 


QQ' _ IP' _ Q'lt 
Q'T^ P'P'^MP'^ 


7. If a parabola touch three given straight lines, prove that each 
of the lines joining the points of contact passes through a fixe 1 point. 


8. A parabola touches two given straight lines ; if its axis pass 
through the point (h, k)^ the given linos being the axes of coordinates, 
prove that the locus of the focus is the curve 

x'i - -{-ky — O. 


9, A parabola touches two given straight lines, which meet at O, 
in given points and a variable tangent nieots the given lines in P and 
Q respectively; prove that the of the centre of the circumcircle 
of the triangle OPQ is a fixed straight line. 


10. The sides AD and AC of a triangle ADO are given in position 
and the harmonic mean between the lengths AB and AC is also given; 
prove that the locus of the focus of the parabola touching the sides at 
Ji and C is a circle whose centre lies on the lino bisecting the angle 
BAC. 


11. Parabolas are drawn to touch the axes, which are inclined at 
an angle u;, and their diiectrices all pass through a fixed point (/i, h). 
Prove that all the parabolas touch the straight line 

+ -y- - = 1 . 

/i + /( sec o; k + h sec u 



CHAPTER XIT 

tup: ellipse. 

247 . The ellipse is a conic section in which the 
eccentricity e is less than unity. Q 

To find tits equation to an ellipse. 

Let ZK be the directrix, the focus, and let SZ l>e 
perpendicular to the directrix. 



There will bo a point A on SZ^ such that 

SA=e,AZ (1). 

Since e < 1, there will be another point A\ on ZS produced, 
such that 

SA’^e.A^Z, 


L. 


,.( 2 ). 

8 


226 


COORDINATE GEOMETRY. 


^jet the length AA' be called 2a, and let C be the middle 
point of A A', Adding (1) and (2), we have 

2a = JA' (AZ + yl'^) = 2 . e . CZ, 
i.e. (3). 

Subtracting (1) from (2), we have 
e (A'^- A^^SA'-SA=:^(SO+ CA ') - (CA - CS), 
i.e, e, AA' — 20S, 

and hence CS —a.e (4). 

Let C be tlie origin, CA' the axis of x, and a line through 
C perpendicular to A A' the axis of y. • 

Let 2^ be any point on the curve, whose coordinates are 
^ and ?/, and let 2^ A/ be the i)erpendicular upon the directrix, 
and the perpendicular upon A A'. 

The focus S is the point (—ae, 0). 

The relation S2^ ~ e ? . PM^ - c* . ZN'^ then gives 


%.e. 


(a; + ae)® + y* — e- , (Art. 20), 




(5). 


If in this equation we put a*= 0, we have 
y = ±as!i- e*, 

shewing that tlie curve meets the axis of y in two points, 
B and B\ lying on opposite sides of C, such that 

B'C = CB-^aJT^\ i.e. CU‘-^CA‘-CS^. 

Let the length CB be called h, so that 
b — a n/ 1 — e“. 


The equation (5) then becomes 

v2 ir2 

!!>+&-> («>■ 



THE ELLIPSE. 227 

248 . The equation (G) of the previous article nmy bo 
■written 

y* _ , _ a-* (a + x) (a -^) 

6“”“^ a* .» 

AN, NA‘ 


i.e, PN^ : AN,NN :: if(7* : A(P, 

Der. The points A and A* are called the vertices of 
the curve, A A' in called the major axis, and PP' the minor 
axis. Also C is called the centre. 


249 . Since S is the point (— o^, 0), the equation to 
the ellip.se referred to P as origin is (Art. 1 28), 

n«)' ?/• _ 


The equation referred to as origin, and aJC and a 
perpendicular line as axes, is 


nr 



i.e. 


of .f 


2x 


- 0 . 


a 


Similarly, the equation referred to ZX and ZK as axes is, 


since CZ- — 


a 
e ’ 



t 

6* 


= 1 . 


The e(j[uatiou to the ellipse, ■whone focus and directrix are any 
given point and line, and whose eccentricity is known, is easily 
written down. 

For example, if the focus be the point ( - 2, 8), the directrix be 
the line 2x + 3y + 4 = 0, and the eccentricity be the required equa* 
tion is 

(;r+2)*+ (i, - 

i.s. 2Cl®*+181p* - lOarp +1044* - 2834y + 8009 =0. 
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Generally, the equation to the ellipse, whose focus is the point 
(/» y)> whose directrix is AT + By-k-C=0^ and whose eccentricity 

250. There exist a second focus and a second directrix 
for the curve. 

On the positive side of the origin take a point S\ which 
is such that ISG --C S' - ae, and another point Z\ such that 

ZC- CZ'=^-. 

e 

Draw Z'K' perpendicular to ZZ\ and PM' perpen- 
dicular to Z'K'. 

The equation (5) of Art. 247 may be written in the 
form 

* — 2aex + aV + — eV - 2aex + a^y 

i.e. (x — oeY + ~~ , 

i.e S'l^ ^e^.PM'\ 

Hence any point P of the curve is such that its distance 
from S' is e times its distance froTii Z' K'y so that we should 
have obtained the same curve, if wo had started with S' as 
focus, Z'K' as directrix, and the same eccentricity. 

251. The sum of the focal distances of any point on the 
curve is equal to the major axis. 

For (Fig. Art. 247) we have 

SP-^e.PMy and S'P=-e.PM'. 

Hence 

SP + ^'7^ e {PM + PM') = e . MM' 

e.ZZ' ^^e.CZ^ 2a (Art. 247.) 

= the major axis. 

Also SP - - 6 . PM e . KZ = e . CZ + e . CN = a + ex', 
and S'P-e.PJ/^ = e.iy^'--e. (7A^ = a-ex', 

where od is the abscissa of P referred to the centre. 
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252. Mechanical construction for an ellijlkie. 

By the preceding article we can g('t a simple mechanical 
method of constructing an ellipse. 

• 

Take a piece of thread, whose length is the major axis 
of the required ellipse, and fasten its ends at the points S 
and which are to be the focL * 

Let the point of a pencil move on the paper, the point 
being always in conbict with the string and ket‘pi)ig the 
two portions of the string between it and the fixed ends 
always tight. If the end of the pencil be moved alK»ut on 
the paper, so as to satisfy these conditions, it will trace out 
the curve on the paper. For the end of the pencil will be 
always in such a position that the sum of its distances from 
S and S' will be constant. 

Til practice, it is easier to fasten two drawing pins at 
and S', and to have an endless piece of string whose total 
length is equal to the sum of aSS' and A A'. This string 
must be passed round the two pins at S and S' and then be 
kept stretched by the pencil as before. By this second 
arrangement it will be found that the portions of the curve 
near A and A' can be more efisily described than in the first 
method. 

253. Latus-rertum of the ellipse. 

Let LSL' be the double ordinate of the curve which 
passes through the focus S. By the definition of the curve, 
the somi-latus-rcctum SL 

-=e times the distance of L from the directrix 

-^e.SZ=-e{CZ-CS)^e.CZ-e. CS 

-a — ae^ (by equations (3) and (4) of Art. 247) 

= (Art. 247.) 

a ^ 


254. 


To trace the curve 


-2 1.2 


= 1 


(!>■ 
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^he equation may be written in either of the forma 



(5)* 

From (2), it follows that if ar>a-, Le. if xz- a or <-a, 
then y is impossible. There is therefore no part of the 
curve to the right of .4' or to the left of A. 

From (3), it follows, similarly, that, if y:>b or < - 6, 
X is impossible, and hence that there is no part of the curve 
above B or below B'. 

If X lie between — a and ■+ «, the equation (2) gives two 
equal and opposite values for y, so that the curve is sym- 
•melrical with respect to the axis of a\ 

If y lie between -- h and + the equation (3) gives two 
equal and opposite values for a;, so that the curve is sym- 
metrical witli respect to the axis of y. 

If a number of values in .succession be given to a?, and 
the corresponding values of y be determined, we shall 
obtain a series of points which will all be found to lie on a 
curve of tlie sliapo given in the figure of Art. 247. 


255. The quantity ^ ^ ^ negative^ zero^ or 

positive^ according as the point {x, y) lies within, upon, or 
without the ellipse. 

Let Q be the point (x, y'), and let the ordinate QK 
through Q meet the curve in P, so that, by equation (G) of 
Art. 247, 

PA= _ 

h^~' a- 


If Q be within the curve, then y\ i.e, QN, is so 

that 
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Hence, in this case, 




1 is negative. 


Similarly, if Q' be without the cur\e, y > and then 
—i + %-i - i 18 positive. 


256 . To fvd the length of a radius vector from the 
centre drama in a given direction. 

The equation (6) of Art. 2 47 when transferred to polar 
coordinates becomes 


giving 


cos® ^ + rt* sin''* 0 * 


We thus have the value of the radius vector drawn at any 
inclination B to the axis. 

Since /i, 'we see that the greatest 

Ir -H (a- — ir) sin- 1) 

value of r is when ^ - 0, and then it is equal to a. 

Similarly, 0 — 90* gives the least value of r, viz. h. 

Also, for each value of 0j we have two equal and opposite 
values of r, so that any line through the centre meets the 
curve in two points equidistant from it. 


v^^57. Auxiliary circle. Def. The circle which is 
described on the major axis, AA\ of an ellipse as diameter, 
is called the auxiliary circle of the ellipse. 

Let NP be any ordinate of the ellipse, and let it be 
produced to meet the auxiliary circle in Q, 

Since the angle AQA' is a right angle, being the angle 
in a semicircle, we have, by geometry, QN^ ITA\ 
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dleiice Art,. 248 gives 

Py^ : QjV- :: : AC^, 


so t)iat 


PN BC b 



The ])oint Q in which the ordinate yp meets the 
auxiliary circle is called the corresponding point to P, 

The ordinates of any point on the ellipse and the 
corresponding point on the auxiliary circle are therefore to 
one another in tlie ratio b : a, i.e, in the ratio of the 
semi-minor to the seini-inajui axis of the ellipse. 

TJie ellipse might therefore have been defined as follows : 

Take a circle and from each point of it draw perpen- 
diculars upon a diameter ; the locus of the points dividing 
these perpendiculars in a given ratio is an ellipse, of which 
the given circle is. the auxiliary circle. 

258. Eccentric Angle. Bef. The eccentric angle 
of any point P on the ellipse is the angle yCQ made with 
the major axis by the straight line CQ joining the centre G 
to the point Q on the auxiliary circle which corresponds to 
the point P. 

This angle is generally called 
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We have OS' ~ CQ . cos ij> -a cos 
and JTQ — CQ sin <f> -- a sin <f>, 

Henoo, by the last article, 

.Vi' -.XQ . 
a 

Tlie coordinates of any point P on the ehij)se are tnere- 
fore a cos <f> and b sin <f>. 

Since P is known Avhcn <l> is given, it is often called 
“ the point </>.” 


259. 7\) obtain the effuatwn of the straight line joining 

two points on the ellipse whose eccentric arngles are given. 

Let the eccentric angles of the two points, P an<l /^, be 
^ and so that the points have as coordinates 

(a cos </), b sin <f>) and (a cos b sin 

The equation of the straight line joining them is 

, . . b sin - /> sin </» , . . 

V - o sin 6 - - . cos tb) 

acob><l> -acc)H<f> ' 

_ b .X 

a ' 2 sin J (<^ + <^’) sin ^ (<f> - <j>) ^ 


GOS h{<l> ff>') , . 

sin + 9 ) 


<f> + y , ib+ fb' , d> i + <b' 

\ ^ + I sin — cos ff> cos — — + sin </> sin — - 


This is the required equation. 




Oor. The points on the auxiliary circle, corresponding to P and 
P\ have as coordinates (a cos <p, a sin <f>) ^ 00* 

The equation to the line joining them is therefore (Art. 178) 

? coe t ^ . 

a 2 ^ a 2 2 


-co8~j^ -j-^sm ^ 
a 2 ‘a 2 
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Btraight line and (1) clearly make the same intercept on the 
major axis. 

Hence the straight line joining any two points on an ellipse, and 
the straight line joining the corresponding points on the auxiliary 
circle, meet tke major axis in the same point. 


EXAMPLES. XXXU. 

1. Pind the equation to the ellipses, whose centres are the 
origin, whose axes are the axes of coordinates, and which pass 
through (a) the points (2, 2), and (3, 1), 

and (/3) the points (1, 4) and (-6, 1). 

Find the equation of the ellipse referred to its centre 

2. whose latus rectum is 5 and whose eccentricity is 

3. whose minor axis is equal to the distance between the foci and 
whose latus rectum is 10, 

4. whose foci are the points (4, 0) and ( - 4, 0) and whose 
^centricity is 

5. Find the latus rectum, the eccentricity, and the coordinates 
of the foci, of the ellipses 

(1) a;® + 8?/*=a^ (2) 6x* + 4»/®=l, and (B) 9x^-{-5y^-~30y=0. 

6. Find the eccentricity of an ellipso, if its latus rectum be equal 
to one half its minor axis. 

7. Find the equation to the ellipse, whose focus is the point 
(-1, 1), whose directrix is the straight line + and whose 
eccentricity is J. 

8. Is the point (4, - 3) within or without the ellipse 

5r2 4-7i/2=ll? 

9. Find the lengths of, and the equations to, the focal radii drawn 

to the point (4 5) of the ellipse 

2ox2 + 16^2=1600. 

10. Prove that the sum of the squares of the reciprocals of two 
perpendicular diameters of an ellipse is constant. 

n- Find the inclination to the major axis of the diameter of the 
ellipse the square of whose length is (1) the arithmetical mean, 
(2) the geometrical mean, and (3) the harmouical mean, between the 
squares on the major and Ininor axes. 

12. Find the locus of the middle points of chords of an ellipse 
which are drawn through the positive end of the minor axis. 

13. Prove that the locus of the intersection of A F with the 
straight line through 4' perpendicular to A'F is a straight line which 
is perpendicular to the major axis. 
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14. <? is the point on the auxiliary circle corresponding to^ on 
the ellipse; PLUi& drawn parallel to CQ to meet the axes in h and Jtf; 
prove that PL = h and PJl/=a. 


15. Prove that the area of the triangle formed by^hree points on 
an ellipse, whose eccentric angles arc 8, 0, and is 

, ^ ~ yp , yp — 6 , 8 — <p 

2 ab Bin sin ^ — sm - „ - . 

« A d 


Prove also that its area is to the area of the triangle formed by the 
corresponding points on the auxiliary circle as b : a , and hence that 
its area is a maximum when the latter triangle is equilateral, f.e. when 

<P = = • 


16. Any point P of an ellipse is joined to the extremities of the 
maior axis; prove that the portion of a directrix intercepted by them 
subtends a right angle at the corresiiondiiig focus. 

17. Shew that the perpendiculars from tl»e centre upon All chords, 
which join the ends of perpendicular diameters, are of constant 
kiigth. 

18. If a, /3, 7 , and 5 be the eccentric angleft of the four points of 
intersection of the ellipse and any circle, prove that 

a + + 7 + ^ is an even multiple 

of TT radians. 

[See Trigonometry t Part II, Art. 81.] 

19. The tangent at any point P of a circle meets the tangent at a 
fi^ed point A in T, and T is joined to P, tho other end of the 
diameter through A ; jirove that the locus of the intersection of .4P 

and liT is an ellipse v/hosc eccentricity is — . 

V ** 

20. Prom any point P on the ellipse, PN is drawn perpendicular 
to the axis and produced to Q, so that NQ equals PP, whore P is a 
focus; prove that the locus of is the two straight lines y ^ ex + 

21. Given the base of a triangle and the sum of its sides, prove 
that the locus of the centre of.its incircle is an ellipse, 

22. With a given point and line as focus and directrix* a series 
of ellipses are described; prove thaf the locus of the extremities of 
their minor axes is a parabola. 

23. A line of fixed length a + b moves so that its ends are always 
on two fixed perpendicular straight lines; prove that the locus of a 
point, which divides this line into portions of length a and b, is an 
ellipse. 

24. Prove that the extremities of the latera recta of all ellipses, 
having a given major axis 2a, lie on the parabola a^sa - a - a), oc 
on the parabola (y +«). 
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260 . 

the eUijise 


To find the iiUer sections of any straight line with 




(!)• 


Lcit the e(]iiatioii of the straiglit line be 

2 ! -^7n.r + c (2). 

The coordinates of the points of intersection of (1) and 
(2) satisfy both e(|uations and are therefore obtained by 
solving tliein as simultaneous equations. 

Substituting for y in (1) from (*2), the abscissae of the 
points of intersection are given by the equation 

.r- (nix + cY - • 

.. t - 1, 

cr (r 

i^e. x“ (a^nr + Ir) + 'lornicx 4- a" (c" - b') - 0 (3). 

This is a quadratic equation and hence has two roots, 
real, coincident, or imaginary. 

Also corresponding to each value of ,r we have from (2) 
oiw' value of y. 

The straight line therefore meets the curvb in two points 
real, coincident, or imaginary. * 

The roots of the equation (3) are real, coincident, or 
imaginary according as 

(2a®?/w)*--4 (b^+a^nr) x is positive, zero, or negative, 

i.e. according as arm-)— is positive, zero, or negative, 

i.e. according as is < — or > a^/u^ -j- b^. 


261 . To find the length of the chord intercepted by the 
ellipse on the straight line y — mx + c. 

As in Art. 204, we have 


cr. + £Ca -- - 


d^n\^ -r 6 


, , and 




80 tliat 


2ab \/ + 6® -- cr 
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The length of the required chord therefore 

^ n/(Xi - *3)* + (y, - y,)» (.r, 

2ab *Jl + — c^ • 

a^rn^ + 


262 . 2^0 find tJ^e equation to the tangent any •point 

{x\ y) of the ell ipse. ^ 

Let P and Q be two points on tlio ellipse, wliose coordi- 
nates are {x\ y) and {x \ y"). 


The equation to the straight lino PQ is 


(*)• 


Since both P and Q lie on the ellipse, we have 




1 


( 2 ), 


and — j T - 1 

a* (> 


(3). 


Hence, by subtraction, 

a-"*-®'* y"*- 

(y" - y) jy" + y) _ _ (•*=" - *') + *') 

■ “ a* 


2/ "" t/ **■ 

x" -X ’ 


On substituting in (1) the equation to any secant PQ 
becomes 


y-y -- 


iy^y±^ 

y’ + y 


{x — x) 


(4)- 


To obtain the equation to the tangent we take Q 
indefinitely close to P, and hence, in the limit, we put 
and f =y- 
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^he equation (4) then becomes 

»•«. ? ^ equation (2). 

The re<j wired equation is therefore 

XX' 

U + W-^- 


Cor. TI)e equation to the tangent is therefore ob- 
tained from tlie equation to the curve by the rule of 
Art. 152. 

^ * 

263> To find the equation to a tangent in terms of the 
tangent of its inclination to the major axis. 

As in Art. 260, the straight line 

y =. mx + c (1) 

meets the ellipse in points whose abscissae are given by 
£c® (6^ + ah)}?) + 2mca?x + a® (c^ — I?) = 0, 

and, by the same article, the roots of this equation are 
coincident if 

c=sla*m^ + h\ 

In this case the straight line (1) is a tangent, and 
it becomes 

y = nuc + Vw*m*+b* (2). 

This is the required equation. 

Since the radical sign on the right-hand of (2) may 
have either -f- or — prefixed to it, we see that there are two 
tangents to the ellipse having the same m, i.e, there are 
two tangents parallel to any given direction. 

The above form of the equation to the tangent may be deduced 
from the equation of Art. 262, as in the case of the parabola 
^Art. 206). It will be found that the point of contact is the point 
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204 . By a proof similar to that of the last arti^ile, it 
may l>e shewn that the straight line 

.xcosa + ^sin a^p 
touches the ellipse, if 

p2s a^coflS a -f bSain^a. 

Similarly, it may be shewn that the straight line 
lx + my — n 

touches the ellipse, if + I^vr^ ~ nl 

\^^ 265 . Equation to the tangent at the point whoife 
eccentric angle is 

Tiie coordinates of the point are (a cos b sin ^). 

Substituting .t = a cos ^ and y -- b sin in the equation 
of Art. 262, we have, as tiie required ecpiation, ^ 

5co*f> + |«in^ = l (1). 

This equation may also be d^^duced from Art. 259. 

For the equation of the timgent at the point is 
obtained by making in the result of that article. 

Bz. Find the intersection of the tangents at the points tp and 
The equations to the tangents are 

- cos 0 + ? sin 0 - 1 = 0, 
a h 

and ?co8 0' + | sin0'- 1 = 0. 

The required point is found hy solving these equations 
We obtain 
* y 

i b 1 
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Heneo 


COB J(^ + 0') 


ami y — h 


sin i ( 0 -f* 4*) 
cos ^(0-0')’ 


"^66. 


Equation to the normal at the }>oint {xy y). 


The required normal is the straight line which passes 
through tlie point (as', y') and is perpendicular to the 
tangent, i.e. to the straight line 


y 


6V 

“V V 


Its equation is therefore 


y-y' =- »»» (•« - a:'), 

■where m (— ~ 1 > *"•«• - * 2 ^/ > (Art. 69). 

a (i^x/ 

The equation to the normal is therefore y -y ^ {x - a?'), 


/. e. 


X - y' • 

a? 


'^267* Equation to the normal at the j)oint whose eccentric 
angle is 

The coordinates of the point are a cos and h sin 
Hence, in the result of the last article putting 


it becomes 


X -- a cos <l> and y =-b sin <f>, 

X — a cos y~b sin ^ 

cos ^ sin </> ’ 

a b 


COS ^ sin ff> 


The required normal is therefore 

ax oec 0 — by cosec ^ s 
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# 268 . Equation to the normal in the form yssnuc + c. 
The equation to the normal at {x\ y') is, as in Art. 266. 




h^x‘ 


, ar - y 



Let^X = ».. . 

b^x a Irin 

Hence, since (x\ if) satisfies the relation 7 + *^.2 = 1 , we obtain 


hhn 


The equation to the normal is therefore 

This is not as important an equation as the corresponding equa- 
tion in the case of the parabola. (Art. 208.) 

When it is desii ed to have the equation to the normal expressed 
in terms of one independent parameter it is generally better to use 
the equation of the previous article. 


269. To fnd thi length of the suhtangent and sub- 
normal. 



Let the tangent and normal at P, the point (a;', 
meet the axis in T and G respectively, and let FN be the 
ordinate of JP. 
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iThe equation to the tangent at P is (Art. 262) 


XX yy 


,( 1 ). 


IV) find where the straiglit line meets tlie axis we put 
= 0 and have 


o.- i P rr- 
x~^, x.e. 

CT. CN=a‘=-CA^... 


.( 2 ). 


Hence the sub tangent NT 


..CT-- CN “ . 

X X 


The equation to the normal is (Art. 26G) 


x — x y - y 
^ "* y_ 

a* 




To find where it meets the axis, we put y ~ 0, and have 
x — x* 

^ ~ 
a* 

i.«. CG = x = x- ,^"a;' = e“.a:'-e’.C'ir... (3). 

or ' ' 

Hence the subnormal ACr 

--^CN-CG=^{l--e^)CN, 

i.€. NG ::NC :l 

:: y : a®. (Art. 247k) 

Cor. If the tangent meet the minor axis in i and Pn 
be perpendicular to it, we may, similarly, prove that 

Ct,Cn = h\ 


270 . Bom* propertiMi Qf the •lUpae. 

(a) SGszc.SP, and the tangent and normal at P bisect the 
external and internal angles between the focal distances of JP. 

By Art. 269, we have CG=^e^x*. 
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Hence SG = C + CG = oe + eV = e . SP, by Art. 251. 

Also S'G^CS'-^CG^eia- ex') = e? . S'P, 

Hence SG ; 'S'G :: SP : S'P. 

Therefore, by geometry, PG bisects the angle SPS^,* 

It follows that the tangent bisects the exterior angle between 
SP and S'P. 


(/3) If SY and S'Y' he tlie perpendicular 8 from the foci upon the 
tantieiU at amf point P of the then Y and Y' lie on the auxiliary 

circle^ and SY . S'Y' = IP. Aho CY and S'P are parallel. 

Tka oi^uation to any tangent is 

a: cos a 4 y sin o = (1), 

where ~ ® ® (^*‘1* 204). 

The perpendicular SY to (1) passes through the point ( - ac, 0) 
and its equation, by Art. 70, is tlicrefore 

(;c4-flf)flin a -y cos a = 0 (2). 

If Y be the point (/t, h) then, since Y lies on both (1) and (2), vJS 

have 

h cos a 4- 7c sin a = cos® a 4- IP sin* a, 

and h sin a~k cos o — - sin a ~ sin a. 

Squaring and adding these equations, we ha’'e so that 

Y lies on the auxiliary circle a*® 4- ij^=a^. 

Similarly it may be proved that Y' lies on this circle. 

Again S is the point ( - ae, 0) and S' is (ac, 0). 

Hence, from (1), 

SY=p + ae cos a, and S'Y -p - ae cos a. (Art. 76.) 
Thus SY . S'Y'=p^ - a^e^ cos® a 

= a® COB® a 4- 5® sin® a - (a® - 5®) cos® a 
= IP. 


and therefore 


Of 

, CT _ a Cr 
**• S'T'' a^e.CN^^ S'P^ 


Hence CY and S'P are parallel. Similarly CY' and SP are 
parallel. 
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M If the normal at any point P meet the major and minor axe» 
III (f and y, and if CF be the petpcndiculat upon this normal^ then 
PF Pif^h^ and PJ^ .Py-a^ 

The lanpent at any point P (the point ‘ 0 ’ ) i-. 

* r 1/ . 

cos 0 + , 8ir 0 — 1 
a ^ b ^ 


Henoe PI = perpendicular iiom C upon this tangent 
1 ah 


/ooB^0 HJii'^0 coh- 0 + Sin-* 0 

V hi 


The 1101 mill at P la 


hy 


PG^ 


00 a 0 Sill 0 
a*- 
a 




If we put y = 0, we have CG = ^ — ^cos 0^ 


COR0 


=(• 

h* 

= — cos* 0 + sm* 0 , 


cos 0 ) + sin* 0 


PG - ^ ^6* cos* 0 + a* Bin-* 0 

Fiom this and (1), we have PF PG = V 
If we puli.ar = 0 m (2), we see that g is the point 
a* 6* 


/n \ 

( 0 ,- ,, 8in<.j 


Hence 


60 that 


6sin0 + - ^ Bin 0j 
Pg = ^ cos-’ 0 + a* sin* 0 


(!)• 


( 2 ). 


From this result and (1) we therefore have 
PF, Pg = ar 

To find the locvs of the potnt f xntei section of 
tangents ithich meet at ixght angles. 

Any tangent to the ellipse is 

y = mx + \l amP + IF^ 
and a perpendicular tangent is 

1 /~f IV ~ 


1 
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Hence, if (/i, k) l»e their point of intersection, >vc hd^o 


k — 7uh - sj a^in“ + 1)^ ( 1 ), 

and mk 4 = s/a^ + hrniC^ •. (2). 


If between (1) and (2) we eliminate ra, we shall liave a 
relation betw(*en h and k\ Squaring and adding these 
equations, we have 

(/j- + li^) (1 4 m^) - (a^ + (1 J ni% 

i. e. + k^ — a“ + Ir. 

Hence the locus of the point (4, k) is the circle 
- a- + fy, 

i.e, a circle, whose centre is the centre of the ellipse, and 
whose radius is the length of the line joining the ends 
of the major and minor axis. This circle is called the 

Director Circle. • 


EXAMPLES. XXXIII. 

Find the equation to the tangent and normal 

1. at the point (1, J) of the ellipse 4x*^ + *Ji/^ = 20, 

2. at tlie point of the ellipse 5«* + 3^* = 137 whose ordinate is 2, 

3. at the ends of the latera recta of the ellipse 9a;* + 16^2=144. 

4. Provo that the straight line i/ = Jf + Vi^a touches the ellipse 

3.i;* + 4y2=l, 

5. Find the equations to the tangents to the ellipse 4.r- + 3//* = 5 
which are parallel to the straight line y-Bo’-h?. 

Find also the coordinates of the points of contact of tlie tangents 
which are inclined at 00° to the axis of a;. 

6. Find the equations to the tangents at the ends of the latera 

recta of the ellipse ^ = 1, and shew that they pass through the 

intersections of the axis and the directrices. 

7. Find the points on the ellipse such that the tangent at each 
of them makes equal angles with the axes. Prove also that the length 
of the perpendicular from the centre on either of these tangents is 

V 
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[Exb. 


8. In an ellipse, referred to its centre, the length of the sab- 
tangent corresponding to the point (8, V) is prove that the 
eccentricity is 

9, ProVe Jihat the sura of the squares of the perpendicul ars o n 
any tangent from two points on the minor axis, each distant jJ 
from the centre, is 2a°. 

10. Find the equations to the normals at the ends of the latera 
recta, and prove that each passes through an eiul of the minor axis if 


11. If any ordinate MP meet the tangent at L in Q, prove that 
MQ and SP are equal. 

12, Two tangents to the ellipse intersect at right angles; prove 
that the sum of the squares of the chords which the auxiliary circle 
intercepts on them is constant, and equal to the square on the line 
joining the foci. 


13. If P he a point on the ellipse, whose ordinate is ?/', prove 
that the angle between the tangent at P and the focal distance of P 

tstan-> ***,. 
aey' 

14. Shew that the angle between the tangents to the ellipse 
^ -h p = l and the circle x' + y^=ab at their points of intersection is 

a-b 

15. A circle, of radius r, is concentric with the ellipse; prove 
that the common tangent is inclined to the major axis at an angle 


. -1 


and dud its length. 


16. Prove that the common tangent of the ellipses 


2.C , «- I/* 2x 

= — and 72 + ^ + — =0 
b^ c h-* a- c 


subtends a right angle at the origin. 

17. Prove that PG , Py = SP . S'P, and CG . CT= CS^, 

18. The tangent -at P meets the axes in T and f, and GY is the 
perpendicular on it from the centre; prove that (1) Tt . PY^a^ 
and (2) the least value of Tt is a-f b. 

19. Prove that the perpendicular from the focus upon any tangent 
and the line joining the oepti'e to the point of contact meet on the 
corresponding directrix. 

20. Prove that the straight lines, joining each focus to the foot of 
the perpendicular from the other focus upon tl)e tangent at any 
point P, meet on the normal PQ and bisect it. 
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21. Prove that the circle on any focal distance as diameter toq^hes 
the auxiliary circle. 

22, f'iud the tangent of the angle between CP and the normal at 

P, and prove that its greate.st value is f . • 


23. Prove that the straight line Ix + rny^m is a normal to the 
,,, .a® 6® 

eUlpso, if ~ — y • 


24. Find the locus of the point of intersection of the two straight 

lines — ” + 1 = 0 and ^ h- - 1 = 0. 

ah ah 

Prove also that they meet at the point whose eceentric angle is 

2tan~'' t. 


25. Prove that the l^cus of the middle points of the portions of 
tangents included between the axes is the curve 

a® h^ , 

”2 4- 

.r® 

26. A.ny ordinate NP of an ellipse meets the auxiliary circle in 

Q prove that the locus of the intersection of the normals at P and 
^ is tho circle .t® + y® = (a + h)\ 

27. normal at P meets the axes in G and y ; shew that the 
loci of the midd^ points of PG and Gg are respectively the ellipses 

28. Prove that the ^ocus of the feet of the perpendicular drawn 
from the centre upon any tangent to the ellipse is 

7 -‘-i = a®co 5 ®y + 6 ®Bin 2 y. [Use Art. 264 ,] 


29. If a number of ellipses be described, having the same major 
axis, but a variable minor axis, prove that the tangents at the ends of 
their latera recta pass through one or other of two fixed points. 

30. The normal GP is produced to <?, so that GQ = n . OP. 

Prove that the locus of Q is the ellipse 

31. If the straight line y=mx + e meet the ellipse, prove that the 
equation to the circle, described on the line joining the points of 
in^rsection as diameter, is 

(a® w® + b®) (a® + y ®) + 2na^cx - 2b®ey + c* (a* + b®) - a®b® (1 + to®) = 0. 

32. P^ and PN are perpendiculars upon the axes from any point 
P on the ellipse. Prove that MN is always normal to a fixed 
conoeiitrlo ellipse. 
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33. Prove that the Bum of the ecocntric angles of the extremities 
of a chord, which is drawn in a given direction, is constant, and 
equal to twice the eccentric angle of the point at which the tangent is 
parallel to the given direction. 

* .r® w* 

34. A tangent to the ellipse ^ meets the ellipse 


in the jjoints P and prove that the tangents at P and Q are at 
right angles. 

272. To prove that through any yiven point 
there in general^ tiro tangents to an ellipse. 

The equation to any tangent is (by Art. 233) 

y — nix -I- \fa'nt^ + 6“ (1). 

t Tf this pass througli the fixed point (.r, , y^), we have 
— m.i\ — Ja?m^ -s 

i. i\ y^ — H wr.r,^ — 

t. e. in? — a*) - ^mx\y^ + {if^ ^h-)r..O (2). 

For any given values of and y^ tliis equation is in 
general a rjuadratic equation and gives two values of m 
(real or imaginary). 

Corresponding to each value of in we ha^e, by sub- 
stituting in (1), a different inngeut. 

The roots i»f (2) are real and different, if 

(- - 4 (a-,’ - «-) (yi“ - 6*) be positive, 

i, e. if + a-y^^ — nW be positive, 

£p ^ y ^ 

i.e. if ^ be positive, 

t.c. if the p<jint (xi, y^) be outside the curve. 

Tlic roots are equal, if 

b^x^^ 4 - 

be zero, i.e. if the point (rcj, y^) lie on the curve. 
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The roots are imaginary, if 

1 

«■* 6 “ 

})e negative, i.e. if the point (ir,, ?/j) lie within the curve 
(Art. 255). 

273. Equation to the chord of contact of tangents 
drawn from a point (.Tj, yj). 

Hio equation to the t^ingent at any point whose 
coordinates are :r and y\ is 

^ V}f _ j 

dr 

Also the tail gent at the point R, whose coordinates are 
X*' and y", is 

^ ?///' , 

If these tangents meet at the point 1\ wliose coordi 
nates are and y^, we have 


. thV 1 

■ ■ 


•( 1 ). 

and + 1. 

0- 


..(2). 

The equation Uj QR m then 






....(3). 

For, since (1 ) is true, the point (x\ 

y) lies on 

‘( 3 ). 

Also, since (2) is true, the point {.c 

", y") lies 

on (3). 


Hence (3; must be the equation to the straight line 
joining («', y) and (a*", f\ Le, it must be the equation to 
QM the required chord of contact of tangents from (xj, yj). 

274. To find the equation of polar of the point 
(Xj, yi) vnth respect to the ellipse 

[Art. 162.] 


- - 1 , 



260 


COORDINATE GEOMETRY. 


jLet Q and li be the points in which any chord drawn 
through the jxnnt (aci, meets the ellipse [Fig. Art. 214], 

Let the tangents at Q and R meet in the point whose 
coordinates are (4, k). 

We require the locus of (4, k). 

Since QR is the chord of contact of tangents from 
(4, 4), its equation (Art. 273) is 

^4 2/4 


Since this straight line passes through the point (aji, yi), 
we have 


hx^ k}fy^ 


( 1 )- 


Since the relation (1) is true, it follows that the point 
f4, 4) lies on the straight line 



Hence (2) is the equation to the polar of the point 

(*i. 2/i)- 

Cor. The polar of the focus (ae, 6) is 

x,<xe . , a 

— 1, % e. , 

a- e 

i.e. the corresponding directrix. 


275 . When the point (x^, y^) lies outside the ellipse, 
the equation to its polar is the same as the equation of the 
chord of contact of tangents from it. 

When (xi, 2 / 1 ) is on the ellipse, its polar is the same as 
the tangent at it. ' 

As in Art. 215 the polar of (aij, y-^) might have been 
defined as the chord of contact of tlie tangents, real or 
imaginary, drawn from it. 

276 . By a proof similar to that of Art. 217 it can be 
shewn that 1/ the polar of P pass through Ty then the polar 
of T passes through P, 
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277. To jiiul the coordh^aiee of the pole of any (f^ven 


line 

Ax + By->rC--0 ( 1 ). 

Let (aSj, be its pole. Then (1) must be*the same as 
the polar of (ccj, 2 /]), i.e. 


XXi ?/J/i 
- 2-+-/2 -0 


( 2 ). 


Comparing (1) and (2), as in Art. 218, the required pole 
is easily seen to be 

Aa^ BJ^\ 

n )* 




a ’ c } 


278. To find the equation to the pair of tangents that 
can be drawn to the ellipse from the point y^. 

Let (A, k) be any point on either of the tangents tha# 
can be drawn to the ellipse. 

The equation of the straight line joining (4, k) to 
(a-u yd is 

^-y\/ \ 

k — Vi 4?/i — 4.r, 

^.c. V = -i-- - -V 

h ”■ if’i h — 

If this straight line touch the ellipse, it must be of the 
form 

y = nix + is! - h (Art. 263.) * 

Hence 

and = + 

h — ^ \ h ~~ iTj / 

But this is the condition that the point (4, k) may lie 
on the locus 

(m -«>iyf (y - y\f +&’(*- *1)’ (i)- 

This equation is therefore the equation to the required 
tangents. 
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•It would be found that (1) equivalent to 



279 . 7’o the locus of the middle j^oiuts of parcdlcl 

clwrds of the ellipse, 

L(‘t the chords make with the axis an angle whose 
tangent is w, so that the equation to any one of them, 
QR, is 

y uix + c (1), 

where c is different for the different chords. 


Y 



This straight line meets the ellipse in points whose 
abscissiie are given by the equation 

j? {mx + cY 
rr 6" 

i. e. j? + 5*) + ^Id^mcx ■¥ (f - U^) ~ 0 (2). 

Let the roots of this equation, Le the abscissae of Q 
and i?, be ar, and a*y, and let T, the middle point of QR^ be 
the point (A, k). 

Then, by Arts. 22 and 1, we have 
2 " + 


( 3 ). 
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Also F lies on the straight line (1), so that 

^ = m/i +c (4). 

If between (3) and (4) we eliminate r, we h^ve 
, a'ni (k - inh) 

i, e. It'h = — ahnk (5). 

Hence the point (A, k) always lies on tlie straight line 

y--~ —X (G). 

The required locus is therefore the straight lino 

I 

y = where m. , 

trin 

i.e. rnm. ~ (/). 

a- ^ ' 


aoo. Equation to the chord whose middle point is {h^ k). 

Thr required equation is (1) of the foregoing article, where m and 
c are given by equations (4) and (5), so that 

bVi , + 

m=--,^,and 

The required equation is therefore 

bVi a^k^ + bVt^ 

i.e. + 

It is therefore parallel to the polar of (//, k). 

281. Diameter. Def. The locus of the middle 
points of parallel chords of an ellipse is called a diameter, 
and the chords are called its double ordinates. 

By equation (6) of Art. 279 we see that any diameter 
passes through the centre (7. 

Also, by equation (7), we see that the diameter = 7n^x 
bisects all chords parallel to the diameter y = m-c, if 
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•'But the symmetry of the result (1) shows that, in this 
case, the diameter y ~ mx bisects all chords parallel to the 
diameter ?/ = 

Such a f)air of diameters are called Conjugate Diameters. 
Hence 

Conjug^ate Diameters. Def. Two diameters are 
said to bo conjugate when each bisects all chords parallel 
to the other. 

Two diameters y ~ mx and y — m^x are therefore con- 
jugate, if 


282 . The tangent at the extremity of any diameter in 
^parallel to the chords which it bisects. 

In the Figure of Art. 279 let (a', f) bo the point P on 
the ellipse, the tangent at which is parallel to the chord 
Qlty whose equation is 

y=^mx + c (1). 

The tangent at the point {x\ y') is 


XX ^ „ 1 


( 2 ). 


Since (1) and (2) are parallel, we have 

= — a ,, 

a^y 

i,e. the point {x\ y) lies on the straight line 

But, by Art. 279, this is the diameter which bisects QR 
and all chords which are parallel to it. 


Oor. It follows that two conjugate diameters CP and 
CD are such that each is parallel to the tangent at the 
extremity of the other. Hence, given either of tnese, we 
have a geometrical construction for the other. 
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883 . 27m tangents at the ends of any chord meet on ^the 

diameter which bisects the clM>rd. 

Let the equation to the chord QR (Art. 279) be 

y^mx + c (1). 

Let 2^ be the point of intersection of the tangents at Q 
and Rj and let its coordinates be h and A*. 

Since QR is the chord of contiict of tangents from its 
equation is, by Art. 273, 

» 

The equations (1) and (2) therefore represent the same 
straight line, so that . 

hVi 

i. e, (A, k) lies on the straight line 


which, by Art. 279, is the equation t<> the diameter bisect- 
ing the chord QR, Hence 2^ lies on the st raight line CJ\ 

«S84. If the eccentric angles of the endsy P and Dy of a 
pair of conjugate diameters he and then <)> and differ 
by a right angle. 

Since P is the point (a cos tp, b sin <^), the equation to 
bPiB 

y = x. - tan if> (1). 

So the equation to CD is 


y — X. — tan tf>. 


These diameters are (Art. 281) conjugate if 
^^tan<^tan«^ 

Le,\i * tan = — cot = tan Qp as 90 
■i.e. if ^ — 88 + 90*. 
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'Cor. 1. The points on the auxiliary circle correspond- 
ing to P and D subtend a right angle at the centre. 

For if p and d be these points then, by Art. 258, we 
have ' 

L ])C A* ~ <t> LdCA' --<f>'. 

Hence 

^2)Cd-^ lJCA'- l]>CA'^ = 

Cor. 2. In the figure of Art. 286 if F be tlie point 
then 1> is the point + 90** and />' is the point <f> - 90®. 


/'285. From the previous article it follows that if 2* be 
he point (a cos b sin ^), then D is the point 

{« cos (90** + ^), h sin (90“ + <^)} t. f,. (~ a sin h cos </>). 


Hence, if PN and DM be tJie ordinates of P and Z?, 



h 


CM , CAT 
, and — 


MD 

b'' 


^ 86 . 


If 1*CP' and DC D' he a pair of conjntjaie dia- 


meters^ then (1) CP^ CD'^ is constant^ and (2) the area of 
the parallelogram formed by the tangents at the ends of these 
diameters is constant. 
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Liet P be the point so that its coordinates are a co' ^ 
and b sin <f>. Then J) is the point 90* + <j!>, so that its co- 
ordinates are 

a cos (90* + and h sin (90*+ « 

i.e, — a sin </> and h cos 

(1 ) We therefore have 

CP^ =■ a® cos® fl> -i sill® <f}, 
and CD- = a® sin® </> + b^ cos® 

Hence CPU CI)^~ aU P 

— the sura of the squares of the semi-axes of the ellipse. 

(2) Let KLMN bo the parallelogram formed by the 
tangents at Z), P\ and D\ 

We have 

area KLMX =- 4 . area CPKI) 

= ^,Cl\PK iCU .CD, 

where CU is the perpendicular from C upon the tangent 
at P. 

Now the equation to the tangent at 1* is 

- cos <h + Y — 1 - 0, 
fb o 


so that (Art. 75) we have 


cu== 



1 ab ah 

cos ® <l> sin ® sin ® </» + cos * <f> CD 

a® b^ 


Hence CU . CD^ ab. 

Thus the area of the parallelogram KLMN -- ^ah, 

which is equcil to the rectangle formed by the tangents 
at the ends of the major and minor axes. 


287 . The product of the focal distances of a point P is 
equal to the sq'tiare on the semvdiameter parallel to the tangent 
at P. 

If be the point then, by Art. 251, we have 
^Psa + oecos^, and S'P^ a ^ aeco& 


h. 


9 
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« Heiicfi aVP . aS'P — aV cos* <f> 

- a*--(a* — 

- a"' siii^ <f> + h‘^ cos® 

- CD\ 


2B8. Bx. 1/ r and J) he the ends of conjugate diameters j find 
the locus of 

(1) the middle point of PI)^ 

(2) the intersection of the tangents at P arid D, 

and (.’}) the foot of the perpendicular from the centre upon PD. 

P is the point {a cos 0, 6 sin 0) and D is ( - ^ sin 0, b cos 0). 

(1) If (jr, 2 /) be the middle point of P7), we have 

a ooH 0 - rt sin 0 , b sin A+b roa 0 

- 2 "'<1 !/=•- 2" • 

If we eliminato 0 we shall get the required locus. We obtain 

J.2 y*Jt 

fj'i -1 ’^2" i ^ ^ 0)^] = i- 

The locus is therefore a concentric and similar ellipse. 

[N.B. Two ellipses are similar if the ratios of their axes are the 
same, so that th<*y have the same eccentricity.] 

(2) The tangents are 

cos 0 + •( sin 0 = 1, 
a b 


and 


.T . ?/ 

- fein 0 + *, cos0 = 1. 
a ^ b ^ 


Both of these equations hold at the intersection of the tangents. 
If we eliminate 0 we shall ha\e the equation of the locus of their 
intersections. 

By squaring and adding, we have 


80 that tlie locus is another similar and concentric ellipse. 

(3) By Art. 259, on putting 0'=9O°-i-0, the equation to PD is 

^ cos (45° + 0) + 1 sin (45° + 0) = cos 45°, 

Let the length of the perpendicular from the centre be j:> and let it 
make an angle w with the axis. Then this line must be equivalent to 
x COB (i; + ^ sin a; =^. 
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Gompariug the equatione, \v*e have 

/.i-o a cofl « C09 4.>° . ...o , // sill w 008 45'’ 

cos (4o” + 0) = • “ , and BUI (4o° + 0) = - 

V 2^ 


Hence, by squaring and adding, 2jf>2 = qos® w -+ U^sin^w, i.e, the 
locus required is the curve 

2r-^a^coh^0 + b'^B\n^0, i.e. 2 (x® -f .v V = aV* f 5V‘ 

289. JJquicon jugate diameters. Let P and D })o ox- 
treinities of e(|uicoi)jugato diameters, so that CP^ CD\ 

If tlie eccentric angle of P be 0 , wo then liave 
cos* 0 4 - sin * 0 a* sin* 0 + />“ cos * 0, 
giving tan ®0 1 , 

i.e. 0 = 40 °, or 135“. 

The etjuation to CP is then 



If .r . - tan 0 , 

it 

i.e. 

h 



and that to ( 7 is 

h . , 

2 / - - x ~ cot 0 , 

i.e. 

_/> 

y = + -x.... 


Jf a rectangle be formed whose sides are the tangents 
at Af A', li, and B' the lines (1) and (2) are easily seen to 
be its diagonals. 

The directions of the e<iuiconjugates are therefore along 
the diagonals of the circumscribing rectangle. 

The length of each cquiconjugate is, by Art. 286, 
/a*+~6* 

V 2 

290. Supplemental chords. Def. Tlio chords 
joining any point P on an ellipse to the extremities, R and 
R\'x>i any diameter of the ellipse are called supplemental 
chords. 

Supplemental chords are parallel to conjugate diameters. 
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ISet P be the point whose eccentric angle is and R 
and IV tlie points whose eccentric angles are <^i and 

180 ° 4 -^ 1 . 

The e<piatK)ns to J^R and PJV are then (Art. 259) 


cos + I sin - cos -(1), 



The ‘*7/2^’ of the straight line (1) — — ^ cot , 

Tlie “ m ” of the line (2) =- - tan — ^ . 

tC 2 

The product of these = — so that, by Art. 281, 

the lines PR and PR' are parallel to conjugate diameters. 

This propoHition may also be easily proved geometrioallv. 

Tor let V and be the middle points of Pit and PP\ 

Since V and 0 are respectively the middle points of ItP and JRR\ 
the \^ne CV is parallel to PH\ Similarly OF' is parallel to PJt 

Since CV bisects PR it bisects all chords parallel to PR, i.e, all 
chords parallel to CV\ So Cr' bisects all chords parallel to CV, 

Hence CV and CV' are in the direction of conjugate diameters and 
therefore PR' and PR, being parallel to CV and CV' respectively, are 
parallel to conjugate diameters. 
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291 . To find the equation to an ellipse referredmto a ' 
j}air of conjugate diameters. 

Let the conjugate seiiii-diametcrs be CP and CJO (Fig. 
Art. 286), whose lengtlis are a* and 1/ respectively. 

If we transform the equation to the ellipse, referred to 
its principal axes, to CP and CD as axes of coordinates, 
tlien, since the origin is unaltered, it becomes, by Art, 1 34, 


of the form 

^a;*+2//a;y + 7iy=l (1). 

Now the point P, {a\ 0), lies on (1), so that 

Ad^ - 1 ( 2 ), 


So since 2), the point (0, U), lies on (1), we have 

= 1 . 

Hence A ^ » and 2? — i . 

a u 

Also, since CP bisects all chords parallel to CZ>, there- 
fore for eacli value of je we have two equal and opposite 
values of y. Tins cannot be unless // = 0. 

The eejuation then becomes 


Cor. If the axes be the equiconjiigate diameters, th<* 
equation is + y* - The equation is thus the same in 
form na the equation to a circle. In the case of the ellij^se 
however the axes are oblique. 

292 . It will be noted that the equation to the ellipse, 
when referred to a pair of conjugate diameters, is of the 
same form as it is when referred to its principal axes. 
The latter are merely a ])articular case of a pair of conjugate 
diameters. 

Just as in Art. 262, it may be shewn that the equation 
to the tangent at the point (ar', y*) is 
XX yy 

Similarly for the equation to the polar. 
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Ely. IfQVQ^ he a double ordinate of the diameter CP^ and if the 
tangent at Q meet CP in T, then CV . CT= CP^. 

If Q bo the point {x\ ?/'), the tangent at it is 


•If VV __ . 
a'- 


Putting y =- 0, wo have 




x = 


Cpi 

cr ’ 

CV.CT ci^. 


crJ‘-: 

X 


EXAMPLES. XXXIV. 


^2 ^f2 , ^ 

1. In the ellipse | —1, find the equation to the chord which 

pasboa through the point (‘2, 1) and is bisected at that point. 

* 2. Find, with rcapect to the ellipse 4x2 + 7//” — 8, 

(1) the polar of the jmint ( - A, 1), and 

(2) the pole of the straight line 12.r + 7// f- 10 = 0. 

3. Tangents are drawn from the point (3, 2) to the ellipse 
j2+J?/2=i0. Kind the eijuation to their chord of contact and the 
ecpiation of the straight line joining (8, 2) to the middle point of this 
chord of contact. 

4. Write down the equation of the pair of tangents dreawn to the 
ellipse f-2//‘'^=5 from the point (1, 2), and prove that the angle 

between tlicm is tun . 

0 


•7* 7/^ 

5. In the ellipse ^ write down the equations to the 

diameters which are conjugate to the diameters whose equations are 

_ ^ a - h 

x~y --0. X + w = 0, y~-x, and w - x. 

* b a 

6. Show that the diameters whose equations are 7/ + 3.c = 0 and 
4// - .r-— 0, are conjugate diameters of the ellipse 3x-+ ig‘^ = o. 

7. If tire product of the perpendiculars from the foci upon the 

polar of V bo constant and equal to piovc that the locus of P is the 
ellipse + 

8. Shew that the four lines which join the foci to two points P 
and Q on an ellipse all touch a circle whose centre is the pole of PQ. 
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9, If the pole of the normal at P lie on the normal nt (^. tl^n 
shew that the pole of the normal at Q lion on the normal at P. 

10, CK is the perpendicular from the centre on the polar of any 
point P, and PM is tlie perpendicular from P on tlio sa^it* polar and 
18 produced to meet the major axis in L. Shew that (1) VK . PL - 
and (2) the product of the perpendiculars fiom the foci on the polar 
^CK.LM. 

What do these theorems become when P is on the cllipso ? 


11. In the previous question, if PN l)o the ordinato of P and tho 
polar meet the axis in T, shew that CL = e^ . CN and ( 7' . r.V 

12. If tangents TP and TQ he drawn fioiii a point 7\ wlioso 
coordinates are h and k, prove that the aiea of the tiianglo TP<^ ih 


(«-! h‘ ■■ VU'* fc") ’ 


and that the area of the qithdrllateial CPTQ is 

, ,\5 

13. Tangents are drawn to the ellipse from the point 

prove that they intercept on the ordinate through the nearer focus a 
distance ecpial to the major axis. 

14. Prove that tho angle between the tangents tliat can be drawn 
from any point (Xi, iji) to the ellipse is 


2ab 


tan~^ • 


\/i' 


^ />- 




15. If T he the point (.rj|, y^), shew that the equation to the 
straight lines joining it to the foci, S and S\ is 

^x^y - - aV {y - y,)®=<). 

Prove that the bisector of the angle between these lines also 
bisects tlie angle between the tjingents TP and TQ that can ho drawn 
from Ty and hence that 

lSTP=lS'TQ, 

16. If two tangents to an ellipse and one of its foci be given, prove 
that the locus of its centre is a straight line. 


17. Prove that the straight lines joining the centre to the inter- 

/a?m^ + IP 

sections of the straight line y = mx-^ — with the ellipse are 

conjugate diameters. 
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2^, Any tangent to an ellipse meets the director circle in p and d ; 
prove that Cp and Cd are in the directions of conjugate diameters of 
the ellipse. 

10. If CP he conjugate to the normal at Q, prove that CQ is 
conjugate to Ihe normal at P. 

20. If ft fixed straight line parallel to either axis meet a pair of 
conjugate diameters in the points K and L, shew that the circle 
described on, KL as diameter passes througli two fixed points on the 
other axis. 

21. PiovG that a choid which joins the ends of a pair of conjugate 
diameters of an ellipse always touches a similar ellipse. 

22. The eccentric angles of two points P and Q on the ellipse are 
and 03; prove that the area of the parallelogram formed by the 

tangents at the ends of the diameters through P and Q is 
4ab cosec (0i- 0ol, 

and hence that it is least when P and Q are at the end of conjugate 
diameters. 

23. A pair of conjugate diamcteis is produced to meet the 
directrix; shew that the orthocentre of the triangle so formed is at 
the focus. 

24. If the tangent at any point P meet in the points L and L' 

(1) two parallel tangents, or (2) two conjugate diameters, 

prove that in each case the rectangle LP . PT/ is equal to the square 
on the semidiameter which is parallel to the tangent at P. 

25. A point is such that the perpendicular from the centre on its 
polar with respect to the ellipse is constant and equal to c ; shew that 
Its locus is the ellipse 

b*~ c- ‘ 

26. Tangents aie drawn from any point on the ellipse + -» = 1 

d" b^ 

to the circle ; prove that the chords of contact aie tangents 

to the ellipse a\r^+ b'h/^ = r*. 

If prove that the lines joining the centre to the points 

of contact with the circle are conjugate diameters of the second 
ellipse. 

27. f 'P and CD are conjugate diameters of the ellipse ; prove that 
the locus ot the orthocentre of the triangle CPD is the curve 

2 (bY + = (ttS - 6^)2 

28. If circles be described on two semi-conjugate diameters of the 
ellipse as diameters, prove that the locus of their second points of 
interseotiou is the curve 2 
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293 . To 2 ^'if'ove that. In general^ fmtr nonnah ctm be 
drawn from any •point to an eflipee, and that the sum of the 
eccentric angles of their feet is eqtKil to an odd multiple of 
two right angles, , 

The normal at any point, who.se eccentric angle i.s tf>t 

by j ^ 

— , , p. ay-. 

cos 9 sin 9 

If this normal pass through the point (//, h), we ha>e 

^h hk - 

7 : 7 — c; \^h 

COS 9 sm 9 ' 

For a given point (//, k) this equation gives the 
eccentric angles of the feet of the normals which pass 
through (h, k). 

Let tan ^ ^ ho that 

9 9 

1 t- 2tau._5 

COS 9 - ■■■■■■■■ ■■■ 1 , and sin 9 ■' = . 


1 + tan® — 


1 tan® 


Substituting tlieso ^alu€*s in (1), we ha\e 
ah , - bk a-e®, 

i.e, hkt^ + {ah + are-) -+ 'It {ah — a^e^) - bk - 0 ... (2). 

Let ^ 3 , and be the roots of this equation, so that, 
by Art. 2, 

- ah + a®e® 




*+■ ^1^4 V* ^ * • • 




ah — a^e‘ 


and 


WA = -1 



2CG COORDINATE GEOMETRY, 

^euce (Trigonometry, Art. 125), we have 

\ 2 2 2 2 / 1 - Sa + ( 


0 


-= ?/7r 4- 


arul hence 


2 - ' 2’ 

01 + 02 08 + 01 - + 1) TT 

- an odd multiple of two right angles. 


294 . We shall conclude the chapter with some (‘x- 
amples of loci connected with the ellipse. 

£x. 1. Find the locus of the intersection of tangenU at the cnih 
of chords of an ellipse, which are of constant length 2t*. 

Let Qlt be any such chord, and let the tangents at Q and 11 meet 
in a point whose coordinates are (A, A). 

^ Since QIl is the iiolar of V, its equation is 
xh yk 


a’^ A- 


= 1 . 


.( 1 ). 


The abscissoo of the points in which this straight line meets the 
olliiise are given by 


/Aj 7,2\ 2vl 
a- \a“ ^ Ir) 


2rh , ir- ^ 

+ l--^, = 0. 

If .rj and r, he tlie roots of this equation, i.e. the abseissaj of Q 
and Ji, we lia\e 

2o2’>2A , a*{h--k^) 

r„, and xyr^ = -^ — 


.fi -i .r , - 


hVl^ + u^h- 


'hVr + d^k^' 


• (r - • (r + r V^- l.r r .W] 

•■Ki -a) - + {bVi- + a‘^k^)- ’ 

If T/j and 7/3 bfj the ordinates of and R, we have from ( 1 ) 

•'’ 1 ^* j. — 1 

x„h 7/„/f , 


bV> 


and 

60 that, by subtraction, 
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The condition of the question therefore grves 

4c®=(jj-Ti)2 + (y^ 

Hence the point (At, k) always lies on the curve 

which is therefore the locus of P. 

Ex. a. Jimd the locu^ (1) of the middle potnth, and (2) of the polettt 
of normal chords of the ellipse. 

The chord, whose middle point is (At, ^), is parallel to the polar of 
(Ai, A), and is therefore 

('■-''')^2+to-*),*=o (1). 

If this be a normal, it must be the same as 

ax hec 0 - by conee d = 6- (2) 

V’o therefore have 

a sec d -h cosec $ a^ - A>- 
h k 

80 that 7. {«=-;, 

, ^ V> (]? 

and 

Hence, by the elimination of Qy 

The equation to the required locus is therefore 

Again, if (-Cj, yi) be the pole of the normal chord (2), the latter 
equation must be equivalent to the equation 

Comparing (2) and (3), we have 

rt® sec $ cosec $ « , , 

— = - 

2/i 

/ a® A>® \ 1 

so-that l=oo8*<7 + sm“d=(^^-i- ^^ 5 ^-,, 
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a»d hence the required locus is 




jr-2 j/2 

Bx. a. Chorda of the ellipse + •^- = 1 always touch the concentric 
and coaxal ellipse -^4- find the locus of their poles. 

0. p" 

Any tangent to the second ellipse is 

y = 7nx+ ( 1 ). 

Let the tangents at the points vrljeie it meets the first ellipse meet 
in {h, k). Then (1) must be the same as tlie polar of {h, k) with 
respect to the first ellipse, i.e. it is the same as 


1 = 0 


.( 2 ). 


Since (1) and (2) coincide, we have 
m -1 

r=T= —ri”- 

b^ 




Henco 




k 

Eliminating ?/t, ^\e have 

'a^ k^^^^ ~ A2’ 

i.e. the point (//, k) lies on the ellipse 

fjp ^^2 

i.e. on a concentric and coaxal ellipse whose semi-axes aie and — 

a fi 

respectively. 


EXAMPLES. XXXV. 

The tangents drawn from a point P to the ellipse make angles 0^ 
and with the major axis ; find the locus of P when 

1. Pi + 0.^ is constant ( = 2a). [ComjMre Ex, 1, Aj't. 235.] 

2. tan -I- tan dg is constant (=t*). 

3. tan 01 - tan 0 ^ is constant (=d). 

4. tail* 01 + tan* ^g is constant ( = X). 
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Find the locus of the intersection of tangents 

5. which meet at a given angle a. 

6. if the sum of the eccentrio angles of their points of contact 
be e<iual to a constant angle 2a. 

7. if the difference of these eccentric angles be 120". 

8. if the lines joining the points of contact to the centre be 
perpendicular. 

9. if the sum of the ordinates of the points of contact be equal to b. 
Find the locus of the middle points of chords of an ellipse 

10. whose distance from the centre is the constant length e. 

11. which subtend a right angle at the centre. 

12. which pass through the given point {hf 1). 

13. whose length is constant ( = 2c). 

14. whose poles are on the auxiliary circle. 

15. the tangents at the ends of which intersect at light angles. 

18. Prove that the locus of the inttirsection of normals at the 
ends of conjugate diameters is the curve 
2 (a2x2 + bYf = (a2 - 


17. Prove that the locus of the intersection of normals at the ends 
of chords, parallel to the tangent at the point whose ecc'cntric angle is 
a, IS the conic 

2 (aa: sin a + by cos a) (ax cos a + by sin a) = (a® - b®)® sin 2a cos® 2a. 

If the chords be parallel to an equioonjugate diameter, the locus 
is a diameter perpendicular to the other equiconjugattj. 


18. A parallelogram circumscribes the ellipse and two of its 
opposite angular points lie on the straight lines x®— b®; ])rove that 
the locus of the other two is the conic 


a®^b®V W 


19, Circles of constant radius c are drawn to pass through the 
ends of a variable diameter of the ellipse. Prove that the locus of 
their centres is the curve 


(j*® + y®) (o®/*® + b®y® + rt®b®) = c® (a®x® + b®y*). 


20, The polar of a point P with respect to an ellipse touches a 
fixed circle, whose centre is on the major axis and which jrasses 
through the centre of the ellipse. Shew that the locus of P is a 
parabola, whose latus rectum is a third proportional to the diameter 
of the circle and the latus rectum of the ellipse. 


21. Prove that the locus of the pole, with resw 


any tangent to the auxiliary circle is the curve ^ 


ect to the ellipsei of 
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•22. Shew tliat the locus of tho pole, with respect to the auxiliary 
circle, of a taiiK^nt to the ellipse is a similar concentric ellipse, 
whose major axis is at right angles to that of the original ellipse. 

23. Chords of the ellipse touch the parabola ; prove 

that the locus of their poles is the paiabola ay- = *lb'^x. 

24. Prove that the sum of the angles that the four normals 
drawn from any point to an ellipse make with the axis is equal to 
the sum of the angles that the two tangents from the same point 
make with the axis. 

[Use the equation of Art. 2ft8.] 

25. Triangles arc formed by pairs of tangents drawn from any 
point on the elhpbo 

fi^x^ + . (a- + h-)^ to the elliiise + ‘^2 = 1, 

and their chord of contact. Prove that the orthocentre of eacli such 
tiiangle lies on the ellipse. 


26. An elliiise is rotated through a right angle in its own plane 
about its c<mtre, which is fixed ; prove that tho locus of tho }>otnt of 
intersection of a tangent to the olliiise in its original position with 
the tangent at the same point of the curve in its new position is 

(.r^ -H y“) + 1/^ - - b®) = 2 (a- -- b®) xy. 

27. If P and Z bo the feet of the perpendiculars from the foci 
upon the tangent at any point P of an el.ipse, prove that the tangents 
at Y and Z to the auxiliary circle meet on the ordinate of P and that 
the locus of their ^loint of intersection is another ellipse, 

28. I’rove tliat the dircctiiccs of tho tw^o parabolas that can be 
drawn to have their foci at any given point P of the ellipse and to 
pass through its foci meet at an angle which is equal to twice the 
eccentric angle of 


29. Chords at right angles are drawn through any point P of tho 
ellipse, and the line joining their extremities meets the normal in the 
point Q. Prove that Q is the same for all such chords, its 


coordinates being 


cos a 
b-* 


and 


— rt-be® sin a 


Prove also that tho major axis is tho bisector of the angle PCQ^ 
and that the locus of Q for different positions of P is the ellipse 


t/2 /a^-b^Y 



CHAPTER XITI. 

THE HYPERBOLA. 


295 . The hyperbola is a Conic Section m wliioli the 
eccentricity e is greater than unity. 

To find the equation to a hyperhoht. 

Let ZK be the directrix, iS the focus, and let SZ be 
perpendicular to the directrix. 

There will be a point A on AZ^ such that 

SAr=e,AZ {]) 
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1, thore will T)e another point A\ on pro- 
duced, such that 

( 2 ). 

Let the lAigth A A' lie called 2a, and let C l:>e tlie middle 
point of AA\ 

Subtracting (1) from (2), we ha\e 
2a- AA'. e.A Z- e.AZ 

. C [CA' -+ OZ] - c [( M - CZ] - e . 2CZ, 

i.e. CZ=-^ (3). 


Adding (1) and (2), we have 

t (AZ-\ A'Z) SA' + SA r- 2CS, 

p.AA'‘- 2. as, 

gild h(*nce CS - or (4). 

Let C be the origin, CSX the axis of .r, and a straight 
lin(‘ through C perpendicular to CX, the axis of y. 

Let P be any point on the curve, whoso coordinatt‘s are 
a* and y, and let he the perpendicular upon the directrix, 
and J^X the perpendicular on AA\ 

The focus S is the point (ae, D). 

The rehiti*ui SI^ e' . ZX'^ then gives 

{.f - + , 

l.*\ — 2aex ^ aV- -r //" — p~x" — 2aex + a^. 

}lence .r'-* (f’” — 1 ) - #/- -- or («;* — 1 ), 

.r* 

0^). 

or a^{e^— I ) ' ' 

Since, in the case of the hyperbola, e > 1 , the quantity 
a®(e” - 1) is positive. Let it l>e called ()\ so that tlie equa- 
tion (5) becomes 

x2 v2 

(6). 

where — a®= 07*9® - CJi® (7)» 

and therefore CS^=^a^ + 6® (8). 
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296 . The equation (6) may be written 
?/* _ .T* 1 - a) (x + a) 

A.V.NA' 

% ^ -r - — — 

a" ’ 

so tliat PN^ : AN . lYA' : : «*. 

If we put a*-0 in equati(»n (6), we liave - — ft®, 
shewing that the curve meets the axis CV in imaginary 
points. 

Def. Tile points./! and A' are called the vertices of the 
hyperbola, C is the centre, A A' in the transverse axis of the 
curve, whilst the lino PP' is called the conjugate axis, 
where P and P' are t<^o jioints on the axis of y equidistant 
from 0, as in the figure of Art. 315, and such that 
jro - CP=^b. 


207 . Since N is the point (ar, 0), the equation referred to the 
focus as origin is, by Ait. 1*28, 


i.e. ±+2--y^+e^-l=.0, 

a ie 

Similarly, the equations, refeired to the vertex A and foot of the 
directrix X respectively as origins, will be found to be 

2.r 




and 


^ _ j/« 2x 
^ ae~ 


1 


The equation to the hy^rbola, whose focus, directrix, and eccen- 
tricity are any given quantities, may be written down as in the case 
of the ellipse (Art. 249). 


298 . Tfiere exist a second focus and a second directrix 
to the curve. 

On SC produced take a point S\ such that 

SC=^CS'^-ae, 

and another point such that 

XC = CX' = -. 

e 
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t3‘)raw 7/M' perpendicular to AA\ and let PM be pro- 
duced to meet it in M\ 

The oqup.tion (5) of Art. 295 may be written in the 
form 

2(tex + 2aex 4 a®, 

i.e. (x 4- oeY 4- y® - e- 4 a; ^ , 

i.e c" {Z'C ^ CNf - . PM'\ 

lleiioe any point P of the curve is such that its distance 
from S' is e times its distance from Z'K\ so that we should 
liave obtained the same curve if we had started with S' as 
focus, Z'K' as directrix, and the same eccentricity e. 

299. The difference of the focal dintances of any jioint 
the hy 2 >erbola is equal to the transverse axis. 

For (Pig , Art 290) we have 

SP e . PM, and S'P - e . PM', 

Hence S'P - SP - c (PM' - PM) - e. MM' 
e.ZZ' 2e.CZ-^2a 
“ the transverse axis AA'. 

Also SP e.PM e.Z.Y e,CN-e.CZ ex' - a, 
and S'P e . PM' e . Z'.V e.CN-\ e, Z'C - ex' + a, 

"where x is the absci'ssa of the point Preferred to th'» centre 
as origin. 

300. Latus rpcfum of the Hyperbola, 

T^et LSJJ be the l«itus-rectum, i.e. the double ordinate 
of the curve drawn through S, 

By the definition of the curve, the semi-latus-rectuin SL 
- e times the distance of 1. froni the directrix 
e,SZ e(CS-^CZ) 

= e.CS-eCZ = a>‘^- aJ-, 

a 

by equations (3), (4), and (71 of Art. 295, 
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301. To trace the curve 


a® 6® 

(!)• 

• 

The equation may be written in either of the forms 

HI 

(2), 

or a:-±rt + 1 ... 

(•*»)• 

From (2), it follows that, if < a®, Le. 
and - a, tlien y is impossible. There is 
of the curve betwt^en A and A'. 

if jr* lie Irotweeii a 
therefore no part 


For all values ot* > a® the equation (2) shows that 
there are two equal and opposite values of y, so that tiie 
curve is symmetrical with respect to the axis 5f or. Also, 
as the value of x increases, the corresponding values of y 
increase, until, corresponding to an infinite value of a, wo 
have an infinite value of y. 

For all values of ?/, the equation (3) gives two equal 
and oj)posite values to £r, so that the curve is symmetrical 
with respect to the axis of y. 

If a number of values in succession be given to .r, and 
the con*esponding values of y be determined, we sliall 
obtain a series of j)oints, which will all Ire found to lie on a 
curve of the shape given in the figure of Art. 295. 

The curve consists of two portions, one of which extends 
in an infinite direction towards the positive direction of 
the axis of x, and the <Jther in an infinite direction towards 
the negative end of this axis. 


302. T/ie quantity — jy- — 1 w i) 0 Hitiv^^ zero^ or 

negativey according as the point {x\ y) lies withiuy upoUy 
or wiihouty the curve. 

Let Q be the point {x, y'), and let the ordinate QN’ 
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Uiroufth Q meet the curve in so that, by equation (6) of 
Art. 29D, 

PNJ_ 

a* ’ 


and hence 




If be witliiu the curve then y\ i.e, QX, is less than 


PA, so that 






Hence, in this case, — — ^ ^0, Le. is positive. 

6 - 

Similarly, if Q be 'without the curve, then y > PA, and 


we have 


^ y , 
Tf" “ TT* " 


303 . Tofnd the length of any cent r(d radius drawn in 
a given direction. 

The equation (G) of Art. 295, wlien transferred to polar 
coordinates, becomes 

1 cos*^ siu^ ^ cod^O/b^ 


b^ \a® 


This is the equation giving the value of anv' central 
radius of the curve drawn at an inclination 0 to the trans- 
verse axis. 

So long ah ttiidO< the equation (1) gives two equal 

and opposite values of r corresponding to any value of 0, 

6® 

For values of tan* ^ , the corresponding values of 

are negative, and tlie corresponding values of r imaginary. 
T 


Any radius drawn at a gi'eater inclination than tan - 

iZ 
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does not therefore meet the curve in any real poiifis, so 
that all the curve is included within two straight lines 

drawn tlirough C and inclined at an angle a=tan“^ — to CX, 

a 

Writing (1) in the form 

cos® B f - tan® Oj 


we see that r is least when the denominator is greatest, i.fi. 
when ^ - 0. The radius vector CA is therefore the least. 

Also, when tan ^ ^ ± , the value of r is inlinite. 

a 

For values of 0 between 0 and tan”* - the corresponding 

(Z 

positive values of r give the portion AR of the curve (Fig., 
Art. 295) and the corresponding negative values give the 
portion A' R\ 

For values of 0 between 0 and > tan"* the positive 

values of R give the portion AR^, and the negative values 
give the })ortion XR^'. 

The ellipse and the hyperbola since they l>otli have a 
centre C, such that all chords of the conic passing through 
it are bisected at it, are together called Central Conics. 


304 . In the hyperbola any ordinate of the curve does 
not meet the circle on A A' as diameter in real points. 
There is therefore no real eccentric angle as in the case of 
the ellipse. 

When it is desirable to express the coordinates of any 
point of the curve in terms of one variable, the substitutions 

xsasec^ and ysbtan^ 

may be used; for these substitutions clearly satisfy the 
equation (6) of Art. 295. 

The angle ^ can be easily defined geometrically. 

On A A' describe tlie auxiliary circle, (Fig., Art. 306) 
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\ir\d ft'om the foot JST of any ordinate of tlie curve draw 
a tangent to this circle, and join C(L Tlien 

cu cos jsrerr, 

i.e. * x=:-CK^asccNCU. 

The angle XCU is tlierefore the angle 

Also NU - CU atan</>, 

so that XP : XU :: h : a. 

The ordirialo of the hyperbola is therefore in a constant 
ratio to tlie huigth of the tangent drawn from its foot to 
the auxiliary circle. 

'I’ll is angle </> is n(»t so important an angle for the 
hyperbola as the (‘ccentric angle is for the ellipse. 

305 . Since the fundiimental equation to the hyper- 
bfila only diflers from that to the ellijise in having — 
instead of b\ it will bo found that many propositions for 
the hyperbola are derived from those for the (dlij)sc by 
changing the sign of /A 

Thus, as in Art. 260, the striiight line y -- mv, 4- c meets 
the hy[)erbola in points which are real, coincident, or 
imaginary, according as 

X* - 

As ill Art. 2G2, the equation to the tangent at (.r, y') is 

_ VV , 
a-* 6- ” 

Ah in Art. !3();5, the straiglit line 

y -- mx + s! dtd — 6“ 
is always a tangent.„ 

The straight line 

X cos a 4 y sin a ^ p 

is a tangent, if }f ~ d cos® a — Ir siir a. 

The straight line Ix + my^n 
is a tangent, if — a-F - IrnF. 


[Art. 2r>4.] 
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The normal at the point y) is, in Art. 20G, 

X— X y — y 
x' ?/' 

a" 

306 . With some modifications th(5 pn>porties of Arts. 
2G9 and 270 are true for the hyj)erbola also, if the 
corresponding figure bo drawn. 

In the case of the hyperbola the tangent bisec'ts the 
interior, and the normal tlie exterior, angle between the 
focal rlistances SJ* and 



It follows that, if an ellipse and a hyf)erbola liave the 
same foci JS and .S’", they cut at right angles at any crmnnoii 
point F. For the tangents in the two cases are respec- 
tively the internal and external bisectors of the angl(‘ 
and are therefore at right angles. 


307 . The equation to the straight lines joi;iing the 
points (a sec b tan and (« sec h tan <f>) can be 
shewn to be 


X 

a 


2 ■ ■ 


7/ . ^ + cf»* 

^^s.u -2- 


<f> + <l> 

.coa-2— . 
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rllence, by putting? it follows that tlie tangent at 

the point (a sec b tan </>) is 

^ ^ — cos d>. 

ah 

Ft could easily be shewn that the equation to the 
normal is 

ax sin = {a^ + 1/) tan 

308. The proposition of Art. 272 is true also for the 
hyperbola. 

As in Art. 273, the chord of contact of tiingents 
from (x^y ;y,) is 

_ IJi/x _ 1 

As in Art. 274, the polar of any point (j*!, is 

.T.r^ _ yy^ 

~b^ ■“ 

As in Arts. 279 and 281, the locus of the middle 
j)oints of chords, which are parallel to the diameter y -- r/za*, 
is the diameter y - /n^.r, where 

m/», - . 

a- 

The proposition of Art. 278 is true for the liyperbola 
also, if wo replace b'^ by — 

309. Director circle. The locus of the intersection 

of tangents which are at right angles is, as in Art. 271, 
found to be the circle = «* — 6^, i. e. a circle whose 

centre is the origin and whose radius is - b'\ 

If b^ <. a^y this circle is real. 

If b'^ — ar, the radius of the circle is zero, and it reduces 
to a point circle at the origin. 3 n this case the centre is 
the only point from which tangents at right angles can be 
drawn to the curve. 

If P > «*, the radius of the circle is imaginary, so that 
there is no such circle, and so no tangents at right angles 
can bo drawn to the curve. 
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310. Equilateral, or Rectangular, Hypertipla. « 

The particular kind of hyperbola in which the lengths 
of the transverse and conjugate axes are equal is called an 
equilateral, or rectangular, hyperbola. The neasoii fur the 
name “ recUmgular will be seen in Art 318. 

Since, in this case, 6 - a, the equation to the equilateral 
hyperbola, referred to its centre and axes, is - y® -- a®. 

The eccentricity of the rectangidar hyperhula is yj2. 

For, by Art. 295, we have, in this wise, 

«» ■ 

SO that e — ^2. 


ail. Bx. The perpendiculars from the centre upon the tangent 
and normal at any point of the hyperbola ~ them in Q 

and Jl. Find the loci of Q and It, 

As iu Art. 308, the straight line 

xcosa + y sin a=2) 

is a tangent, if p’^ = a® cos® o - sin® a. 

But aud a are the polar coordinates of Q, the foot of the perpen- 
dicular on this straight line from C, 

The polar equation to the locus of Q is therefore 
r® = a® cos® 0 - h- bin® 
i.e.f in Cartesian coordinates, 

(a® + y®)® = ®. 

If the hyperbola be rectangular, we have a-h, and the i)olar 
equation is 

r® = a® (cos® $ - sin® 6) = a® cos 20. 

Again, by Art. 307, any normal is 

a J sin 0 + hy = (a® + i»®) tan 0 (1). 

The equation to the perpi?ndicular on it from the origin is 

bx -■ ay fiintp==0 (2), 

If we eliminate w'e shall have the locus of It. 

hx 

From (2), we have sin^= - *, 

ay 

sin <i> hx 

and then tan^= 

Substituting in (1) the locus is 

(-r» + y®)® (a®y ® - &®x*) --- (a® + i»»)® xhf. 
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EXAMPLES. XXXVI. 

Find the equation to the hyperbola, leforred to its axes as axes of 
coordinates, 

t 

1 . whoso transverse and conjugate axes are respectively 3 and 4 , 

2. whose conjugate axis is 5 and the distance between whose foci 
is 13, 

3 . whose conjugate axis is 7 and wliieh ]>as 8 es through the point 

(3, - 2 ). 

4 . the diatanco between whose foci is 16 and whose eccentricity 
iB J'2. 

5. In the hyperbola 4.t- -9//-- 3G, find the axes, the coordinates 
of the foci, the eccentricity, and the latus rectum. 

6 . Find the Equation to the hyperbola of given transveise axi? 
whose vertex bisects the distance between the centre and the focus. 

7. Find the equation to the hj’perbola, whose eccentricity is J , 
\^o 8 e focus is (n, 0), and whoso directrix is 4.r- liy = a. 

Find also the coordinates of the centre and the equation to the 
otlier dncctrix. 

8 . Find the points common to the hyperbola 2 oj;- ~ 225 

and the straight line 25 j l 12y-45-0. 

9. Find the equation of the tangent to flio hyperbola 4.r- - 9//^- * 1 
which is parallel to the hue 4y = 5a;4 7. 

10 . Pnne that a circle can be drawn through the foci of a 
hyjierbola and the points in which any tangent meets tlie tangents at 
the ^ertice 8 . 

11. An ellipse and a h^peibola have the same principal axes. 

Shew that the polar of any po.nt un tui-vc with lesptct to the 

other touches the first cur\e. 

12. In both an ellipse and a hyperbola, prdve that tbe focal 
distance of any point and the peiqxjndicular from the centre upon the 
tangent at it meet on a circle whose centre is the focus and whose 
radius is tbe serni- transverse axis. 

13. Prove that the straight lines - ; ---mand -r / = always 

a b (lb VI '' 

meet on the hyperbola. 

14. Find the equation to, and the length of, the common tangent 

to the two hyperbola .8 --5 - , -- 1 and * „ - 7 -, = 1 . 

e* a® 0 - 

15. In the hyperbola lG.r®- 9y®=144, find the equation to the 
diameter which is conjugate to the diameter whose equation is x=2y. 
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IG. Find the equation to the chord of the hjperbola 
25J-2 - lGy2=400 

which is bisected at the point {.*5, 3). 

17. In a rectangular hyperbola, prove that 

SP,S^P^C1^, 

18. the distance of any point from the centre varios inversely as 
the ])erpcridicular from the centre upon its polar. 

19. if the normal at P meet the axes in G and 17, tlien PG ~P<j - PC, 

20. the angle subtended by any chord at the centre is tin* 
supplement of the angle between tiie tangents at the ends of tlic 
chord. 

21. the angles subtended at its vertices by any cliord which is 
parallel to its conjugate axis are supplementary. 

22. The normal to the^hyperbola - = 1 meets the axes in il/ 

and Ny and lines il/F and NP are drawn at nglit angU's to tl»e axes ; 
piove that the locus of P is the hyperbola 

23. If one axis of a varying central conic bo fixed in magnitude 
and position, X‘rove that the locus of the point of contact of a tangent 
drawn to it from a fixed point on the other axis is a parabola. 

24. If the ordinate ilf F of a hyperbola be produced to Qy so that 
MQ is equal to eitlier of the focal distances of /*, prove that the locu« 
of Q is one or other of a pair of parallel straight iimis. 

25. Shew that the locus of the centre of a circle whicli Iouciils 
externally iwo given circles is a hypeibola. 

26. On a level plain the crack of the rifle and the thud of the boll 
striking the target are lieard at the same instant; prove that the 
locus of the hearer is a hyperbola, 

27. Given the base of a triangle and the ratio of the tangents of 
half the base anghs, prove that the vertex moves on a hyperbola 
whose foci are the extremities of the base. 

28. Prove that the locus of the poles of normal chorda witli 

respect to tlve hyperbola ^ ^ curve 

T/^a* - x%^=(a^ + rhj-, 

29. Find the locus of the pole of a chord of the liyj^rbola winch 
subtends a right angle at (1> the centre, (2) the vertex, and (3) the 
focus of the curve. 

30. Shew that the locus of poles with respect to the parabola 

j/®=4aj; of tangents to the hyperbola is the ellipse 
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ftl. Prove that the locus ot the polo with respect to the hyperbola 

y2 

- 5 - , .i ■-= 1 of tangent to the circle, whose diameter is the line 
a* b* 

js2 ^j2 J 

joining the foci, is the ellipse 

32. Prove that the locus of the intersection of tangents to a 
hyi>erbola, which meet at a constant angle jd, is the curve 

(ic® + J/® + “ fl®)® = 4 cot® ^ [a^y ® - h“X^ + a^b'^). 

33. From points on the circle + tangents aie drawn to 

the hypeibola x‘* - 7/“=a®; prove that tlie locus of the middle points of 
the chords of contact is the curve 

(j;®-i/®)-' = a®(jr® + j/®). 

34. Chords of a hyperbola are drawtt, all passing through the 
fixed point (/i, k ) ; prove that the locus of their middle points is a 

hyperbola whose centre is the point , and which is similar to 

either the hyi)erbola or its conjugate. 

312. AB3rmptote. Def. An asymptote is a straight 
lino, wliich meets tlie conic in two points both of which are 
situated at an iniinite distance, but whicli is itself not alto- 
gether at intinity. 

313. 7\} find the asynwtotes of the hyperbola 

cH ■- //® 

As ill Art. 2G0, the straight line 

y- mx + c (1) 

meets the hyporlwla in points, whose abscissae are given by 
the equation 

(^,2 _ a®ni®) - 2a^nicx - a® (c® ^ 6®) - 0 (2). 

Tf the straight line (1) be an asymptote, both roots of (2) 
must be infinite. 

Hence (C. Smithes Algebra, Art. 123), the coefficients of 
.'f® and X in it must botli be zero. 

We therefore have 

6® — a®//i® = 0, and a^mc = 0. 
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Hence 


w = J- * , and c = 0. 
a 


Substituting these values in (1), we have, tne re- 
quired equation, 

h 

2 / 

a 

There are therefore two asymptotes both passing 
through the centre and equally inclined to the axis of a", 
the inclination being 

$ 

% 

The equation to the asymptotes, written as one eipia- 
tion, is 


Oor. For all values of c one root of equation (2) is 

infinite if m - ± ^ . Hence any straiglit line, which is 

j)arallel to an asymptote, meets the curve in one j)oint at 
infinity and in one finite })oint. 


814 . That the asymptote passes through two coincident points 
at infinity, i.e. touches the curve at infinity, may be Been by finding 
the equations to the tangents to the curve which pass through any 

point ^ oil the asymptote y = 

As in Art. B05 the equation to cither tangent through this point is 

y = mx + - 6^, 

where - x, - wx, - 6^, 

a ^ * "V 

i,f. on clearing of surds, 

w* (x-^ - a^) - 2m ^ x^ + (jj* -t- a®) 

One root of this equation is so that one tangent through 

the given point is ^ ^ or, t.e. the asymptote itself. 
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^ 315 . Oeo metrical construction for the asymptotes. 

Let A' A 1)0 the transverse axis, and along the conju- 
gate axis measure oil* VJi an<l CJS\ each equal to h, 
Througli ti and Ji' draw j»aral]els to tlie transverse axis 
and through A and ^'parallels to the conjugate axis, and 
let these mc^et respectively in A",, A’';,, and as in the 

hgure. 



Clearly the equations <i£ and K.f!K^ are 

h , h 

y - X, aiul i/ .r, 

^ a ' a 

and these are therefore the equations of the asymptotes. 

316 . Let «any double ordinate l'*NP' of the hyperbola 
1)0 produced both 'ways to meet the asymptotes in Q and Q\ 
and let the abscissa CK be x. 

Since P lies on the curve, we have, by Art. 302, 

a 
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Since Q is on tlie asynipioto whose equation isy - 

(t 


we have 


a 


Hcuco J>(^ -= SQ - KP ^ (jc' - Jx'^ - a’), 

ami P'Q — (x' ) — n’). 

a ' 

Therefore PQ.FQ 


Hence, if from miv point on an asymptote a straifjht 
line be drawn perpSndicular to the transverse axis, the 
product of tlie segments of this line, intercepted between 
the fs)int and the curve, is always equal to the square on 
the 8(‘nii-conjugale axis. 

Again, 


PQ 


__ a’^) 


h a* 

« [t f- - a'-* 


ah 


X + V 


PQ is therefore always positive, and therefore the 
part ('f the curve, for which the coordinates are positive, 
is altogether between the asymptote and the transverse 
axis. 

Also as X increases, i.e, as the point P is taken further 
and further fnmi the centre (7, it is clear that PQ con- 
tinually decreases ; finally, when x is infinitely great, PQ 
is infinitely small. 

The cur\e therefore^ continually approaches the asymp- 
tote but never actually readies it, although, at a very great 
distance, the curve would not be distinguishable from the 
asymptote. 

This property is sometimes taken as the definition of an 
asymptote. 


31 7 • If SF be the perpendicular from S upon an 
asymptote, the point F lies on Hie auxiliary circle. Tliis 
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follows from tho fact that the asymptote is a tangent, 
whose point of contact liappens to lie at iTifinity, or it may 
l;e j)rovecl directly. 

For 

CF =- CA'cos FCS = CS . ^ = Ja^ 4'6“ . ® = a. 

CK 

Also Z being the foot of the directrix, we have 

CA^-CS, CZ, (Art. 295) 

and hence CF^ - US . VZ, Le. CS : CF : : OF i CZ. 

By geometry, it follows that lCZF~. j^CFS =• a. right 
angle, and hence that F lies on th«» directrix. 

Hence the perpendiculars from the foci on either asymptote 
meet it in the same points as the corresponding directrix^ 
and the common points of intersect io7i lie on the auxiliary 
circle. 


318. Equilateral or Rectangular Hsrperbola. 

In this curve (Art. 310) the quantities a and h are equal. 
I’he equations to the asymptotes are therefore y~ •*=a‘, i.e. 
they are inclined at angles =*= 45" to the axis of a*, and hence 
tliey are at right angles. Hence the hyperbola is generally 
called a rectangular hy 2 )erbola. 


319. Coi^jugate Hyperbola. The hyperbola which 
has 7W as its transverse axis, and AA' as its conjugate 
axis, is said to the <*onjiigate hyperbola of the hyperlxda 
whose transver.se and conjugate axes are respectively -4^1' 
and JiB'. 

Thus the hvperlK>la 

1 

F a’' 

is conjugate to the hyperbola 


( 1 ). 


«• F ~ 


C-i)- 


Just as in Art. 313, the equation to tlie asymptotes of 


(l)i8 


y‘ 
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which, hy the same article, is the equation to the (isymp- 
totes of (2). 

Thus a hyperbola and its conjugate have the same 
asymptotes. » 

The conjugate hyperbola is the dotted curve in the 
figure of Art. 323. 

320 . 1 nter section 8 of a hyperbola vdth a 2 >air <f con* 

jugate diameters. 

The straight line y - m^x intersects the hyperbola 
a» h*~ 

in points whose abscissne are given by 


f.#. by the equation x* 

The points are therefore real or imaginary, according as 
a^m* is < or > 

i.e. according as 

711^ is numerically « or > - ( 1 ), 

i.e. according as the inclination of the straight line to the 
axis of X is less or greater than the inclination of the 
asymptotes. 

Now, by Art. 308, the straight lines y - injX and y 
are conjugate <liainetera if 

„a (4 

Hence one of the quantities and w, must l)e less 
than ~ and the other greater than - . 

Let be < “, so that, by (1), the straiglit line 

CL 

meets the hyperbola in real points. 

L, 



10 
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^Then, by (2), must l>e > ^ , so that, by (1), the straight 

(ti 

line y - will meet the hyperbola in imaginary points. 

1 1 follows therefore that only one of a pair of conjugate 
diameters meets a hyperbola in real points. 


321 . If a pair of diameters he conjugate with respect 
in a hyperbola, they vail be coujugate with respect to its con- 
jugate hyperbola. 

For the straight lines ?/ = and y = m.^c are conjugate 
with respect to the }iy[)erbola 


1 


(1). 


if 


mguy 


a^ 


( 2 ). 


Now the 


e<j nation 

(liflijrs from (1) in having 


to the conjugate hyperbola only 
a^ instead of a^ and - b'^ instead 
of i*, so that the above pair of straight lines -will be con- 
jugate with resj)ect to it, if 

-- h^ b^ 


■ (3). 


J>ut the relation (.*1) is the same as (2). 
Hence the prgj[H)sition. 


322 . If a pair of diameters he conjugate ^vith respect 
to a hyperbola, one of them meets the hyperbola in real points 
and the other meets the conjugate hype/bola in real points. 
Jjct the dianietei's be y - m^x and y--m^r, so that 

b'^ 

As in Art. 1120 lot and hence - , so that the 

a a 

straight line y ~ meets the hyperbola in real points. 
Aldo the straight line y--m» 2 ; meets the conjugate 

hyperbola 1 in jK)ints wdiose abscissie are given by 

the equation A) = ], f.,. by 
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Since rtu ^ ~ , tiiese abscissae are ren-l 
a 

TIence the proposition 


323 . If a pair of conjuyafp diartiPters meH th^ hpp^rhola 
and its conjuyaif* in P and D, then (I') CP* - u* - h-, 

and (2) the tangents at P^ 1) and the other ends of the 
diameters passing through them form a parallelogram whose 
vertices lie on the asymptotes and whose area is conitant 

Tjet P be any point on the hyperbola 1 wliose 

coordinates are {a sec </>, h tan 

The equation to the diameter t^P is therefore 


h tan 4* 
a sec <j> ' 


,r . sin kL. 
a 



By Art. 308, the equation to the straight line, 'which 
is conjugate to (^P, is 


b 
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This straight line meets the conjugate hyperbola 


in the points (a tan h sec <^), and (— a tan - h sec </>) so 
that D is the point (a tan <jk, h sec 

We therefore have 

CP‘ = sec® <f> 4 tan® </>, 
and CJy^ - a® tan® + 6® sec® 

Hence 

CP” - i 7>® - (rr - (sec® - tan® <^) - a® - 

Again, the tangents at P and I) to the hyperbola and 
the conjugate hyj)erbola are easily seerf to be 

^'in - C08 (1), 

and ^ ^ sin <^ = cos (2). 

These meet at the point 

a‘ y cos 
a b 1 — bin * 

This point lies on the asymptote CL. 

Similarly, the intersection of the tangents at P and i>' 
lies on CL^^ that of tangents at D' and P* on CL\ and 
tliose at D and P' on CL^. 

If tangents be tlierefore drawn at the points where a 
pair of conjugate diameters meet a hyperbola and its 
conjugate, tla^y form a parallelogram whose angular points 
are on the asymptotes. 

Again, the i)er|)endicular from C on the straight line (1) 

cos 4> cos ^ 

/l 1-2^ \V/ + a®sin*<^ 

V 


ah ab ab 

V^>®sec® ^ + a® tan®<^ 



THE CONJUGATE HYPERBOLA. 


293 


so that PK X perpendicular from C on PK ~ a6, 

^.6. area of the parallelogram CP KD - ah. 

Also the areas of the parallelograms CPJCD^ CDK^V\ 
CP'K'D\ and CD'K'P are all equal. 

The area KKxK'K^ tlierefore - iab. 

Oor. PK = CD = JfC ~ K^P, so that the portion of a 
tangent to a hyperbola intercepted l>etween the asymptotes 
is bisected at the point of contact. 


324 :. lielation between the equatumi to the hy^yerhoJa, 
the equation to iis asymptotes, and the equation to the conju- 
gate hyjyerhola. 

The equations to 'the hyperbohi, the asymptotes, and tlie 
conjugate hyperlxda are rc*spectively 

0 ).* 

( 2 ). 

(»)■ 


a? _y‘ 

<-po. 

fr 


and 


We m»tice that the equation (2) differs from equation H) 
by a constant, and that the equation (3) differs from (2) oy 
exactly the same quantity tliat (2) differs from (1). 

If now we transform the equations in any way we 
please — by changing the origin and directions of the axes — 
by the most general substitutions of Art. 132 and by 
multiplying the equations by any — the same — constant, 
we shall alter the left/-hand members of (1), (2), and (3) in 
exactly the same way, au<l the right-hand constants in the 
equations will still be constants, and differ in the sante way 
as before. 

Hence, whatever be the form of the equation to a 
hyperbola, the equation to the asymptotes only differs from 
it by a constant, and the equation to the conjugate 
hyperbola differs from that to the asymptotes by the same 
constant. 
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025 . As an example of the foregoing article, let it be required 
to liiid the asymptotes of the hyperbola 

3x“-5ar7/“2?/® + 5a:-r11y-8 = 0 (1). 

Since the etpiation to the asymptotes only differs from it by a 
constant, it must be of the form 

-{• 6x -hlly + c ~0 (2). 

Since (2) represents the asymptotes it must represent two straight 
lines. The condition for this is (Art. 110) 

3(-2)^ + 2.^V-(“§)-3(V-)^-(-•2)(^)2-c(-^)2 = 0, 
i.e. c=-12. 

The equation to the asymptotes is therefore 

Sx^ - Hxy - 2y2 + rix + 1 1 y - 12 = 0, 
and the equation to the conjugate liyiierbola.is 

3.r- - 5xy - 2y‘^ + + 11?/ - 10 = 0. 

836 . As anotlier example we see that the equation to any 
nyperbola whose asymjjtotes are the straight lines 

A X -f Jhj + C~0 and A^xA- I^iy = 0, 

is + + (.'ljX + /?j?/ + Ci) = \2 ( 1 ), 

where X is any constant. 

For (1) only differs by a constant from the equation to the 
asymptotes, wliicli is 

(.fj-f/ly-l-G) (-'ljj- + /lj?/ + Cj) = 0 (2). 

If in (1) we substitute - for X® we shall have the equation to its 
conjugate hyperbola. 

It follows that any equation of the form 

{Ax -\-Jiy -1" C) ( .IjX + B^y + C J = X^ 
represents a hyperbola whoso asymptotes are 

Jj:4-i?// + C = 0, and AiX + B^y + C^^-O. 

Thus the equation x{x + y) = a^ represents a hyperbola whose 
asymptotes are a- = 0 and x -f </ = 0. 

Again, the equation x‘ + 2xy cot 2a- ?/*— a®, 
i.e. (x cot a-y) (x tana + y) = u®, 

represents a liyperbola whose asymptotes are 

X cot a - y — 0, and x tan a -f y = 0. 

837 . It would follow from the preceding articles that the 
equation to any hyperbola whose asymptotes are x — 0 and y^O is 
xyxs const. 
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The constant could be easily determined in terms of the 
transverse and semi-conjugate axes. 

In Art. 328 we shall obtain this equation by direct transformation 
from the equation referred to the principal axes. • 


EXAMPLES. XXXVn. 


1, Through the iiositive vertex of the h,v}>erhola a tangent is 
drawn; where does it meet tlie conjugate hyperbola? 

2. If e and e' be the eccentricities of a hyperbola and its conjugate. 



3. Provo that chords* of a hyperbola, wliich touch the conjugate 
hyperbola, are bisected at the point of contact. 

4. Shew that the chord, which joins the joints in which n pair 
conjugate diameters meets the hy'perbola and its conjugate, is ijarallel 
to one asymptote and is bisected by the other. 

5. Tangents arc drawn to a hyperbola from any point on one of 
the branches of the conjugate hyperbola ; shew that their chord of 
contact will touch the other branch of the conjugate hyperbola. 

6. A straight line is drawn parallel to the conjugate axis of a 
hyperbola to meet it and the conjugate hyperbola in tlie jioinis F and 
Q\ shew that the tangents at F and Q meet on the cuive 

y* [i/ _ .t2\ _ 4j:2 
u") a- * 

and that the normals meet on the axis of x. 

7. From a point G on the transverse axis O’L is drawn perpen- 
dicular to the asymptote, and GF a normal to the curve at 1*. Provo 
that LP is parallel to the conjugate axis. 

8. Find the asymptotes of the curve + 5xy -f + 4.c -i- % = 0, 
and find the general cquatiou of all hyperbolas having the same 
asymptotes. 

9. Find the equation to the hyperbola, whose BS,>'mptotes -^re the 
straight lines -i- 2</ + 3 = 0, and Sx-f 4y + 5 = 0, and which passes 
through the point (1, -1). 

Write down also the equation to the conjugate hyperbola. 

10. In a rectangular hyperbola, prove that CP and CD are equal, 
and are inclined to the axis at angles which are complementary. 



29G 


COORDINATE OEOMETRY. [Exs. XXXVII.] 


^ ^3 jjS 

11, C is the centre of the hyperbola ^ ^ tangent at 

any point P meets the asymptotes in the points Q and R. Prove that 
the equation to the locus of the centre of the circle circumscribing 
the triangle CQR is 4 - by) = (a® + ft-)®. 

12, A series of hyperbolas is drawn having a common transverse 
axis of length 2«. Prove that the locus of a point P on each hyper- 
bola, such that its distance from the transverse axis is equal to its 
distance from an asymptote, is the curve 

328. To find the equation to a hyperbola referred to its 
asyruptoies. 



Draw TII parallel to one asymptote CL to meet the 
other CK' in /T, and let ClI and HP be h and k respec- 
tively. Then h and k are the coordinates of P referred to 
tlie asymptotes. 

Irfit a be the semi-angle between the asymptotes, so that, 
by Art. 31 3, tan 

, , sin a cos a 1 

and hence — — -r~r =^. . 

b « + 6 - 

Draw IIN perpendicular to the transverse axis, and HE 
parallel to the transverse axis, to meet the ordinate PJ£ u£ 
the point P in E. 
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Then, since PJI and HR are parallel respectively t# CL * 
and CM, we have l PUR = l LCM = a. 

Hence CM ~ CN + HR = CH cos a 4 - HP a 




and HN ■= UP sin a - CH sin a 

Jar -h 

Therefore, since CM and MP satisfy the equation (1), 
we have 

{h+kYjk-h)\ a? + 1P 

a^ + b^ V + ’ 4 • 

Hence, since {h, k) is any point on the hyperlx)la, the 
required equation is 

a2 + b* 


This is often written in the form xy~c^, where 4c* 
equals the sum of the squares of the seiniaxcs of the 
hyperbola. 

Similarly, the equation to the conjugate liyperlx>la is, 
when referred to the asymptotes, 


329 . To find the equation to the ianypnt at any jioint 
of the hyperbola xy =• c*. 

Let (a/, f) be any point P on the hyperbola, and 


(«". y") a point Q on it, so that we have 

( 1 ), 

and x*y' = c* (2). 

The equation to the line PQ is then 

( 3 ). 
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®ut, by (1) and (2), we have 
c’ c® 

n f tf t 2 ' ff 8 

y X X c X —x c 

x' — X x' --- X xx' x' — X XX 

Hence the ecjuation (Ti) becomes 

y--y'--,.v' (*-»-•') (4)- 


Let now the point Q be taken indefinitely near to P, bo 
that x'*~-x ultimately, and therefore, by Art. 149, PQ 
becomes the tangent at P. 

Then (4) becomes 

y~y' I' 

The I'equired equation is therefore 

xy' -h xy = 2xy' := 26*® (5). 

The equation (5) may also be written in the form 


. y o 

"7 “T , 

■X y 


(( 5 ). 


830. The tauffrnt at rtTjypooif of a hyperbola cuts off a trianple 
of constant area from the asymptotes^ and the portion of it intercepted 
between the asymptotes ts bisected at ih** imtut of contort . 

Take the asymptotes as axes and let tlie equation to the hyperbola 
be xy — 


The tangent at any point P is 


.T 

-- + 

X 


V 

y' 


Q 


This meets the axes in the points (2.c', 0) and (0, 

If these points bie h and Z/, and the centre be C7, we have 


CL^^lx\ and CV’^2i/. 

If ‘2a be the angle between the asymptotes, the area of the triangle 

(i^ + 

LCL =^\CL , C// sin *2a=2j; y'sm 2a = — . 2 sin a cos a* a?;. 

(Art, 328.) 

Also, since L is the point (2.r', 0) and V is (0, 2y% the middle 
point of LL' is (x\ y')» *he point of contact P. 



ASYMPTOTES AS AXES. 299 

331. As in Art. 274, the polar of any point 
■with respect to the cui’ve can be shewn to he 

+ ^xV =- 2c*. 

Since, in general, the point (.r^, does not lie on the 
curve the equation to the polar cannot be put into the form 
(6) of Art. 329. 


332. The equation to tlie normal at the point (.c, ;//') 
is 7/ — y ~ m (j3 — £c'), where m is chosen so that this line is 
perpendicular to the tangent 

H 

y-~ 


,v ^ 

: > a: + 7 - 

X X 


If ( 1 ) be the angle between the asymptotes wo then 
obtain, by Art. 93, 

.C' — ?/' C'(>« (i> 

, 

y —X cos «> 

so that the re<iuired equation to the normal is 

y {y — X cos oj) — a; {x ~ y cos m) - - x!*. 


Also cos w — cos 2a ~ cos® a — sin® a r. - , 

a* + 1 


.]■ 


If the hyperbola be rectangular, then w -- 90', and the 
equation to the normal becomes xx ~yy --vc' — y^. 


333. Equation referred to the asymptotes. 
One Variable. 

The equation xy -~c^ is clearly satisfied by the substitu- 

. c 

tion X ~ ct and y = j • 

Hence, for all values of the point whose coordinates 
are {ct^ ^ lies on the curve, and it may be called the point 

The tangent at the point is by Art. 329, 
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• Also the nornml is, by the last article, 

y ( 1 - cos (j))-x - cos w) = “ (1 - t*)y 

^ t 

or, when tlie hyperlx)la is rectangular, 

The etjuations to the tangents at the points ** and “ 
are 

7 +y<i = 2c, and '^ + yt^=‘>c, 
h h 

and hence the tangents meet at the point 

The line joining and which is the polar of this 
point, is therefore, hy Art. 331, 

X + ytiU = c (^ 1 4- Q. 

This form also follows by writing down the equation 
to the straight line joining the points 

(ct„ 0 and (c/,, £). 

8d4. Bx. 1. 1/ a rectangular hyperbola circumscribe a triangle^ 
it also passes through the orthocentre oj the triangle. 

Let the equation to the curve referred to its asymptotes be 

xy = c^ ( 1 ). 

Let the angular points of the triangle be P, Q, and R, and let their 
coordinates bo 

resiKJctlvely. 

As in the last article, the equation to Qli is 
X -\-yLj^=c {t^ + 1^), 

The equation to the straight line, through P perpendicular to QR, 
is therefore 

3/ ~ = tjtf [x — cfj], 

V + Vs 1^* + J 
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Similarly) the eqnation to the straight line through 0 perpendieilar 
to HP is 

V + == Vi J 

The common point of (2) and (3) is clearly 



and this is therefore the orthocentre. 

But the coordinates (4) satisfy (1). Hence the propoaltloii. 

Also if bo the orthocentre of the points “ fj,” “ and 

“ fj,” we have tiVs* 4 ~ " 


llx. 2. Jf a circle and the rectaiujular hyperbola a;y = c® meet in 
the four points “fj,” and prove that 

( 1 ) 

(2) the centre of mean position of the four points bisects them 
distance between the centres of the two curves^ 

and (3) the centre of the circle through the points “ tj “fa,’' “ fg ” is 

S(r?4/vA)). 

Let the equation to the circle bo 

a® + y * - 2gx - 2/y fc = 0 , 

BO that its centre is the point (</,/). 

Any point on the hyperbola is , If this lie on the circle^ 

we have c-f* - 2f ~-hh = 0, 

sothat + l = 0 (1). 

If tj, t,, t,, and <. be the roots of this equation, we have, by Art. 2. 

*iW4=l (2). 

t, + f, + f,+ f4=^ (8), 

2/* f 

and ^ faV4+ Wi + f 4 ^f 2 + W 3 = ~ - (4). 

Dividing (4) by (2), we have 

11112/ 
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^The ceDtre of the mean position of the four points, 

i... the point + + + f + l + . 

is therefore tlfe point middle point of the line 

joining (0, 0) and 

Also, since = , we have 

f=l {t> • “"<1 /=2 (J; + 1 + w») • 

Again, since = we have product of the aV>3cissac of the 

four i)oiuts=i)roduct of their ordinates = c*^. 


EXAMPLES. XXXVIII. 


1 . 


4 " 

Prove that the foci of the hyperbola Tg= ~ — are given by 


x = y= ± 


2a • 


2. Shew that two concentric rectangular hyperbolas, whose axes 
meet at an angle of 4.^^, cut orthogonally. 


3. A straight line always passes through a fixed point; prove 
that the locus of the middle point of the portion of it, which is 
intorce])ted between two given straight lines, is a hyperbola whose 
asymptotes are parallel to the given lines. 

4. If the ordinate NP at anv point P of an ellipse be produced to 
Q, so that is equal to the subtaugent at P, prove that the locus of 
(j) is a h> |>erbola. 

5. From a point P perpendiculars PM and PiV are drawn to two 
stnught lines OM and ON. If the area OMPN be constant, prove 
that the locus of P is a hyperbola. 

6. A variable line has its ends on two lines given in position and 
passes through a given point ; prove that the locus of a point which 
divides it in any given ratio is a hyperbola. 

7. The coordinates of a point are a tan (^ + a) and btan(^ + ^), 
where & is variable ; prove that the locus of the point is a hyperbola. 

8. A scries of circles touch a given straight line at a given point. 
Prove that the locus of tlie pole of a given straight line with regard to 
these circles is a hyperbola whoso asymptotes are respectively a 
parallel to the first given straight line and a perpendicular to the 
.second. 
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9, If a right-angled triangle be inscribed in a rectangular hyper-* 
bola, prove that the tangent at the right angle is the perpenmcular 
upon the hypotheuuse. 

10. In a rectangular hyperbola, prove that all straight lines, which 
subtend a right angle at a point P on the cur^e, aifts parallel to the 
normal at P. 

11. Chords of a rectangular hyperbola are at right angles, and 
they subtend a right angle at a fix^ jjoint 0 ; prove that they inter- 
sect on the polar of 0. 

12 . Prove that any chord of a rectangular hypeibola subtends 
angles which are equal or supplementary (1) at the ends of a perpen- 
dicular chord, and at the ends of any diameter. 

13. In a rectangular hyperbola, shew that the angle between a 
chord FQ and the tangent at P is equal to the angle which PQ 
subtends at the other end of the diameter through P. 

14. Show that the normal to the rectangular hyperbola nt 

the point “t” meets the curve again at a point “t'” such that 

-1. 

15. If Pi, Pa, and Pj be three points on the rectangular hyi>ci 
iiry==c-y whose aliscissso arc Tj, Xo, and j-g, prove that the area of the 
triangle PiP>jl\ is 

- kr - J|) 

2 ' -riiTaarj, 

and that the tangents at these points form a triangle whoso area is 
2c2 (^3- V (^ 1 -^ 2 ) 

16. Find the coordinates of the points of contact of common 
tangents to the two hyperbolas 

— and xy^2a^. 

17. The transverse axis of a rectangular hyperbola is 2c and the 
asymptotes are the axes of coordinates; shew that tlie equation of tbo 
chord which is bisected at the point (2c, 3c) is 3x-r2y = 12c, 

18. Prove that the portions of any lino which are intercepted 
between the asymptotes and the curve are equal. 

19. Shew that the straight lines drawn from a variable point on 
the curve to any two fixed points on it intercept a constant distance on 
either asymptote. 

20. Shew that the equation to the director circle of the conic 

xy = c*i8 x®+2xy cos w + — 4c® cos w. 

21. Prove that the asymptotes of the hyperbola xy « hx + ky are 
T = k and y=h. 
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[EX8. 

* 22t Shew that the straight line y=nue + 2c always touches the 

hyperbola xy = c^, and that its point of contact is ~ • 

23. "Prove that the locus of the foot of the perpendicular let fall 
from the centre upon chords of the rectangular liyperbola xy = c^ 
which subtend half a right angle at the origin is the curve 

r*- sin 2$=c*. 

24. A. tangent to the parabola x^ = 4ny meets the hyperbola xy—li^ 
in two points 1* and Q. l^rove that the middle point of PQ lies on a 
parabola. 

25. 11 ft hyperbola he rectangular, and its equation be xy = c^j. 

prove that the locus of the middle points of chords of constant length 
2d is (x^ + y^) {xy - r-) = dKty. 

26. Shew that the pole of any tanf?ent to the rectangular hyper- 
bola xy = with respect to the circle lies on a concentric 

and similarly placed rectangular hyperbola. 

27. Prove that the locus of the poles of all normal chords of the 
■octangular hyperbola xy = c^ is the curve 

(x* - 1/*)^ + 4c®xy = 0. 

28. Prove that triangles can be inscribed in the hyperbola xy-=c^^ 
whose sides touch the parabola i/- = 4ax. 

29. A point moves on the given straight line yr=rmx \ prove that 
thti locus of the foot of the periieudicular let fall from the point upon 

its polar with respect to the ellipse ^ ^ rectangular 

hyperbola, one of whose asymptotes is the diameter of the ellipse 
Winch is conjugate to the given straight line. 

30. If from a fixed point on a rectangular hyperbola, perpen- 
diculars are let fall on any two uoiijugale dlaxneLeis, the stiaight line 
joining the feet of these perpendiculars has a constant direction. 

31. A quadrilateral circumscribes a hyperbola; prove that the 
otraight line johiing the middle points of its diagonals jmsses through 
tho centre of the curve. 

32. A. li, C, and D are the points of intersection of a circle and a 
rectangular hyperbola. If Ah pass through tho centre of the hype i~ 
bola, prove that CD fiasBes through the centre of the circle. 

33. If ft circle and a rectangular hyperbola meet in four points P, 
Q, /i, and St bIu'W that the orthocentres of the triangles QRSt PS'P, 
SPQt and PQP also lie on a circle. 

Prove also that the tangents to the hyperbola at R and S meet 
in a point which lies on the diameter of the hyperbola which is at 
right angles to PQ. 
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34-. A. series of hyperbolas is drawn, having for asymptote^ the • 
principal axes of an ellipse; shew that the common chords of the 
hyperbolas and the ellipse are all parallel to one of the oonjngate 
diameters of the ellipse, 

• 

35. A circle, passing through the centre of a rectangular hyperbola, 
cuts the curve in the points Ay C, and D ; prove that the circum- 
circle of the triangle formed by the tangents at A, By and C goes 
through the centre of the hyperbola, and has its centre at the point 
of the hyperbola which is diametrically opposite to I). 

36. Given five points on a circle of radius a; prove that the 
centres of the rectangular hyperbolas, each passing through four of 

these points, all lie on a circle of radius | . 

37. ft rectangular hyperbola circumscribe a triangle, shew that 
it meets the circle circumscribing the triangle in a fouitli point, which 
is at the other end of the diameter of the hyperbola which passes 
through the orthocentre of the triangle. 

Hence prove that the locus of the centre of a rectangular bype% 
hola which circumscribes a triangle is the nine-point circle of tlie 
triangle. 



CHAPTER XIV. 

POLAK EQUATION OF A CONIC SECTION, ITS FOCUS 
EEINO THE POLE. 


335 . Let S be tlie focus, A tJie vertex, and the 
directrix; draw perpendicular Xo^ZM. 

Let ZS be chosen as the positive direction of the 
^nitial line, and produce it to X, 


Take any point P on the 
curve, and let its polar co- 
ordinates be r and so that 
we have 

SP = 7*, and i XSP -- 0. 

Draw PN perpendicular 
to the initial lino, and PM 
perpendicular to tlie directrix. 

Let SL be tlie senii-latus- 
rectuin, and let SL 1. 

Since SL = e . SZ^ we have 



Hence 

T^SP^ e.PM=^e,ZX 



^e{ZS-\SX) 

— e t- SP . cos — cos $. 

1 

1 — ecos6^ 


Therefore 


.( 1 ). 
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This, being the relation holding between the 
coordinates of any point on the curve, is, by Art, 42, the 
required polar equation. 

Cor. If FiZ be taken as the positive direction of tlTe initial line and 
the vectorial angle measured clockwise, the equation to the curve is 

I 

~l + e cos 6 * 


336. If the conic be a parabola, we have and the equation 
I I I ,6 

r =z ^ cosoc2 . 

1 ~ cos 6 ^ .^0 '2 2 

2 sm-* - 

A 


If the initial line, instead of being the axis, be such that the axis 
is inclined at an angle y to it, then, in the previous article, instead of 
0 we must substitute 0 - 7 , 

The equation in this case is then 

^=1 -rcos (^-7). 


337. 2^0 trace the curve - = 1 — e cos 0. 

r 

Case 1. 6 = 1^ so that tlie equation is - 1 ~ cos 0, 

When 0 is zero, we have - = 0, so that r is infinite. As 

r 

$ increases from 0“ to 90'*, cos^ decreases from 1 to 0, 

and hence - increases from 0 to 1, i.e. r decreases from 
r 

infinity to L 

As 0 increases from 90” to 180°, cos 0 decreases from 

0 to — 1, and hence - increases from 1 to 2, i.e. r decreases 
r 

from ^ to 

Similarly, as 6 changes from 180° to 270°, r increases 
from ^ to I, and, as $ changes from 27Q“ to 360°, r increases 

A 

from / to CO . 

The curve is thus the parabola 00 FPLALJ^F* 00 of 
Art. 197. 
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^ase II. e < 1. When 6 is zero, we have - = 1 — e, 

r 

i,e. r— . ^Thia gives the point A* in the figure of Art. 
247. 

As increases from O'* to 90", cos 0 decreases from 1 to 

0, and therefore 1— dcos^ increases from 1-e to 1, ?'.& - 

r 

increases from 1 — e to 1, Le, r decreases from to 1. 

1 — e 

We thus obtain the portion A'PBL. 

As $ increiises from 90" to 180", cos^ decreases from 0 
to - 1, and therefore 1 -ecos^ increases from 1 to 1 + g, 

1. e. - increases from 1 to 1 + c, i.e, r decreases from I to r-—- • 

r 1 + e 


We tlius obtain tlie portion LA of the curve, where 



Similarly, as $ increases from 180" to 270" and then to 
3 GO", wo have the portions AU and UB'P'A\ 

Since cos $ = cos (— 0) - cos (360" — ^), the curv'e is sym- 
metrical about tlie line iSA', 


Case III. e > 1- When 0 is zero, 1 — <?cos 6 is equal 
to 1 -e, — (e — 1), and is therefore a negative quantity, 

since #? > 1. This zero vtilue of 9 gives r = -1-^ {e- 1). 

We thus have the point A' in the figure of Art. 295. 

Let 9 increase from 0" to c6s"* . Thus \ —e cos 9 

increases algebraically from -(«—!) to —0, 
t.c. - increases algebraically from — — 1 ) to — 0, 

i.e, r decreases algebraically from — to — oc . 

For the^e values of 9 the radius vector is therefore 


negative and increases in numerical length from 


1 


to 00 . 
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W© thus have the portion A * oo of the curve, t F^r 
this portion r is negative. 

If B be very slightly greater than cos“^-^ then cos^ is 

(j 

slightly less than i , so that 1 - e cos B is small and positive, 
and therefore r is very great and is positive. Hence, as B 
increases through the augle cos“^ - , the value of r changes 

B 

from — CO to 4- GO . 

As $ increases from cos“^- to ir, 1— ^cos^ increases 

e 

from 0 to 1 + e and hence r decreases from oo to — . 

1 

How jT"" ^ e T * point A, which corre&i)ou^s 

to ^ = TT, is such that SA < SA', 

For values of B between cos“^i and ir we tlierefore 

e 

have the portion, oo BPA, of the curve. For this portion 
r is positive. 

As B increases from to 27r — cos~^-, ecos^ increases 

e 

from —e to 1, so that l-~<?cos^ decreases from 1 + e to 0, 

and therefore r increases from ^ ~ - to co . Corresponding 

to these values of B we have the portion AlJll^ qo of the 
curve, for which r is positive. 


Finally, as B increases from 27r-cos"^~ to 27r, ecosB 
increases from 1 to e, so that I —e cos B decreases algebraic- 
ally from 0 to 1— e, i.e, ~ is negative and increases 
numerically from 0 to « — 1, and therefore r is negative and 
decreases from oo to ^ . Corresponding to these values 

of 6 we have the j)ortion, oo of the curve. For this 
portion r is negative. 
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'f is therefore always positive for the right-hand branch 
of the curve and negative for the left-hand branch. 

Jt will be.noted that the curve is described in the order 

oo 00 RPAL'R^ 00 00 R^A\ 

338 . In Case III. of the last article, let any straight line be 
drawn through S to meet the nearer branch in j), and the further 
branch in q. 

The vectorial angle of p is XSp^ and we have 
^^'~l-eQO^XSp' 

The vectorial angle of q is not XSq but the angle that q^ produced 
makes with *S'A, i.e. it is XSq^w, Also for the point q the radius 
vector is negative so that the relation (1) of Art. 335 gives, for the 
point q^ 

I ^ I 

‘ ^ 1 - 6' COS {XSq H- tt) 1 -}■ c cos XSq ' 

i.e, Sq=--~—-^ , 

l + eco& XSq 

This is the relation connecting the distance, Sq, of any point on 
the further branch of the hyperbola with the angle XSq that it makes 
with the initial line. 


339 . Equation to^ the directrices. 

Considering the figure of Art. 295, the numerical values 

of the distances SZ and SZ’ are - and - 2CZ, 

e e 

i.e. ~ and - + 2 „ - - . , 

e e €{e^—l) 

since CZ~~~ . . [Art. 300.1 

e e (e^ - 1) *■ 

The equations to the two directrices are therefore 


r cos $ — —■ 


, . 2 / “1 I I 

and rcos<. = -L^ + 

The same equations would be found to hold in the case 
of the ellipse. 
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340 > Equation to the asymptotes. * 

The perpendicular distance from uj)on an asymptote 
(Fig., Art. 315) , 

-(75'8in^CA>.rfe. ^ - h. 

s!d- + 


Also the asymptote CQ makes an angle cos“’~ with the 

axis. The perpendicular on it from aS’ therefoi*e makes an 

angle ^ -h cos'^ - . 

2 e 

Hence, by Art. 88, the polar eipiatiou to the asymptote 
CQ is 

h - r cos 


— cos~^ ij - T sin — cos * J • 


The polar etiuation to the other asymptote is similarly 


h r cos 


- (y - cos - > ?)] = - r sin {$ cos-’ 1) . 


341. Bx. 1. In any conic ^ prove that 

( 1 ) the sum of the reciprocals of the seyments of any focal chord 
is constant j and 

(2) the sum of the reciprocals of two perpendicular focal chords is 
constant. 

Let PSI^ be any focal choH, and let the vectorial anjjle of P be o, 
BO that the vectorial angle of P' is tt + a. 

(1) By equation (1) of Art. 335, we havj 


and 

Hence 

60 that 


SP 


= 1 - 


e cos a, 


I 

BF 


= 1- e cos (ir + a) =: 1 + c cos a. 


* -9 
SP f!P’ '• 

JL L 

SP ■*" Si” r 


The eemi-latus-rcctum is therefore the harmonic mean between 
the segments of any focal chord. 
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4^) Let QSQ' be the focal chord perpendicular to PSP', so that the 
vectorial angles of Q and Q' ore - + a and ^ + a. We then have 

Ji A 


SQ 


=zl - e cos 


{H- 


1 + e sin a, 


and 


~ = 1 - « cos = 1 + e cos = 1 - c sin o. 


Hence 

^ a ^ 1 + cos a~~ i-e^ cos® a * 

and Q(?' = SQ + .S<3'=, . 

1 + e Sin a 1 - c sin a 1 - 1'® sin* a 

Therefore 

1 ^ 1 1 - e* cos* a ^ 1 - e* sin* a 2 - c* 

py QQ' ‘ii ■ 'ir~ 

and is therefore the same for all such pairs of chords. 


21 ’ 


^ Bx. 9. Prove that the locus of the middle points of focal chords of 
a conic section is a conic section. 

Let P8Q bo any chord, the angle PSX being 0, so that 

5P= 

1 - e cos 0 * 


and 


1 - c cos (it + 0) ’ 


1+e cos 0 ’ 

Let R be the middle point of PQ, and let its polar coordinates be 
r and 0. 

SP+SQ SP~SQ 
2 ^ 2 


Then 


r^SP-llP=SP- 


* Ll-^-co 


1 


{.e. 


<• cos 0 1 + s cos 0^ 

r* - e^i^ cos* 0=sle ,r cos 0, 


] _ e cos 0 
~ 1 - e* cos * 0 * 


Transforming to Cartesian coordinates this equation becomes 


flf* + y* - e*x* =^l€X (1) . 

If the original conic be a parabola, we haye c = l, and equation (1) 
becomes y^=slx, so that the locus is a parabola whose vertex is S and 
latus rcctum L 


If e be not equal to unity, equation (1) may be written in the form 


(1-/ 






and therefore represents an ellipse or a hyperbola according as the 
original oonio is an ellipse or a liyperbola. 
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342 . To find the polar equation of the tangent * 

point P of the conic section - = 1 — e cos B. 

Let P be the point a), and let Q be anotuer point 
on the curve, whose coordinates are (r^, /3), so that we have 

” = 1 —6 cos a (1), 


and 


I . 

— ~ 1 — (3 COS jS . 


.( 2 ). 


By Art. 89, the polar equation of the line PQ is 
„ si n {6 - g) sin (/? - B) 
r *"* ra 

By means of equations (1) and (2) this equation becomes 
~ sin - a) = sin (B — a){l—e cos /3} + sin (j3 -B) {1 —e cos a} 


-- {sin(^ - a) + sin (/?-^)} - e {sin (B - a) cos/? + ain(/3-B)coaa} 
2 2 


— a 

— 2 sin — 1 — cos 


-e{(sin^co8a - cos B8ina)cosj3 + (sin^cos B-cospahiO) cosa} 
~ 2 sin cos ^B — ^ cos B sin (/? - a), 

e. ^ = sec — cos ^ — ^ 2 ~) ~ ^ ^ 

This is the equation to the straight line joining two 
points, P and Qy on the curve whose vectorial angles, a and 
are given. 

To obtain the equation of the tangent at P we take Q 
indefinitely close to Py i.e. we put /? = a, and the equation 
(3) then becomes 

P = cos * a) — e cos 0 (4). 

This is the required equation to the tangent at the 
point a. 
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d48. If vfe assume a suitable form for the equation to the 
joining chord ^ve can more easily obtain the required equation. 

Let the required equation be 

• I 

- = L cos {0-y)-e cos d (1). 


[On transformation to Cartesian coordinates this equation is 
easily seen to represent a straight line ; also since it contains two 
arbitrary constants, L and 7, it can be made to pass througli any two 
points. J 

If it pass through the point (rj, a), we have 

1 - ecoBa = --=Lcos(a-7) -ccosa. 

n 

i.e. L cos (a -7) = ! (2). 

Similarly, if it jiass through the point (r^, on the curve, we have 

Lcos(j8-7) = l (3). 

Solving these, we have, [since a and ^ are not equal] 


a-7=-(/3-7), i-c. 7 =-^. 

0.-3 

Substituting this value in (3), wc obtain L = sec - 2^* 
The equation (1) is then 


I a - 8 
- = see cos 
r 2 




e cos 0. 


As in the lust article, the equation to the tangent at the point a is 
then 

- = cos (0-a)- V cos B. 

A r ' 




^3^^, To find the polar equation ofi the polar ofi any 
point {r-^. By) with respect to the conic section ~ » 1 —ecosO. 


Let llie tangents at the points whose vectorial angles 
are a ami P meet in the point (/*!, 

The coordinates and Bi must therefore satisfy equation 
(4) of Art. 342, so that 


■— =- cos (Bi — a)-€ cos Bi 

Similarly, 

— =- cos {$1 — P) — e cos 


(!)• 

( 2 ). 
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Subtracting (2) from (1), we have 

cos (01 — a) ^ cos (0, - P), * 

and therefore 

0j-a = -(0i-)3), [since a and ^ are not equal], 

i-«- '2^ = ^ (3). 

Substituting this value in (1), we have 


I 


{?^-_a}-ccos0,, 


.(4). 


/3-tt I . 

l.e. cos ; — :r — + e cos tfi 

Also, by equation (3) of Art. 342, the equation of the 
line joining the points a and is 

I . — a //I “ ^ 

- + c cos 0 = sec — — cos f 0 , 

(I A P-a /a 

i.e. \r ^ ^ J V ^ 

i.e, ^ {y ® = cos (0 - 0j) (5). 

Tliis tlierefore is the required i>olar equation to tlie polar 
of the point (rj, 0j). 

To find the equation to the normal at the point 
whose vectorial angle is a. 

The e<j[uation to the tangent at the point a is 

- cos (0 - a) “ c cos 0, 
r . ' 

i.e., in Cartesian coordinates, 

,a;(cosa-e) +ysina = ^ (1). 

Let the equation to tlie normal be 

A cos 0 + /? sin 0 = “ (2), 

i,e. Ax + By=:^l (3). 
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^ Since (1) and (3) are perpendicular, we have 


A (cos a - c) + ^sin a = 0 (4). 

Since (i) goes through the point we have 

A cos a + B sin a—l—e cos a (5). 

Solving (4) and (5), we have 


, 1— ecostt , (1 — ecosa) (e — cosa) 

A = , and B ^ / . 

e e sin a 

The equation (2) then becomes 

/I / X • /I ^^’sina 

sin a cos 0 + le — cos a) sin 0 = , , 

' ' , r ( 1 — e cos a) 

.... . . esina I 

t.e. sin (u — a) - e sin & = - . - . 

' ^ I —e cos a r 

846. If the axis of the conic be inclined at an angle y to the 
initial line, bo that the equation to the conic is 

i=l-eco8 (^-7), 

the equation to the tangent at the point a is obtained by substituting 
a -- 7 and ff-y for a and ff in the equation of Art. 342 . 

The tangent is therefore 

^ = cos (^ - a) - c cos (0 - 7). 

The equation of the h’ne joining the two ]>aintfl a and ^ is, by the 
same article, 

I d-o « + /8\ . 

- = seo^^^ cos ( ^ I - c cos (0 ~ 7). 

The equation to the polar of the point (rj , 0^) is, by Art. 344, 

I” + e cos (0 - 7)1 -h e cos (0^ - 7)| = cos (0 - 0^). 

Also the equation to the normal at the point a 

r{«8in (^-7) + sin 

‘ ^ l-eoo8(a-7) 

847. Bx. X. 1/ the tangents at any two points P and Q of a 
conic meet in a j>oint T, a7id if the straight line PQ meet the directrix 
corresponding to S in a point K, then the angle K8T is a right angU^ 
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If the Tectorial angles of P and Q be « and /J respectively, the * 
equation to PQ is, by equation (3) of Art. 342, 

^=sec^-’- cos - e cos tf (1). 

AIbo the equation to the direotriK is, by Art. 839, 


If we solve the equations (I) and (2), we shall obtain the polar 
coordinates of K. 

But, by subtracting (2) from (1), we have 

« /8-a //, ® + i3\ . a ■{ 8 IT 

0=8ec---cos^d--^j, ue.e~ ^P-=-, 

i.e. ^•A-SA-=| + “ + ?, 

80 that SK bisects the exterior angle between SP and SQ. 

Also, by equation (3) of Art. 344, we have the vectorial angle of 7 
equal to “ ^ ^ , i,e, L 75X= . 

Hence l KST^^ l KSX - Z TSX = ^ . 

IS 


Bx. 2. S U the focus and P and Q two points on a conic such that 
the angle PSQ is constant and equal to 25; prove that i 

(1) the locus of the intersection of tangents at P and Q is a conic 
section U'hose focus is -S', 

and (2) the line PQ always touches a conic whose focus is S. 

( 1 ) Let the vectorial angles of P and Q be respectively 7 + 5 and 
7 - 5 , where 7 is variable. 

By equation (4) of Art. 342, the tangents at P and Q are therefore 

- = co 8 (tf - 7 - J) -ecos ^ ( 1 ), 

T 

and ^=ccos 7 + 5) ~ ^cos ^ (2). 

If, between these two equations, we eliminate the variable quantity 
7 , we shall have the locus of the point of intersection of the t^vo 
tangents. 

Subtracting ( 2 ) from (1), we have 

COB - 7 - 5) =rC08 (0 - 7 + 5 ), 

Hence, (since 5 is not zero) we have ystS. 
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^ Substituting for 7 in (1), we have 

- :=COS5-tfOOS 6. 

r 

=1 - <?sec ocos 
r 

Hcuce the required locus is a conic whose focus is whose latus 
rectum is 21 sec 8, and whose eccentricity is e sec 8, 

It is therefore an ellipse, parabola, or hyperbola, according as 
€Bec5 is < = > 1 , i.e, according as cos5> = <t?. 

(2) The equation to PQ is, by equation (3) of Art. 342, 

- = sec 5 cos (O-y) -e cos 0, 

V 


Zcos5 V * ^ 

- == cos {6 -y)- c cos 8 cos 0 , 


Comparing this with equation fJ) of Art. 342, we see that it always 
touches a conic whose latus rectum is 21 cos 8 and whose eccentricity 
is ecos8. 


Also the directrix is in each case the same as that of the original 
^ ... 2 sec 5 . Icon 8 .. I 

conic. For both — - and are equal to - . 

e sec 8 e cos 8 e 


Sx. a. A circle passes through the focus S of a conic and meets it 
in four points whose distances from S are rg, , and r^. Prove that 

(1) r^np^^r^^ = , where 21 and e are the latus rectum and 

eccentricity of the conic, and d is the diameter of the circle, 

, .ox 1 1 1 12 

atul (2) — 1 — H — + — = , • 

^2 ’r ^4 ^ 

Take the focus as pole, and the axis of the conic as initial line, so 
that its equation is 

I 

- = 1 - ecos 0 ( 1 ). 

If the diameter of the circle, which passes through be inclined 
at an angle 7 to the axis, its equation is, by Art. 172, 

r=dcos (^- 7 ) ( 2 ). 

If, between (1) and (2), we eliminate 6, we shall have an equation 
in r, whose roots are rj, r.j, rj, and r^. 

From (1) we have cos 0 = , and hence sin 0— ^/l “ ~ ’ 

and tlieu ( 2 ) gives 

r = d cos 7 cos 0-\-d sin 7 sin 0, 


Le, {ef^-dcosy(r-l)}^=.d^BiiPy[e^r^ ~ 

i.e, - 2ed cos 7 . r® + r® (d* + 2eld cos 7 - e^d^ sin* 7) - 2Zd‘V 4 - 
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Hence, by Art. 2, we have 




2/fi^ 


and 4- . /. » 

Dividing (*1) by (3), we have 


( 3 ), 

( 4 ). 


EXAMPLES. XXXIX. 


1 . In a parabola, prove that the length of a focal chord wliich i» 
inclined at to the axis is four times the length of the latus- rectum. 

The tangents at two points, P and Q, of a conic meet in T, and S 
is the focus; prove that 

2. if the conic be a parabola, then ST^ — SP. SQ. 

3. if the conic be central, then sin’-* , 

hr . SQ S I £/- 2 n 

where h is the semi-minor axis. 


4 . The vectorial angle of T is the semi-sum of the vectorial 
angles of P and Q. 

Hence, by reference to Art. 338, prove that, if P and Q be on 
different branches of a hyperbola, tlieu Si' bisects the supplement of 
the angle PSQ, and that in otlier cases, whatever be the conic, ST 
bisects the angle PSQ. 

5. A straight lino drawn through the common focus ,V of a 
number of conics meets them in the joints Pj, i ... ; on it is taken 
a point Q such that tl>e reciprocal of SQ is equal to the sum of tlie 
leciprocals of SP^t ^SP^,.,.. Prove that the locus of Q is a conic 
section whose focus is and shew that the reciprocal of Us latus- 
rectum is equal to the sum of the reciprocals of the latera recta of the 
given conics. 

6. Prove that perpendicular focal chords of a rectangular hyper- 
bola are equal. 

7. PSP^ and QSQ' are perpendicular focal chords of a conic ; 

prove that is constant. 

8. Shew that the length of any focal chord of a conic is a third 
proportional to the transverse axis and the diameter parallel to the 
chord. 


9. If a straight line drawn through the focus S of a hyperbola, 
partial to an asymptote, meet the curve in P, prove that SP is one 
quarter of the latus rectum. 
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[Ezb. 


lO, Prove that the equations - = 1 - f cos 0 and -== - « cos 0-1 
represent the same conic. 


11. Two cK>Dios have a cumuion focus; prove that two of their 
common chords pass through the in tei section of their directrices. 


12 , P ia any point on a conic, whose focus is 5, and a straight 
line is drawn through at a given angle with SP to meet the tangent 
at P in T; prove that the locus of T is a conic whose focus and 
directrix are the same as those of the original conic. 

13. If a chord of a conic section subtend a constant angle 2a at the 
focus, prove that the locus of the point where it meets the internal 
bisector of the angle 2a is the conic section 


I cos a 
r 


= 1 


- e cos a COB d. 


14- . Two conic sections have a common focus about which one of 
them is turned ; prove that the common chord is always a tangent to 
another conic, having the same focus, and whose eccentricity is the 
iIJratio of the eccentricities of the given conics. 

15. Two ellipses have a common focus ; t\vo radii vectores, one to 
each ellipse, are drawn from the focus at right angles to one another 
and tangents are drawn at their extremities; prove that these tangents 
meet on a fixed conic, and find when it is a parabola. 

16. Prove that the sum of the distances from the focus of the 
points in which a conic is intersected by any circle, whose centre is at 
a fixed point on the transverse axis, is constant. 

17. Shew that the equation to the circle circumscribing the triangle 

formed by the three tangents to the parabola ?• = — ^ — drawn at 

1 - cos 0 

the points whose vectorial angles arc a, and *,, is 

r a cosec ^ cosec ^ cosec 7 gin ^ 

and hence that it always passes through the focus. 

18. If tangents be drawn to the same parabola at points whose 
vectorial angles are a, 7 , and 5, shew that the centres of the circles 
circumscribing the four triangles formed by these four lines all lie on 
the circle whose equation is 

r ar - 1 oosec ^ coseo ^ cosec ~ cosec | cos tJ J , 

19. The circle circumscribing the triangle formed by three tangents 
to a parabola is drawn ; prove that the tangent to it at the focus 
makes with the axis an angle equal to the sum of the angles made 
with the axis by the three tangents. 
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20. Show that the equation to the circle^ which passes thro\|gh • 
the focus and touches the curve - =1 - ecosO at the point 0=:a. is 

r {I -e cos a)2 —lcoB{0 -a) - el cos {0 - 2a) 

21. A given circle, whose centre is on the axis of a jiarnbola, 
passes through the focus S and is cut in four points J, It, (\ and V by 
any conic, of given latus-rectum, having S as focus and a tangent to 
the parabola for directrix ; prove that the sum of the distances of the 
points Aj B, C, and D from S is constant. 

22. Prove that the locus of the vertices of all parabolas tliat can ho 
drawn touching a given circle of radius a and having a fixed p<>int on 

the circumference as focus is r = 2acos-'’^, the fixed point being the 
pole and the diameter through it the initial line. 

23. Two conic sections have the same focus and directrix. Slievv 
that any tangent from the outer curve to the inner one subtends a 
constant angle at the focus. 


24. Two equal ellipses, of eccentricity c, are placed with theirJ 
axes at right angles and they have one focus S in common ; if PQ be 

a common tangent, shew that the angle PSQ is equal to 2 sin-* - . 


25. Prove that the two conics e^v.os0 and ^ = 1- r 2 COs(^^ - a) 

will touch one another, if 

' i ® (1 - ' 2 ^) + ' 2 = (1 - (1 - <>, e ,008 tt ). 

26. An ellipse and a hyperbola have the same focus S and 
intersect in four real points, two on each branch of the hyperbola ; if 
r. and be the distances from S of the two points of intersection on 
the nearer branch, and and r. be those of the two iioints on tJie 
further branch, and if f and V be the serai- latera*recta of the two 
conics, prove that 

[Make use of Art. 338.] 

* ^ 

27. If the normals at three points of the parabola r — a cosec® - , 


whose vectorial angles are a, /3, and y, meet in a point whose vectorial 
angle is 5, prove that 25=o*+-y3 + 7 -ir. 


L. 


II 



CHAPTER XV. 


GENERAL EQUATION OF THE SECOND DEGREE. 
TRACING OF CURVES. 

348. Particular cases of Conic Sections. The 

general definition of a Conic Section in Art. 196 was that 
it is the locus of a point P which moves so that its distance 
from a given point S is in a constant ratio to its perpen- 
dicular distance PM from a given straight line ZK. 

* When S does not lie on the straight line ZK, we have 
found that the locus is an ellipse, a parabola, or a hyperbola 
according as the eccentricity e is < — or > 1. 

The Circle is a sub-c^vse of the Ellipse. For the 
equation of Art. 139 is tlie same as the equation (6) of 
Art. 247 when = i.e, when e-O. In this case 

CS--0. and SZ ^ — ae=:^ oo . The Circle is therefore a 
e 

Conic Section, whose eccentricity is zero, and whose direc- 
trix is at an infinite distance. 

Next, let aS lie on the straight line ZK, so that S and Z 
coincide. 

In this case, since 

SP:^e.PM, 

we have 

. PM 1 

sin PSM - --y- - . 

^P e 

If <9>-l, then P lies on one or 
other of the two straight lines 
and SU' inclined to KK' at an angle 
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If then PSM is a right angle, and the k>oui^ 

becomes two coincident straight lines coinciding with SX. 

If 6< 1, the i PSM is imaginary, and the locus consists 
of two imaginary straight lines. * 

If, again, both KIC and S be at infinity aiul S bo on 
KK , the lines SU and SU* of the previous figure will be 
two straight lines meeting at infinity, i.e, will be two 
parallel straight lines. 

Finally, it may happen that the axes of an ellipss may 
both be zero, so that it reduces to a point. 

Under the head of a conic section wo must therefore 
include : 

(1) An Ellipse (including a circle and a point), 

(2) A Parabola. 

(3) A Hyperbola. 

(4) Two straight lines, real or imaginary, inter- 
secting, coincident, or parallel. 

349. To shew that the general equation of the second 
degree 

as? •¥ 2hxy + hrf + 2gx + %fy ■+■ c 0 (1) 

always represents a conic sectimi. 

Let the axes of coordinates be turned through an angle 
Of so tliat, as in Art. 129, wo substitute for x and y the 
quantities x cos 0 --y sin 0 and x sin 0 + y cos 0 respec- 
tively. 

The equation (1) then becomes 
a {x cos 6 - y sin Oy + 24 (x cos O — y sin 0) {x sin 0 -^y cos 0) 

+ h (.X sin $ ^y cos Oy + 2y (.x cos $ — y sin B) 

+ y (x sin <? + 2/ cos 6) -h c = 0, 
L e. x^(a cos* B + 2h cos B sin 0 + b sin* B) 

+ 2xy {h (cos* B — sin® (a — b) cos B sin 
+ (a sin® B - 24 cos ^ sin ^ + 6 cos* B) + 2x (g cos B +/ sin 6) 

+ 2y (f cos B — g sin B)^c^ 0 (2), 
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choose the angle 6 so tliat the coefficient of ccy in 
this equation may vanish, 

1 . e. so that h (cos® 0 — sin® 0)~{a — h) sin 6 cos 
i. e. 24 cos 20 - (a — b) sin 20y 

2h 

i.e, so that tan 20 - — - - . 

a — h 


Whatever be tlie values of a, by and h, there is always 
a value of 0 satisfying this equation and such tliat it lies 
between — 45° and + 45°. The values of sin 0 and cos 0 are 
therefore known. 


On substituting their values in (2), let it become 

-4a;® + -f- 2Gx + 2F^ •+ ^ =:= 0 (3). 

Firsts let neither A nor 7? be zero. 


The equation (3) may then be written in the form 
a / n/ A* 

( O F\ 

~ 4 ’ ” 77 ’ 


The equation becomes 


i.c. 


Q2 jr/3 

J.>" + By- -- +-.~-cr--K (say) 

V‘ . 



A B 


-w. 

..(5). 


K K 

If — and -j be both positive, the equation represents an 

ji. If 


ellipse. (Art. 247.) 

/C K 

If ™ and — be one positive and the other negative, it 

represents a hyperbola (Art. 295). If they be both 
negative, the locus is nn imaginary ellipse. 

If A be zero, then (4) represents two straight lines, 
which are real or imaginary according as A and B have 
opposite or tlie same signs. 
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Secondly^ let either A or 7? be zero, and let it be«d. 
Then (3) can be written in the form 


7? 




c ' 

2a 2BCr 


• 0 . 


Transform the origin to the point whose coordinates 


~li)' 

This equation then becomes 




2G 


whicli represents a paralx>la. (Art. 197.) 

If, in addition to A being zero, we also have G zero, tljg 
equation (3) becomes 

yy-i- 2/V.^c=0, 

F /W~ c 

and this represents two parallel straiglit lines, real or 
imaginary. 

Thus in every case the general equation represents one 
of the conic sections enumerated in Art. 348. 


350. Centre of a Conic Section. Def. The 

centre of a conic section is a point such that all chords of 
the conic which pass through it are bisected there. 

When the equation to the conic is in the form 


(tor ‘>r^hxy + h’if + c - 0 (1), 

the origin is the centre. 

For let (a;', y) be any point on (1), so that we have 

+ 24a;y 4- hy^ + c = 0 (2), 

This equation may be written in the form 


a (- (" ^ ) (~ y) + ^ (■“■ yT + <? = o, 

and hence shews that the point (— slIso lies on (1). 
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• But the points {x\ y) and (-.V, —y') lie on the same 
straight line through the origin, and are at equal distances 
from the origin. 

The chorcf of the conic which passes througli the origin 
and any point (.V, y') of the curve is therefore bisected at 
the origin. 

The origin is therefore the centre. 

351. When the equation to the conic is given in the 
form 

rtx" + 2/t.ry + hy'^ + 2yj3 + 2yy + c - 0 (1 ), 

the origin is the centre only when both f and y are zero. 

For, if the origin be the centre^ then corresponding 
to each point (:c\ y) on (1), there must be also a point 
(—as', —y) lying on the curve. 

* Hence we must have 

ax'^ 4- 2hxy' + + 2yx 4- 2 /y' + c = 0 (2), 

and ax‘^ + 24.r'y' + 6y'^ - 2(jx - 2fy* -t- c — 0 (3). 

Subtracting (3) from (2), we have 

= 0 - 

This relation is to be true for all the points ix\ y') 
wliich lie on the curve (1). But this can only be the case 
when y — 0 and f -- 0. 


352. To obtain the coordinates of the centre of the 
conic given by the general equation, and to obtain ths 
equation to the curve referred to axes through the centre 
parallel to the original axes. 

Transform the origin to the point (.r, y), so that for x 
and y we have to substitute x + x and y + y- The equation 
then becomes 

a {x + HtY 4 2h (x 4 x) (y 4 y) 4 6 (y 4 y)® 4 2y (a? + a) 

+ 2/(y4y) 4c==0, 

L e, 4 2hxy 4 by^ 4 2x (ax 4 7<y 4 y) 4 2y + ^y 4^*) 

4 oX' 4 2h£y 4 Ay* 4 2yX 42^4C = 0 (2). 
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If the point (sB, be the centre of the conic section, t|ie 
coefficients of x and y in the equation (2) must ranish, so 
that we have 

ax 4- /<^ + ^ = 0 A (3), 

and 7i£D + + f = 0 (4). 

Solving (3) and (4), we have, in general, 

w 

With these values the constant term in (2) 

= ax^ + 2/w0^ + hy^ + 2g'jb + + c 

-x{ax + h'g + (Jix + hj +/) + g;Jb ^fg -f- c 

= gx + fy+c (G), 

by equations (3) and (4), 

ahc + 2,fgh — af^ — hg^ — c/t® , . . . 

= » equations (5), 

A 

where A is the discriminant of the given general equation 
(Art. 118). 

The equation (2) can therefore be written in the form 
aa? -t 2Aa:y + fty® + 

This is the required equation referred to tlio new axes 
through the centre. 


Bz. Find the centre of the conic section 

2jr® “ -3j/^-x-4y + 6=0, 

UTid its equation wlien transformed to the centre. 

The centre is given by the equations 2i - - i = 0, and 

-p-3^-2 = 0, 80 tliat ii;= and 
The equation refeiTed to the centre is then 
2j:* ~ 5xy - 3y2 + c' = 0, 

where c'= - 4.5-2. J7 + 6=| + ^ + 6=7. (Art. 862.) 
The required equation is thus 

2ar*-6a!j/-8j^2+7^=0. 
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§ 353 . Sometimes the equations (3) and (4) of the last 
article do not give suitable values for and y. 

For, if ah — li? be zero, the values of Jb and y in (5) are 
both infinite. When ah — A® is zero, the conic section is a 
parabola. [Art. 239.] 

The centre of a parabola is therefore at infinity. 


Again, if 


_ 9 


the result (5) of the last article is 


of the form J and the equations (3) and (4) reduce to the 
same equation, viz., 


aJ'. + liy 4-^ = 0. 


Wo then have only one equation to determine the 
centre, and there is therefore an infhiite number of centres 
all lying on the straight line 


ax + Ay + ^ = 0. 


In this case the conic section consists of a pair of 
jjarallel straight lines, both parallel to the line of centres. 


354 . The student who is acquainted with the Dif- 
ferential Calculus will observe, from equations (3) and (4) 
of Art. 332, that the coordinates of the centre satisfy the 
equations that are obtained by differentiating, with regard 
to X and y, the original equation of the conic section. 

It will also be observed that the coefficients of a;, y, and 
unity in the equations (3), (4), and (6) of Art. 352 are the 
tjuautities (in the order in which they occur) which make 
up the determinant of Art. 118. 

This determinant being easy to write down, the student 
may thence recollect the equations for the centre and the 
value of c. 

The reason why this relation holds will appear from the 
next article. 


aoo. Bz. Vind. the condition that the general equation of the 


second degree mag represent two straight lines. 

The centre (S, of the conic is given by 

ax + hg+g:=0 (1). 

and -f-/=0 (2). 
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Also, if it be transformed to the centre os origin, the equi^ion * 
becomes 

ax^ + 2hxif + hy’^ + r' =0 (3), 

where c' = <;x +/p + c. 

Now the equation (3) represents two straight lines if ft' be zero, 
i-e. if r/x+/{/ + c = 0 (1). 

The equation therefore represents two straight lines if the relations 
(1), (2), and (4) be simultaneously true. 

Eliminating the quantities J and Jf from these equations, we have, 
by Art. 12, 

1 «, h, g 
\h,b,f =0. 

' f?. /. c 

This is the condition found in Art. 118. 


356 . 2h find the equation to the asymptotes of the conle 
section given hy the general equaXion of the second degree. 

Let the equation be 

+ ^lixy + + 2//u; + ^fy + c -- 0 (1 

Since the equation to the asymptotes has been shewn U> 
differ from the equation to the curve only in its constant 
term, the required equation must be 

+ 2hxy *f hy^ + 2gx + 2^ + c + A --= 0 (2). 

Also (2) is to be a pair of straight lines. 

Hence 


ab (c + X) 2fgh -af^ — 
Therefore A 


bg^^-^(c + \)h^^0, (Art. 
- 2fgh - ap — bg^ - ch^ 

ab — h^ ' 


IIG.) 
A ’ 

~ab-~/r' 


The required equation to tlie asymptotes is therefore 

A 

2hxy + by^ 2gx + 2fy + c — f • (2). 


Cor. Since the equation to the hyperbola, which is 
conjugate to a given hyperbola, differs as mucli from the 
equation to the common asymptotes as the original equation 
does, it follows that the equation to the hyperbola, which is 
conjugate to the hyperbola (1), is 

ax* + 2hxy + hy^ + 2gx + 2fy + c — 2 
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‘ ^357* To determine hy an examination of ilie general 

equation what kind of conic section it represents. 

[On applying; the method of Art. 313 to the ellipse and 
parabola, it •would be found tliat the asymptotes of the 
ellipse are imaginary, and that a parabola only has one 
asymptote, which is at an infinite distance and parallel 
to its axis.] 

Tlie straight lines a.-r® + Thxy + hy^ -0 (1) 

are parallel to the lines (2) of the hist article, and hence 
represent straight lines parallel to the asymptotes. 

Now the equation (1) represents real, coincident, or 
imaginary straight lines according as h^ is >= or <«/>, 
i.e. the asymptotes are real, coincident, or imaginary, 
according as h^ > = or <a6, i.e. the conic section is a hyper- 
bola, parabola, or ellipse, according as > = or < ab. 

^ Again, the lines (1) are at right angles, i.e. the curve is 
a rectangular hyperbola, if a 6 = 0. 

Also, by Art. 143, the general equation represents a 
circle if a - ft, and h *= 0. 

Finally, by Art. 116, the equation represents a pair of 
straight lines if A 0 ; also these straight lines are parallel 
if the terms of the second degree form a perfect square, i. e. 
if ft> = aft. 


358 . Tlie results for the general equation 


ax° f 2hxy -h hf + 2gx + 2yy + c 0 

are collected in the following table, the axes of coordinates 
being rectangular. 


Curve. 

Ellipse. 

Parabola. 

Hyperbola. 

Circle. 

Rectangular hyperbola. 

Two straight lines, real or 
imaginary. 

Two parallel straight lines. 


Condition. 

h^<ah. 

= aft. 

4® > aft. 

a “ ft, and h = 0. 
a + ft = 0. 

A-0, 

i. e, 

aftc+ 2 fgh — af^—bg^ - c4®=0. 
A = 0, and 4® = aft. 
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If the axes of coordinates be oblique, the lines (1) of Art. 356 axe 
at right angles if a + 5 — 2/icosu>=0 (Art. 93); so that the come 
section is a rectangular hyperbola if a + 5 - 2/i cos 

Also, by Art. 175, the conic section is a circle if a^iud 
/traces w. 

The conditions for the other cases in the previous article are the 
same for both oblique and rectangular axes. 

EXAMPLES. XL. 

What conics do the following equations represent? When 
possible, find their centres, and also their equations ^‘furred to the 
centre. 

1. 12a:* - 23rjy + lOt/* - 25x + 26f/ = 14. 

2. 13j:* - ISxy + 37y* -f 2 j; + 14y - 2 = 0. 

3 . y^-^y/Sxy + - 4y-h5s=0. 

4. 2x2 _ ^2xy + 23y3 - 4x - 23// - 48 = 0. 

5. Cx2-5xi/- 0//* + 14x4-6?/ + 4 = 0. 

6. 3x2 _ Qxy - 3y2 + lOx - 13y + 8 = 0, 

Find the asymptotes of the following hyperbolas and also the 
equations to their conjugate hyperbolas. 

7. 8x2+10xi/~3y2-2x + 4?/ = 2. 8. y* - xy - 2x2 - 5?/ +x- 6 = 0. 

9. 65x2 - 120xy + 20y2 + 64x - 48y = 0. 

1 0. lOx* + 2ixy + j/2 - 22x - Cy = 0. 

11. If (^i V) centre of the conic section 

fi^^y) + 2//xy + 5y2 + 2yx + 2fy + r = 0, 

prove that the equation to the asymptotes is/ (x, i/)=/(Z, p). 

If t be a variable quantity, find the locus of the point (x, y) when 

12. x=a + and i/=a . 

13. x=at + ht' and p = 5/ + <7f*. 

14. x= 1 + i + f® and y = 1 - r + <*. 

If ^ be a variable angle, find the locus of the point (x, y) when 

15. x=a tan(^ + a) and y = 5 tan + j8). 

16. z=acoQ{6 + a) and y = 5 cos {^ + /9). 

What ore represented by the equations 

17. (x-y)2+(x-a)2=0. 18. xy + a»=a<x+y). 
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[Exs. XL.] 


JL9, = a) (.c^ _ yS) 

20. x^ + y^ ~xy {x + y) + a-{y -x) = 0. 21. {x*^ -a^f -y* = 0. 

22. x^ + y‘* + {x + y){xy-ax~a7/) — 0. 23. x^ + xy + y^=0. 

» 

24. (r cos ^ “ a) (r- a cos <7)^0. 25. r sin* ^ = 2a cos 

26. r + ^ = 3cos^ + fiin^. 27. " = l + cos ^ + ^3sin^. 

7 * V 

28. r{i — 3 Bin-’ fl) = 8a cos 8. 

369 . To trace the parabola given by the general eq%ia- 
tion of the second degree 

ax^ + 2hxy + by^ + 2gx + %fy + c~0 (1), 

and to find its latus rectum. 

First Method. Since the cfurve is a parabola we 
have — ah^ so that the terms of the second degree form 
a perfect square. 

Put then a — a? arul b - /3% so that A = a/?, and the 
equiition (1) becomes 

{ax + ^yf + 2gx + 2/y + c = 0 (2). 

Let the direction of the axes be changed so that the 
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For a; we have to substitute 

-V cos 0 — l''sin i. e. 
and for y tlie quantity 


pX-^a.Y 


JT sin + I'cos i.e. — , (Art. ll!9 > 

For ajx + /8y we therefore substitute }' J (o* + 

The equation (2) then becomes 

y=(„» + ^)+ [^(^.Y + ay)+/(/3r-aA')J + r- 0, 


i,e. 

i, e. 

where 

and 


v'a" + 

(tt* + /3*)* ~ "" (a*'+ f t P- ’ 

(F- Ky‘= 2 LY- //] 

<H/ + P/ 


7i'-- 


(a*+^y 


» 2\5 ’ 


-2 x//=/r=- 


v/a»+> + 

-2(a/-^y)L 


a^ + li-’ 

(’^<j+p/n 


{■>), 

•(f), 

(.j). 


The equation (3) represents a parabola whos'c latus 

rectum is 2 — *^ — , , whose axis is parallel to the new rixis 

of X, and whose vertex referreil to the new axes is the 
point (//, K). 


360 . Equation of the axis, arid coordinates of the 
vertex^ referred to the original axes. 

Since the axis of the curve is parallel to the new axis of 
JT, it makes an angle B with the old axis of a:, and hence 
the perpendicular on it from the origin makes an angle 
90V ft 

Also the length of this perpendicular is K. 
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The equation to the axis of the parabola is therefore 
X cos (90“ + 0)+2/ + 0) = Ky 

Le. • - a; sin 4* y cos 0 - Ky * 


.( 6 ). 


i.e. axe + Ja? + ... 

Again, the vertex is the point in which the axis (6) 
meets the curve (2). 

Wc have therefore to solve (G) and (2), i.e. (6) and 


(«-7 + ^^.2^^_^2/y + c = 0. 


.{!). 


The solution of (6) and (7) therefore gives the required 
coordinates of the vertex. 


361 . It was proved in Art. 224 that if PT be a 
> diameter of tlie parabola and Q V the ordinate to it drawn 
through any point Q of the curve, so that (>ris parallel to 
the tangent at P, and if $ be the angle between the diameter 
P V and the tangent at Py then 

(2F* = 4acosec^(9. PV (1). 

If QL be perpendicular to P V and QIJ be perpendicular 
to the tangent at P, we have 

QL = Q Tsin 6y and QIJ -- P Ksin Oy 
so that (1 ) is QL’^ = 4a cosec 0 . QIJ. 

Hence the square of the perpendicular distance of any 
point Q on the parabola from any diameter varies as the 
perpendicular distance of Q from the tangent at the end of 
the diameter. 

Hence, if + Py + (7 - 0 be the equation of any 
diameter and ut'o; + Py + C" - 0 be the equation of the 
tangent at its end, the equation to the parabola is 


{Ax -f By + Cy = k (A'x + By + C) (2), 

where \ is some constant. 

Conversely, if the equation to a parabola can be reduced 
to the form (2), then 

Ax + By+C==0 .(3) 



TRACING OF PARABOLAS. 335 

is a diameter of the paralx>la and the axis of the parabola is • 
parallel to (3). 

We shall apply this property in the following article. 

362 . To trcLce the •parabola given by the general equa- 
tion of the second degree 

aa? + + iy® + 2gx + 2/y + c - 0 (1 ). 

Second Method. Since tlie curve is a paral)ola, the 
terms of the second degree must form a perfect square 
and - ah. 

Put then a = a® and b=^jTy so that li a/?, and the 


equation (1) becomes 

{ax + Pyf = - (2yaj + 2/y + c) (2). 

As in the last article the straight line ox + = 0 is • 

diameter, and the axis of the parabola is therefore parallel 
to it, and so its equation is of the form 

ax + Py -i- X ~ 0 (3). 

The equation (2) may therefore be written 

(ax + + A)® = ~ {2gx + 2/y + c) + A® + 2A (ax + py) 

= 2aj (Aa -g)-^^y {p\ --/) + A® - c (4). 

Choose A so that the straight lines 

ax + Py + A — 0 (5) 

and 2x (Aa - y) + 2y {Ph — /) -f A® - c — 0 (6) 

are at right angles, i.e. so that 

a (Att - g) + P {Ph -/) =- 0, 

f. e. BO that A = (7)- 


The lines (5) and (6) are now, by the last article, a 
diameter and a tangent at its extremity ; also, since they 
are at right angles, they must be the axis and the tangent 
at the vertex. 
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^lio equation (4) may now, by (7), be written 
{aa: + + XP = " - “y + y]> 


whore 


^ ’ - («/ - ’ 
cu: + Py 4 X“i 2 2 (q/ — Pif) Px — ay + /a 


Jcwi + p?/ -I- a| 

t ^ a? + 1 


(a= + /S=)* ■ + 

i.e. 

(c? + P^f 

where J*N is the perpendicular from any point P of the 
curve on the axis, and A is the vortex. 

Hence the axis and tim^^ent at the vertex are the lines 
(5) and (G), where X has the Vidue (7), and the latus rectum 

* - o 

■ " {or + kf 


a03. Ex. Trace tliP parabola 

9.r2 - SJtj-y + Uf - ISx - 101 f/ + 19 = 0. 

The equation is 

(3j - 4^)2 - 18x - lOhj + 19 = 0 (1). 

Ftnt BKetbod. Take 3 j*-4v= 0 as the new axis of .r, i.c. turn 
the axes through an angle where tun ^ and therefore bin6> = ^ 
and cos 

4.x — 3 F 

For X we tlierefore substitute Acos^-Fsin^, i.e. — . ; for 

o 

3 A + 4 F 

y we put A'sin Fcos <?, i.e. ' ^ — , and hence for 3.r-4y the 
quantity -5F. 

The equation (1) therefore becomes 

25 F2 - \ [72A - 54 F] - i [303A> 404iq ^ 19 = 0, 


251’2~76A-70F+19 = 0 (2). 

This is the equation to the curve referred to the axes OX and OY^ 
But (2) can be written in the form 


14 F 

5 =3-Y-JS, 


i.e. 


{r-ir‘=3x-ii+n=s{x+i). 
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Take a point A whose coordinates referred to OX and OY { 
and I, and draw AL and AM parallel to OX and OY respectively. 



Referred to AL and A^f the equation to the parabola is 
It is therefore a parabola, whose vertex is .1, whoso bitus rectum 
and whose axis is AL. 


Seooad BSetliod. The equation (1) can be written 

(3x-4f/ + X)2 = (G\ + 18)ar-fi/(101-8X)4-X2-19 (3). 

Choose X BO that the straight lines 

Sx - 4i/ + X = 0 

and (6X + 18) x 4 y (101 ~ 8X) + X^ - 1 0 =r 0 

may be at right angles. 

Hence X is given by 

3 (CX 4- 18) - 4 (101 - 8X) = 0 (Art. G9), 


and therefore X = 7. 

The equation (3) then becomes 

(.3x - 4y 4- 7)- = 15 (4x + 4- 2), 

«'■ 

Let AL be the straight line 

3x-4y47 = 0 (5), 

and AM the straight line 4x 4 3y + 2 = 0 . . (0). 

These are at right angles. 

If P be any point on the parabola and PIY be perpendicular to 
ALf the equation (4) gives PAr*=8 . AN. 

Hence, as in the first method, we have the parabola. 

The vertex is found by solving (5) and (6) and is therefore the 
point (-ft. if). 
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' ly. drawing curves it is often advisable, as a verifioation, to dnd 
whether they cut the original axes of coordinates. 

Thus the points in which the given parabola cuts the axis of x 
are found by pitting paO in the original equation. The resulting 
equation is 18a; + 19=0, which has imaginary roots. 

The parabola does not therefore meet Ox, 

Similarly it meets Oy in points given by ISj/® - lOli/ + 19 = 0, the 
roots of which are nearly and A* 

The values of OQ and OQ' should therefore be nearly and 6^. 

364. To find the direction and magnitude of the axes 
of the central conic section 

ax? + ^hxg --X ( 1 ). 

First Method. We know that, when the equation to 
a central conic section has no term containing x/y and the 
axes are rectangular, the axes of coordinates are the axes of 
the curve. 

• Now in Art. 349 we shewed that, to get rid of the term 
involving ajy, we must turn the axes through an angle B 
given by 

tan 2^ = -,- (2). 

a — b ' ' 

The axes of the curve are therefore inclined to the axes 
oi coordinates at an angle 0 given by (2). 

Now (2) can be written 

2 tan B 2A 1 , . 

1 tan ’-^ 0 a ■ b~^ X 

tan* ^ + 2A tan ^-1 = 0 (3). 

This, being a quadratic equation, gives two values for B, 
which differ by a right angle, since the product of the two 
values of tan d? is — 1. Let these values be B^ and B^, which 
are therefore the inclinations of the required axes of the 
curve to the axis of x. 

Again, in polar coordinates, equation (1) may be written 
r“ (a cos* B + 2h cos B sin B + h sin* 6^) 1 = cos* B + sin® Bf 

i. e, 

3 cos* B + sin® B 1 + tan* B 

^ a cos* B + 2h cos B sin ^ + 6 sin® B a + 27*. tan B + b tan® B 

( 4 ). 
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If in (4) we substitute citlier value of tan 0 cterived 
from (3) we obtain ilie length bf the corresponding 
semi-axis. 

The directions and magnitudes of the ax*es are therefore 
both found. 


Second Method. The directions of tlie axes of the 
conic are, as in the first method, given by 

tan 26 ~ . 

a - 0 

When referred to the axes of the conic sectioi us tlie 
axes of coordinates, let the equation become 



Since the equation (1) has become equation (5) by a 
change of axes without a change of origin, we liavc,*)y 
Art. 135, 

+ ‘ «■ 

and vT = ah — ( 7 ) . 

These two equations easily determine the semi-axes a 
and /?. [For if from the square of (6) we subtract four 

times equation (7) we have , and hence “i “ i 

hence by (6) we get \ and .J 

The difficulty of this method lies in the fact that we 
cannot always easily determine to which direction for an 
axis the value a belongs and to which the value p. 

If the original axes be inclined at an angle o>, the equa- 
tions (6) and (7) are, by Art. 137, 

1 1 a + 6 — 2/t cos w 

a* ^ jS* sin^ €0 * 

sin»u> ‘ 


and 
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Cor. 1. The reciprocals of the squares of the semi- 
axes are, by (6) and (7), the roots of the equation 

Cor. 2. It is shewn in most treatises on Geometrical 
Conics that tlie area of an ellipse is irayS, which by equation 

y/ab — Jr 

365. Bx. 1. Trace the curve 


14^2 - + 11 ?/2 - 44x - 58^/ + 71 = 0 (1). 

Since ( - 2)^- 14 . 11 is negative, the curve is an ellipse. [Art. 358.] 
By Art. 352 the centre (x, y) of the curve is given by the equations 
1 4x - 2y - 22 ~ 0, and - 2x + 1 1// - 29 = 0. 

^ence T=2, and // = 3. 

The equation referred to parallel axes through the centre is 
therefore 14x2 _ 4 + 1 1?/* -4- c' 0, 

where c' = - 22x - 29// + 71 — ~ CO, 

BO that the equation is 

] 4x2 -4xf/ + 117/2 = 00 (2). 

The directions of the axes are given by 


80 that 


2 tan 0 _ 
1 - tan2 0 ~ 


and hence 2 tan2 d - 3 tan ^-2 = 0, 

Therefore tan 6^ -= 2, and tan 6» = - ^. 

Referred to polar coordinates the equation (2) is 

r2 (14 cos2 0 - 4“Cos ^ sin ^ + 1 1 sin^ 0) GO ^^cos* 0 + Bin2 
l + tan2^__ 

’ “'’‘'l4 -4tan (? + lltau“0' 

1 + 4 

When tan 0^ — 2, = GO x ^ ^ _ g -^~44 ~ 

When tan rj^.-GO x = 
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The lengths of the semi-axes are therefore ,^6 and 2. 

Hence, to draw the curve, 
take the point C, whose coordi- Y 
nates are (2, 3). ^ 

Through it draw in- 

dined at an angle tan"^ 2 to the /S \ 

axis of X and mark off Q / \ 

CA =r I 

Draw at right angles q • 

to AC A' and take B‘C=^CIi ~*2. 

The required ellipse has Aa^ 

and as its axes. ^ 

It would be found, as a veri- ^ ^ ^ 

hcation, that the curve does not meet the original axis of and 

that it meets the axis of y at distances from the origin equal to 
about 2 and 3^ respectively. 

Ex. 2. Trace the curve 

- 3x// + y®+ lOx- 10(/ + 21 = 0 (Ih 


3iuoe 


■ 1 . 1 is positive, the curve is a hyperbola. 


[Art. 358.] 


The centre (7, ?7) is given by 


and - a;-f = 

so that 7= -2, and p = 2. 

The equation to the curve, referred to parallel axes through the 
centre, is then 

x-~-^xy + f/ + r,[ -2)-5x2 + 21 = 0, 

i,e. x^-Sxy-\-y^—-l ( 2 ). 

The direction of the axes is given by 


80 that 2^ = 90^ or 270'’, 

and hence ^1 = 45'’ and ^2=135^ 

The equation (2) in polar coordinates is 

r2 (cos2 ^ - 3 cos OmnS^ sin* (9) = - (sin* 0 + cos’ C), 

“l-Staner+tan*^’ 
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WHbn Pj = 45°, n'= “i::3:jri=2> so that »-i = V2. 

men fl,=135°, -i + 3 - 4 :i = . bo that 

To constnicfc the curve take the point C whose coordinates are - 2 
and 2. Through C draw a straight line AC A' inclined at 45° to the 
axis of X and mark off -4'0= =<^2. 

Also through A draw a straight line KAIC i)erpnndi«iilar to CA 
and take AK=^ICA—,J^, J3y Art. 315, CK and ClC are then the 
asymptotes. 

The curve is therefore a hyperbola whose centre is C, whose 
transverse axis u A' A ^ and whose asymptotes are CK and CK'. 



366 . 7'o find the eccentricity of tlye central conic section 

+ ^hxy ^hif ^ 1 ( 1 ), 

First, let h^ — ah be negative, so that the curve is 
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an ellipse, and let the equation to the ellipse, referrqjl to 
its axes, he 

■ 

By the theory of Invariants (Art. 13o) we have 


and 


^2 l^i~- ^ ^ (2), 

^ (3). 


a’/y 

Also, if c be th(» eccentricity, we Itav e, if « be > p, 


tf’ a’ - /S’ 

" 2 -<? a* + /G= 

But, from (2) and (3), we have 

a f b 




Hence 


.(4). 


«= - /3» = + ^/(a» + . 

c® >/(a — + 4A® 

* ' 2 — f ® ^ a + 6 

This equation at once gives e®. 

Secondly, let /r — a6 bt^ positive, so tliat the curve is 
a hyperbola, and let the equation referred to its principal 
axes be 


a*® y® 


so that in this case 




1 


= 1 , 


- ^ = rt + 6, and - ,™=-a6-/i* -(/t’-aJ), 


^ 

Hence ^ Z ^ “"d ’ 


v'(a — + 4A® 


80 that a® + )8® = + V(a® — /3*)®+4a®^= 4* 
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^11 iliis case, if e be the eccentricity, we have 


6*2 a'^ + _ J(a - b f + W 


This equation gives e®. 


a -h 6 


.( 5 ). 


In eacli case we see that c is a root of the equation 


( Y (a- 6)^ + 4/r 

V2^>/ {a + bf ■’ 


i.e. of the equation 

{ah ~ 1^) + {{a - by + 44^} (e" - 1 ) - 0. 


367 . To obtain the. foci of the central conic 

ax^ + 2hx^ -[-bf 1 . 

Let tlie direction of the axes of the conic be obtained as 
in Art. 3G4, and let 0^ be the inclination of the major axis 
in the case of the ellipse, and the transverse axis in the case 
of the hyperbola, to the axis of x. 

Let be tlie square of the radius corresponding to 
and let r/ be the scjuaro of the radius corresponding to the 
perpendicular direction. [In the case of the hyperbola 
will be a negative quantity,] 

The distance of the focus from the centre is Jr^ — r^ 
(Arts. 247 and 29/)). One focus will therefore bo the point 

{Jry ~~ r./ cos , f ry — r,? si n ) , 
and the otlier will be 

(— sj ry — ry cos 0^, — \l ry — i jj- sin By). 


fix. Find the foci of the ellipse traced in Art. 365. 

2 1 

Hero tan 0^ = 2, so that sin 0^ = - and cos 0i= -r^ . 

\fO 1^0 

Also and — so that v'^r/--’r/'=^/2. 

The coordinates of the foci referred to axes through C are therefore 
/V2 2V2\ / V2 2 v ^ 2 \ 
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Their coordinates refen’ed to the original axes OX and OY aw 


V2\ . 


368 . The method of obtaining the coorcHnate» of the 
focus of a parabola given by the general expiation may l>e 
exemplified by taking the example of Art. 363. 

Here it was shewn that tlie latus rectum is e<jual to 3, 
so that, if be the focus, AS is |. 

It was also shewn that the coordinates of A rtib^rred to 
OX and 0 Y are — g and g. 

The coordinates of S referred to the same axes are 


- I + -2 and i,i.e. a"'! I • 

Its coordinates referred to the original axes are tlierefore 
cos ^ J sin ^ and sin ^ f J cos 0, 

T. r. 2 XT * '5 — 5*5 ailU ^ if • g » ^ 

•?* A t'id 1 .i 3 

'i,e. '^g 

In Art. 393 equations wdll be found to give tlie foci of 
any conic section directly, so that the conic need not first 
be traced. 


369. Ex. 1. 'Trace the curve 

3 (3x - 2?/ + 4)2 + 2 i2x + 3y - 5)* = 3'.) . 
The equation may be written 




Now the straight lines 3 x-2j/ + 4-=0 and 2x + ^y - 5=^0 are at 
right angles. Let them be CM and 
CN, intersecting in G which is the 
point ( - Ill)- 

If P be any point on the curve 
and PM and PN the perpendiculars /M'ip 

upon these lines, the lengths of PM / gv 
and PN are I / 

3x- 2*/4-4 - 2a;4-3w-5 \y 

and . 

Hence equation (2) states that [f O ^ " 

3P.V« + 2PN2 = 3, 

PJI2 PN^ , 

T-+ir=^' 
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< T^e locus of P is therefore an ellipse whose semi-axes measured 
along CM and CN are and 1 respectively. 

Bz, 2. jyhat is represented by the equation 

The equation may be written in the form 
ar* 4- 2/^ - 2a2 (^pS 4. ^ 

i.e. (x® -f ?/-)*’ 2a® (x® + y®) 4- = 2x®y®, 

t.e, (x® 4 - t /2 - a®)2 - ( V2x?/ )® = 0, 

i.c. (x® 4- v/2.r7/ -I- y® - a®) (x® - + y^- a®) = 0. 

The locus therefore consists of the two ellipses 

ac® 4- \/2xi/ + y ® “ a® = 0, and x® - J2xy 4- - a® = 0. 

These ellipses are equal and their semi-axes would be found to be 
asj2-\-^2 and aj2-j2, 

# The major axis of the first is inclined at an angle of 13 to the 
axis of Xf and that of the second at an angle of 45°. 

EXAMPLES. XLI. 

Trace the parabolas 

1 . (x-4?/)®=51y. 2. (x-2/)®=x4-i/4-1. 

3, (5x - 12y)® ^ 2ax 4- 20ay 4- a®. 

4, (4x4-32/4-15}®=5(3x-47/). 

5, lGx®4-24xy4-9y®-5x-10?/4'l=0. 

6, 9x®4-24x//4-16i/®-4i/-x4-7 = 0. 

7, 144x®- 120xy 4-25y®4-619x-272y4-GG3 = 0, and find its focus. 

8, IGx® - 2lxj^ 4- 9i/® 4- 32x 4- 86y - 39 = 0, 

9, 4x® -4xy 4- y®~ 12x4-02/4-9=0. 

Find the position and magnitude of the axes of the conies 

10. 12x3-12x2/4-72/^=48. 11. 3x-’4- 2.Ty 4-32/®=8. 

12, x^-xy - Gy® =6. 

Trace the following central conics. 

13, x®-2x2/cos2a + y®=2a®. 14. x®-2xy ooseo2a4*y® = a®. 

15, xt/=rt (X4-2/). 16. X2/-2/®=a®. 

17. y®-2x2/4-2x®4-2x-2t/=0. 18. x®4-xj/4-y®4-x4"y = 1 . 
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19. 2^:2 + ary _ 2y2 _ 7 j; + y - 2=0. 

20. 40;r3 + sfixy + 25y^ - lOOjr - 122y + 20.3 ==0. 

21. 9a;2-32xy + 9y2 4.60jr + 10y=:G4i. 

22. 2y2 - 2ax - 6fl.y + 7a’ = 0. 

23. 10x2 - 48xj/ - lOy® + 38jr + 44?/ -5^=0. 

24. 4x2 + 21xy + 3 jy2 - 14r - 31 y - C 0. 

25. (3x - 4y + a) (4x + 3y + a) 

23. 3 (2x - 3y + 4)2 + 2 (3x + 2y - of = 78. 

27. 2 (.3x - 4y + 5)2 - 3 (4x 4 3y - 10)®= 150. 

Find the products of the semi-axes of the conics 

28. + 5x2 = 2. 29. 4 (3x -f 4y ~ Tj® 4 - 3 (4x - 3y 4* 0)'-’ ~ 3. 

30. ll^r® 4* 16xy - y® - 70x - 40y 4 82 = 0. 

Find the foci and the eccentricity of tlie conics 

31. a:2_3^^ + 4ttj- = 2a2 , 32. 4xy - 3.r2-2ay=0. 

33. 6x2 + + 5^5 + i‘2x 4 4y 4- C = 0. 

34. .x® 4- 4xy 4- 2/2 - 2x + 2y - G = 0. 

35. Shew that the latus rectum of the pirobola 

(a® 4- 6®) (x® 4- 1/) z:{bx + ay- ahf 
[ 2a64>/a®4 6®. 


36, Provo that the lengths of the semi-axes of the conio 

ax®f 2//xy4*rt?/®=d 

“6 \/ 

respectively, and that their equation is x y® = 0. 

37. Prove that the squares of the semi-axes of the conic 

ax®4-2/ixy 4 6y*+ 2(7x4-2/y 4c = 0 
are - 2 A 4- { (a6 - /r) (« 4- 6 ± 4- 4/*®) } , 

where A is the discriminant. 

38 If X be a variable parameter, prove that t!ie locus of the 
vertices of the hyperbolas given by the equation x® - r 4- X.Ty = i» 
the curve (x® 4- = o,* " !/")• ' 

3ft If the point (at,®, 2atil on the parabola y®r=4ax be called the 
po?nt f,, prove tiiat the axis of the second parabola through the four 
^ints K, fj, U, and U makes with the axis of the first au angle 




Prove also that if two parabolas inert in four poinU Ae 
of the centroid of the four points from the axes are proportional to the 
latera recta. 
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[Exs. XLL] 


' 4D. If the ijroJuct of the Bemi-axes of the conic ir® + 2ary + 172^- = 8 

he unity, shew that the axes of coordinates are inclined at an angle 
8in~* 

41. Sketch *the curve Ca:®~7:ry-5y®-4j; + lly = 2, the axes being 
inclined at an angle of 80”. 

42. Prove that the eccentricity of the conic given by the general 
equation satisfies the relation 

e* _ {n -i-h — 2h cos 
1 - c® (ab — Ji-^) 810*“^ w * 

where w is the angle between the axes. 


43. The axes being changed in any way, without any change of 
origin, prove that in the general equation of the second degree the 

p + (}^-2fi/coHto an-\h(f~2Jgh , A 

quantities c, , / and are 

* sin^w sin^w sin-w 

invariants, in addition to the quantities in Art. 187. 


[On making the most general substitutions of Ait. 182 it is clear 
that c is unaltered; proceed as in Art. 137, but introduce the condition 
e^at the resulting expressions are equal to the product of two linear 
quantities (Art. IIC); the results will then follow.] 
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370 . In the present chapter we shall consider proper- 
ties of conic sections which are given by the general e(iU}ition 
of the second degree, viz. 

ax^ + 2hxy -f hi/ 4* -i ’i/y 4 c - 0 ( 1 ). 

For brevity, the left-hand si<le of this ecjuation is often 
called <!> {x, y), so that the general equation to a conic is 

4>{x, y) = 0. 

Sinnlarly, </>(.'»', y ) denotes the value of the left-hand 
side of (1) when x and / are substituted for x and y. 

The equation (1) is often also written in the form 0. 


371 . On dividing by r, the equation (1) contains five 
a h h g 


independent constants 


and . 


To determine these five constants, we shall therefore 
require five conditions. Conversely, if five independent 
conditions be given, the constants am be determined. 
Only one conic, or, at any rate, only a finite nuinl)er of 
conics, can be drawn to satisfy five independent conditions. 


372 . To Jitid t/ie equation to the tangent at any point 
(xy y) of the conic section 

(a;, y) = ax^ 4- 2hxy 4- hg^ 4- 2gx + 2fy 4- c - 
Let {x \ y*) be any other point on the conic. 
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m The equation to the straight line joining this point to 

(*'. y') is 

• = (2). 

Since both y) and (a?", y') lie on (1), we have 

ax^ + 2hx'y hy^ + 2^05' + 2fy + c - 0 (3), / 

and ax"^ + 2hx”y'' + 5^® + 2^®' + 2/y' + c ~ 0 (4). 

Hence, by subtraction, we have 

a (a® - cc"“) + 24 {xy' — x'y”) + h (y'® — y''^) 

+ 2g (x - x") + 2/ {y' - y") = 0 (5). 

But 

2 (x'l/ - x"y") = {x + x") {y - y") + {x' - x") (y' + y"), 

SO that (3) can be written in the form 
(a/ - x") [a (x‘ + x") + h {y' + y") + 2g\ 

* +{y'- y") [A (»' + *") + b{y' + y") + 2/] = 0, 

y" -y _ _ g jx' + a; ") + h {y' + y") + 2 y 
‘ x” — x' h (x' 4- x") + 5 (y' + y") + 2/* 

The equation to any secant is therefore 

' A (x' + x"j + b {y' + y”) + ‘if^ ' ' 

To obtain the equation to the tangent at {x'y y'), we put 
x'--x and y” ~y' in this equation, and it becomes 

, ax -r hy +g , 

S'-* -iW + 6/ */<*-")■ 

i. G. {ax + hy + <j)x + {hx' -^hy +f)y 

--- ax'^ + 24a; y' + 4y'* + yx' + fy 
= _ gx’ -^ fy - c, by equation (3). 

Tlie required equation is therefore 

axx' + h (xy' + x'y) +byy' + g (x + x') + f (y +y') 

+ c = 0 (7). 


Cor. 1. The equation (7) may be written down, from 
the general equation of the second degree, by substituting 
xj(^ for a.-®, yy' for y\ xfy + xy for 2a;y, x + a;’ for 2a?, and 
y-f y' for 2y. (Cf, Art. 152.) 
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Cor. 2. If the conic pass through the origin weliave 
c — 0, and then the tangent at the origin (where x = 0 and 
ij = 0) is gx ^fy = 0, 

i, e. the equation to the tangent at the origin is obtained by 
equating to zero the terms of the lowest degree in the 
equation to the conic. 

078. The equation of the previous article »ay also be obtained 
as follows ; If {x\ y') and (x", */") be two points on the conic section, 
the equation to the line joining them is 

a(x- x') (x - x") + k [(x - x') (y - ij") + (x - x") (?/ ?/)] + &(?/ - y'} (y - y") 

= <1x2 ^ 2hxy + ^ 2yx -i’2/y~hc (1). 

For the terms of the second degree on the two sides of (1) cancel, 
and the equation reduces to one of the first degree, thus representing 
a straight line. 

Also, since (x', y') lies on the curve, the equation is satisfied by 
putting x—x' and y -=y'. 

Hence (x', y') is a point lying on (1). 

So (x", y") lies on (1). 

It therefore is the straight line joining them. 

Putting x''=x' and we have, as the equation to the tangent 

at (x', y'l 

a (x - 2/t (x - x') (y -^/) + h(y- y'f 

= ax® + 2hxy + hy^ -t 2gx + 2fy + c , 
i.e. 2axx' -j- 2h {x'y + xt/) -r 2hyiy 4 2yx 4- 2fy + c 

=ax'2 -r 2hx*t/ + hy'^ 

= - 2</x' - 2fy' - c, since (x', ?/') lies on the conic, , 

Hence the equation (7) of the last article. 


874 . To find the condition that any straight line 

Zx + i»y+« = 0 (I)» 

may touch the conic 

a9^ + 2hxy + biy-i-2gx + ^y-hc=0 ( 2 ). 

Substituting for y in (2) from (1). we have for the equation giving 
the abscissas of the points of intersection of (I) and (2), 
x® (am® 2ftZm 4* - 2x (hmn - hln - gm^ +/Zm) 

4- 6w* - 2/ffm 4- cm®= 0 (8), 


If (1) be a tangent, the values of x given by (8) must be equal. 
The condition for this is, (Art. 1,) 

{hmn - bln - gm^ 4'/fm)2= (aw* - 2ftZw4* 6Z*) (bn^ - 2/nm + m®). 
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Q*i Bimplifying, we have, after division by m®, 

P{hc - P) -f* m'-* (cu - + n* {ab - h-) f 2mn (gh - of) + 2nl {hf - bg) 

+ 2lm (fg - = 

Bz. Find the equations to the tangents to the conir 

u:‘ + 4j:)/ 5x - Oy + 8 -0 .... -.(I)* 

u'hich are parallel to the straight line x + 4y = 0. 

'J'lic equation to any such tangent is 

x + 4ifj + c — 0 (2), 

where c is to he deternjinod. 

This straight line meets (1) in points given by 

3.r“ ~ 2.r (fic f *28) + .V- + 24r + 48 = 0. 

The roots of this equation are equal, i.e. the line (2) is a tangent, 
if {2(6c + 2H)j*-i=:4. 8. (3e‘-«4-21c +48), t.c. if c= ~5 or -8. 

Tlie required tangents arc therefore 

.r + Ag - o — 0, and f ly - 8 — 0. 

376 . As ill Arts. 214 and 274 it may bo jirovod that 
tho polar of (x, y) with respect to <#» (.r, y) r 0 is 

(ax' + hy' + y) a; + (hx + by +/) y + yx +fy + c - 0. 

Tlie form of tlio equation to a polar is therefore the 
Sc'ime as that of a tangent. 

Just as in Art. 217 it may now be shewn that,Jf tlu' 
jxjlar of F passes througli 2\ the polar of T passes through 

r. 

The chord of the conic which is bisected at (x^ y)^ 
l)eing paraded to tlie polar eif (x, y) [Arts. 221 and 280], 
has as equation 

{ax -I- hy' + y) {x - x) + {hx' + by +f){y- y) 0. 

376 . 2^0 find the equation to the diameter bisectiny all 

vh or ds parallel to the straiyht line y=^mx, (See fig. Art. 279.) 

Any such chord is y — mx + K (1). 

This meets tho conic se^ction 

ax^ + 2hxy + btfi + 2yx + 2^ + c ~ 0 
in points whose abscisste are given by 
aaf + 2hx {mx + A) + 6 (vix + A')* + 2yx + 2f{mx + A")+ c = 0, 
i, e. by x^ {a + 2hm + bm^) + 2x {hK + hmK + ^ + fm) 

+ 6A2 + 2/A + C-0. 
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If and ,t,j 1x 5 the roots of tliia equatioii, we thei'e^ro* 
have 


X, + £Cj 


(A + 6m) -^fm 
« 4 * 24 ?^^ + hni* 


Let {Xy Y) 1x3 the middle point of the required chord, 
so that 

^ X, + . 1*2 (A + bm) K -f ij -f fm 

'1 a -f- 'lAni + hf}!^ 


•(-*)■ 


Also, since (A", Y) lies on (1) we have 

Y--^mX^K (3). 

If between (2) and (3) we eliminate K we have a 
relation between X and 
This relation is 


— {ti f 2/im + 6irr) X -- (A + bni) ( Y — mX) 4 ^ + y/a, 
i. X {a 4- Am) + F(4 4- hni) <j ^ fm -0. 

The locus c»f the required Tuiddle point is therefore the 
straight line whose equation is 

x{a + Am) f y (4 4- hm) 4> y + fm -- 0. 

T£ this be p.irallel to the straight line y ~ ra'x, we 
have • 


.( 4 ), 


a + Am 



i.e, a + h (m + m') + bmm' = 0 (5). 

This is therefore the condition that the two straight 
lines y — mx and y~m'x may be parallel to conjugate 
diameters of the conic given by the general equation. 


377. To find the condition that the pair of straight lineSy wiu>se 


equation is 

Ax^ +'2Hxy + Btj^ =^0 (1), 

may he parallel to conjugate diameters of the general conic 

ax'^ + 2//jry 4- hy^ 4- 2gx 4- 2/y + c = 0 (2) . 


Let the eqnatious of the straight lines represented by (1) be y = mx 
and y=:m'Xy so that (1) is equivalent to 

Ji {y~ mx) (y - m'x) = 0, 

, 2H A 

and hence w 4- w = - ^ , and vtm = ^ . 


L 


12 



354 


COORDINATE GEOMETRY. 


« By the condition of the laet article it therefore follows that the 
linS (1) are parallel to conjugate diameters if 



i.e, if = 

878. To prove that two concentric conic sections always have a 
pair, and only one pair, of common conjuyate diameters and to find 
their equation. 

Let the two concentric conic sections be 

a.T^-{-2hxy + by^=l (1), 

and a'x^ + 2h'xy + b'y^~- l . . (2). 

The straight lines 

Ax^ + 2Hxy + = 0 . . (3) , 

are conjugate diameters of both (1) and (2) if 
Ab~2ITh + na=:0, 
wmd Ah' - 2Hh' + Ba' = 0. 

Solving these two equations we have 

A ^ B 

ha' - h'a ab' — a'b bh' - b'h ’ 

Substituting these values in (3), wo sec that the straight lines 

(ha' - h'a) - xy (ab' - a'b) 4- y® (bh' - b'h) =? 0 (4) 

are always conjugate diameters of both (1) and (2). 

Hence there is always a pair of conjugate diameters, real, coinci- 
dent, or imaginary, which are coinmou to any two concentric conic 
sections. 


SXAMPLCS. XLIl. 

1. How many other conditions can a conic section satisfy when 
we are given (1) its centre, (2) its focus, (3) its eccentricity, (4) the 
positions of its azes, (5) a tangent, (C) a tangent and its point of 
contact, (7) the position of one of its asymptotes? 

2. Find the condition that the straight line may 

touch the parabola (ax - by - 2 (a® -f i#-) (ax + by) + (a*-f b-)-* = 0, and 
shew that if this straight line meet the axes in P and Q, then PQ 
will, when it is a tangent, subtend a right angle at the point (a, b). 

3. Two^imbolos have a common focus ; prove that the petpen- 
dioular from it upon the common tangent posses through the 
intersection of the directrices. 
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4. Shew tliat the eonio % + — ? cos a 4- id inecdbed m 

a* ao b* 

the rectangle, the equations to whose sides are ;r^ = a^ and t/^ and 
that the quadrilateral formed by joining the points of contact is of 
constant perimeter 4 whatever be the value of a. 

5. A variable tangent to a conic meets two fixed tangents in two 
points, P and <,); prove that the locus of the iiiiddlo point of PQ is a 
conic which becomes a straight line when the given conic is a parabola. 

6. Provo that the chord of contact of tangents, drawn from an 

external point tv) the conic <uc‘^ + 2/u;y + subteuds a right angle 

at the centre if the point lie on the conic 

X* (a® + /**) + 27i (a + b) xy -f y® (/t® -f b®) =: a + b. 

7. Given the focus and directrix of a conic, prove that the polar 
of a given point with respect to it passes through another fixed point. 


8, Prove that the locus of the centres of conics which touch the 
axes at distances a and b from the origin is the straight line ay = bx. 

9. Prove that the locus of the poles of tangents to the conic 
ax* + 2b.ry 4-by-i- 1 with respect to the conic a'x® 'h2b'xy + b'y®=vi is 
the conic 

a {h'x + b'y) ’ - 2/t (a'x + h'y) {h'x -f b'y) + b {a'x + b'y)®--. ab - /t®. 

10. Find the equations to the straight lines which are conjugate 
to the coordinate axes with respect to the conic Ax'^ f 2//xy + 7/y®— 1, 

Find the condition that they may coincide, and interpret the 
result. 

11. Find the equation to the common conjugate diameters of the 
conics (1) x® + 4xy + 6y®=:l and 2x® + 6xy + Uy® = 1 , 

and (2) 2x®-5xy + 3y®=l and 2j:*+3xy - 9y*=l. 

12. Prove that the points of intersection of the conics 

ax®+ 2/ixy + by®=l and a'x®-f-2b'xy + b'y*=l 
are at the ends of conjugate diameters of the first conic, if 
ab' + a'b - 2hh' = 3 (ab - b®). 


13. Prove that tlie equation to the equi-conjugate diameters of 

1^0 1 - ax® +2bxf/ + by® 2(x® + y‘'') 

the conic ax® + 2/ixy 4- by® ~ 1 1 s - ^ 


ab - b® 


a + b 


379. Two conics, in geiteral, intersect in four points, 
real or imaginart/. 

For the general equation to two conicH can be written 
in the fonn 

aa^ 4* 2x (hg 4- 4* + 2/y 4- c aai 0, 

and a'ac* 4- 2x {h'y + g') + 6'y* 4- 2f*y + c' = 0. 
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# Eymiriating x from these equations, we find that tho 
result is an equation of the fourth degree in v/, giving 
therefore four values, real or imaginary, for y. Also, by 
eliminating 'j? from these two equations, we see that there 
is only one value of x for each value of y. There are there- 
fore only four points of intersection. 

380 . Equation to any conic pass^inj throayh the inter- 
section of two given conics. 

Let S E ax^ + '‘ihxy + + 2gx 2fy + c 0 (1), 

and iS' = a'x^ -f- 2Kxy + Vtf -f 2g x + 2 f*y 4 - c' 0 . . . (2) 
be the equations to the two given conics. 

Then aV - X.S" -- 0 (3) 

i.s the equation to any conic passing through the inter- 
sections of (1) and (2). 

•►For, since iS and S' are both of tho second degree in x 
and 1 /, the equation (3) is of the second degree, and hence 
represents a conic section. 

Also, since (3) is satisfied when both S and S' are zero, 
it is satisfied by the points (real or imaginary) which are 
common to ( I ) and (2). 

Hence (3) is a conic Avhich passes through tlie intersec- 
tions of (1) and (2). 

381 . To find the equations to the straight lines passing 
through the intersections of ftm ctniirs given, hy the general 
equations. 

As in the last article, the equation 
(<t — Xa) 4* 2 {h — XK) xy 4 - (6 — XU) y* -f 2 (</ -- Xg) x 

+ 2(/-X/')y+(o--Xc') = 0 (1), 

represents some conic through the intersections of the given 
conics. 

Now, by Art. IIC, (1) represents straight lines if 
(a - Xa') ib - XU) {c - Ac') t 2 (/ - Xf) (g - Xg') {h - Xh') 

~ (« ~ Aa') (/ - X/'Y ~{b~ XU) (g - Xg')^ - (c - Ac') {h - XJi'f 

= 0 ( 2 ). 
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Now (2) is a cubic equation. The three valutas* of 
found from it will, when substituted successively in (1), 
give the three piirs of straight lines wliich can bo drawn 
through the (real or imaginary) intersections of the two 
conics. 

Also, since a cubic equation always has at least one real 
root, one value of X is always rc^al, and it will bo shown that 
there can always bo drawn at least one pair of real straight 
lines through the intersecLions of two conies. [S<.^e Tart 11, 
Art 96.j 

382 . All conics which pass through the inierseclinna oj two 
rectangular hyperbolas are themselves rectangular hyperbolas 

In this case, if and S'- O bo the two rectangular 

hyperbolas, we have 

a - 1 - h ~ 0, and a 4 - // - 0. (Art. 358.) 

llenco, in the conic S - KS* -- 0, the sum of the 
ellicients of and y* 

- (a — X(t') + (h — \li) (a + ^) — X (a' f U) - 0. 

Hence, the conic S —XS' -0^ i,e. any conic through the 
intersections of the two rectangular hyper])olas, is itself a 
rectangular hyperbola. 

Cor, If two rectangular hyperbolas intersect in four points 
A, By Cy and the two straight lines AI> and BCy which are a conic 
through the intersection of the two hyperbolas, must ba a rectangular 
hyperbola. Hence AD and BC must be at right angles. Similarly, 
BD and CAy and CD and A By must be at right angles. Hence D is 
the orthocentre of the triangle ABC. 

Therefore, if two rectangular hyperbolas intersect in four points, 
each point is the orthocentro of the tiiangle formed by the other 
three. 

383 . (Z' /y — 0, M 0, A— 0, and It - 0 be the equatioris 
to ths four sides of a quadrilatercd taken in order^ the 
equation to any conic passing through its angular points is 

( 1 ). 

For Z = 0 passes through one i)air of its angular jxnrits 
and 0 passes througli the other pair. Hence LJ\r » 0 is 
the equation to a conic (viz. a pair of straight Unes) passing 
through the four angular points. 
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* Similarly MR — 0 is the equation to another conic 
passing through the four points. 

Henc€i LN ^ \ , M R in the equation to any conic through 
the four pointl 

moaning. Since h ia proportional to the perpen- 
dicular from any point (x, y) upon the straight line i = 0, the 
relation (1) states that the product of the perpendiculars from any 
I)oint of the curve upon tlie straight lines £ = 0 and A' — 0 is propor- 
tional to the product of the perpendiculars from the same x>oiut upon 
3/*=0 and J2 = 0. 

Hence If a conic circumHcnhe a quadrilateral^ the ratio of the 
product of the perpendiculars from any point P of the conic upon tiro 
opposite sides of quadrilateral to the product of the perpendiculars 
from P upon the other two sides is the same for all jjositions of P. 


384. Equations to the conic sections passing through 
the intersections of a conic and two 


g^en straight lines. 

Let S 0 be the equation to tlio 
given conic. 

Let w — 0 and v « 0 be the equa- 
tions to tlie two given straight lines 
where 

= ou; + by + c, 
and V = a'x -f Ey + c'. 



lict the straight lino u — 0 meet the conic -S ~ 0 in the 
points P and Ry and let i? = 0 meet it in the points Q and T. 

The equation to any conic which passes through the 
points Py Qy Ry and T will be of the form 


.V ( 1 ), 

For (1) is satisfied by tlie coordinates of any point 
which lies both on ~ 0 and on u-0; for its coordinates 
on being substituted in (1) make both its members zero, 

Lut the points P and R are the only points which lie 
both on *$' == 0 and on m = 0. 


The equation (1) therefore denotes a conic passing 
through P and R, 

Similarly it goes through the intersections ot S^O and 
v««0, i.e, through the points Q and 2\ 
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Thus (1) represents some conic going through the four* 
points P, <?, It, and 1\ 

Also (1) represents any conic going through these four 
points. For the qmwitity A may be so chosen that it shall 
go through any lifth point, or to make it satisfy any fifth 
condition; also five conditions completely determine a conic 
section. 


Zx. Find five equation to the conic which panifes through the point 
(1, 1) aitd al»o through the intenectiom of the conic 
-f 2x1/ + 01/® - - 8?/ + 6 = 0 

with the straight lines 2x-2/-5 = 0 and Sx + //-ll?=0. Find also 
the parabolas passing through the same points. 

The equation to the required conic must by the last article be of 
the form 

x2 + 2xi/ + %*-7x~8i/ + G = X(2x-2/-5) (3x + t/-ll) 

This passes through the point (1, 1) if 
l+2-f5-7-8 + G = \(2-l-5) (3 + 1-11), i.e. it 
The required equation then becomes 
28 (x®+ 2 x 1 / + 5ip - 7x - 8y + G) + (2x - y - 5) (3x + y - 1 1) = 0, 

Le. 3 W* + 55xy + 139^® - 233x - 218p + 223 = 0. 

The equation to the required parabola will also be of the form (1), 
i.e, 

x2(l-C\)+x/y (2+X) + ?/*(5 + X)-x(7-37X)~s/(8 + C\) + 6-65X.i=:0. 
This is a parabola (Art. 357) if (2 + X)® = 4 (I -CX) (5 h X), 
i.e. if X=H-12iV10]. 

Substituting these values in (1), we have the required eiiuationa. 

385. Particular cases of the equation 

SssXUT. 

1. Let u-Q and v — 0 intersect on the cur\’e, t. e. in 
the figure of Art. 384 let the 
points P and Q coincide: 

The conic S - Xuv then goes 
through two coincident points 
at P and therefore touches the 
original conic at P as in the 
figure. 

1I« Let and v^O 

coincide, so that v — u. 
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• .Jn this case the point 7' also moves up to coincidence 
with R and the second conic 
touches the original conic at both 
tlie points i*and 11. 

The e(iuation to tlie second 
conic now becomes S = ku^. 

AVhen a conic touches a second 
conic at each of two points, the 
two conics are said to have double 
contact with one another. 

The two conics S = and S - - 0 therefore have double 
contact with one another, the straight line u - 0 passing 
through the two points of contact. 

As a particular case w'e see that if u - 0, v- 0, and 
tv -- 0 be the equations to three straight lines then the 
liquation vw-~Xu^ represents a conic touching the conic 
vw 0 where - 0 meets it, Le. it is a conic to wdiicli 
•?; = 0 and w - 0 are tangents and u = 0 is the chord of 
cimtact. 



III. l.et u — Q be a tangent to the original conic. 

Tn this case the two points P 
and R coincide, and the conic 
S - Xav touches -- 0 where =0 
touches it, and y — 0 is tln^ r<jua- 
tion to the straight line joining 
th(^ other points of intei-section of 
the two conics. 



If, in addition, v 0 goes 

tlirough the jKant of contact of = 0, we have the equation 
to a conic which goes through three coincident points at 2\ 
the point of contact of = 0 ; also . the straight line 
joining P to the other point of intersection of the two 
conics is v — 0. 


IV, Finally* let r ^ 0 and u=-0 coincide and be 
tangents at P. The ei^uation S = Aw* now represents a 
conic section passing through four coincident points at the 
point v/here w = 0 touches ^ = 0. 



LINE AT INFINITY. 3C1 

386. Line at infinity. We have shewn, in *A.rtT. 

60, that the straight line, whose equation is 

0 . X -\ Q , y ^ C - 0^ 

is altogether at an infinite distance. This straight line is 
culled The Line at Infinity. Its equation ni.*j,y for brevity 
be written in the form C^-0. 

We can shew that parallel lines meet on the lino at 
infinity. 

For the equations to any two parallel straight lines 


are 

Ax^By^C -0 ( 1 ), 

and 7^1/ 4 - C' 0 (2). 


Now (2) may be w-ritten in the form 

Ax By -k V -x' — , (0 . a* 4 0 . + C) 0, 

C 

and hence, by Art. 97, we see that it passes through the 
intersection of (1) and the straight lino 

0.a; + 0,y + (7-0. 

Hence (1), (2), and the line at infinity meet in a point. 

387- Geometrical rneaniny of the erpiation 

(1), 

tvhere \ is a comtemt^ and u=^0 is the equation of a straight 
line. 

The e(piatioii (1) can bo written in the form 
N ~ X (0 . a; + 0 . y + 1 ), 

and hence, by Art. 384, x^epresents a conic passing through 
the intersection of the conic with the straight lines 

It = 0 and 0.JJ + 0.y4-l=0. 

Hence (1) passers through the intersection of with 

the line at infinity. 

Since = 0 and S - \u have the same intersections with 
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<the,line at infinity, it follows that these two conics have 
their asymptotes in the same direction. 

Particu\jBT Cue. Let 

S = 

so that iS' = 0 represents a circle. 

Any other circle is , 

+ %jx - ^Ify j- c - 0, 
i*. .r® + y" - a® = 2r/.r + 2/y - rt® - c, 
so that its equation is of the form S ~ \n. 

It therefore follows that any two .circles must be looked 
upon as intersecting the line at infinity in the same two 
(imaginary) points. The.se imaginary points are called the 
(jUrcular Points at Infinity. 

388. Geometrical meaniny of the equation S = X, where 
\ is a cortstant. 

This equation can bo written in the form 
.9-X(0.a;-i O.y+1)®, 

and therefore, by Art. 385, has double contact with =r 0 
where the straight line 0.^r + 0.y+l = 0 meets it, i.e. the 
tangents to the two conics at the points where they meet 
the line at infinity are the sume» « 

The conics = 0 and S ~ X therefore have the same 
(real or imaginary) asymptote.^. 

Particular Case. Let denote a circle. Then 

S ~ \ (being an equation which differs from S =- 0 only in 
its constant term) represents a concentric circle. 

Two concentric circles must therefore be looked upon as 
touching one another at the imaginary points where tlnsjy 
meet the Line at Infinity. 

Two concentric circles thus have double contact at the 
Circular Points at Infinity. 
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1, 'What is the geometrical meaning of the equation a iK = \, jT, 
and S^u^ + ku, where &’ = 0 is the equation of a coni^, T=0 is the 
equation of a tangent to it, and v = 0 is the equation of any straight 
line? 

2, If the major axes of two conics be parallel, prove that the 
four points in which they meet are concyolic. 

3, Prove that in general two parabolas can be drawn to pass 
through the intersections of the conics 

ax^-k-21ixy + hij^+2gx -h 2fy + c = 0 
and n'x~ + 2h'xy + by + 2g'x + 2fy + c' = 0, 

and that their axes are at right angles if h (a/ - h') = h' (a - h). 

4, Through a focus of an ellipse two chords are drawn and a conic 
is described to pass through their extremities, au l also through the 
centre of the ellipse; prove that it cuts the major axis in another fixed 
poiut. 

6. Through the extremities of a normal chord of an ellipse 
circle is drawn such that its other common chord passes through the 
centre of the ellipse. Prove that the locus of the intersection of 
these common chords is au ellipse similar to the given ellipse. If the 
eccentricity of the given ellipse be »J2 {yf2 - 1), provfe that the two 
ellii^ses are equal. 

6, If two rectangular hyperbolas intersect in four points A, IJ, C, 
and JJ, prove that the circles described on A B and Cl) as diameters 
cut one another orthogonally. 

7. A. circle is drawn through the centre of the rectangular 

hj'porbola to touch the curve and meet it again in two joints ; 

prove that the locus of the feet of the perpendicular let fall from the 
centre upon the common chord is the hyperbola 4xy = c^. 

5, If a circle touch an ellipse and pass through its centre, prove 
that the rectangle contained by the perpendiculars from the centre of 
the ellipse upon the common tangent and the common chord is 
constant for all imints of contact. 

9. From a point T whose coordinates arc (x', y') a pair of 
tangents TP and TQ are drawn to the paralx)la y^=i4ax ; prove that 
the line joining the other pair of points in which the circumcircle of 
the triangle TPQ meets the parabola is tbe polar of the point 
(2a ^ x\ - y'), and hence that, it the circle touch the parabola, the line 

touches. an equal parabola. ^ 

10. Prove that the equation to the circle, Imving double contact 

rpH 1^8 

with tbe ellipse ^ 1 at the ends of a latua rectum, is 

q. - 2a0^xssa^ (1 - c* - e<). 
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11. Two circles have double contact with a conic, their chords of 
contact being parallel. Prove that the radical axis of the two circles 
is midway between the two cliords of contact. 

12. If a cfrcle and an ellipse have double contact with one another, 
prove that the length of the tangent drawn from any point of the 
ellipse to the circle varies as the distance of that i)oint from the 
chord of contact. 

13. Two conics, A and R, have double contact with a third conic 
C. Prove that two of the common chords of A and R, and their 
chords of contact with C, meet in a point. 

14. Prove that the general equation to the ellipse, having double 

contact with the circle x^ + y'^—n- and touching the axis of x at the 
origin, is c'^x^ -i {a- -f c^) y- - 2a'cy = 0. 

15. A rectangular hyperbola lias double contact with a fixed 
central conic. If the chord of contact always passes through a fixed 
point, prove that the locus of the centre of the hyperbola is a circle 
passing through the centre of tlie fixed conic. 

P 16. A rectangular hyperbola has double contact with a parabola ; 
prove that the centre of the hyperbola and the pole of the chord of 
contact are e(iuidistant from the directrix of tlie parabola. 

389. To fuul thfi equation of the pair of tanyents that 
can he drawn from any point (x, y) to the general conic 

<t> (.r, y) := + '2hxy 4- hy^ + 2gx -f- 2fy -v c 0. 

]jot T be the given point (j:', y ), and lot P and ll bo the 
points where tlie tangents from 
T touch the conic. 

The eijuation to Pll is there- 
fore n - 0, 

where ?/ E (ax + //y' + </) a; 

-f (lix + hy -i-/) 2/ + -^fv + c. 

The equation to any conic 
whicli touches S — 0 at both of 
the points P afid li is 

S — \u% (Art. 385), 

i. e, ax^ + 2ha'y + by^ + 2gx + 2fy + c 

= X + hy -i- g) x + (hx A by +/) y 4- yx -hfy 4- cV 

(h 

Now the pair of straight lines TP and TP is a conic 
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.section which touches the given conic at 7* and It and 
which also goes through the point 2\ 

A1.S0 we can only draw one conic to go through live 
points, viz. 2\ two points at P, and two points *ft E, 

If then we find X so that (1) goes tlirough the point 2\ 
it must represent the two tangents TP and 77t. 

Tlie equation (1) is satisfied hy x and y' if 
4- 2hxy' + by^ + + 2 /y' + c 

= X + 9Jixy + hy'^ + 2yx f 2/y' t c]“, 

i.e. if 

Tlie required equation (1) then becomes 

(•«'. y'} + If + -9’^ + -fy + «] 

[(rta:' + Ay' 4 y) r + (Ax' + 1;/' +f)y + t/x +fy' + c]“, 

i. e. <f> (s, y) X (X', y') = u2, 

where w- 0 is the equation to the chord of contact. 


390 . Director circle of a conic given hy the general 
equation of the second degree. 

The equation to the two tangents from (x', y) to the 
conic are, by the last article, 

a;- [a(f> {x\ y) ~ (ax + hy + gf] 

+ 2xy [h<\) {x, y) - {ax + hy' + g) {hx 4- by' -i-/)] 

4- y“ [b<l> (x, y) - {hx + by + ff] + other terms ~ 0.. .(1). 

Jf (aj'j y) be a iK)int on the director circle of the conic, 
the two tangents from it to the conic are at right angles. 

Now (1) represents two straight lines at rlglit angl(;s if 
the sum of the coefficients of and y* in it he zero, 
i,e, if (a + 6) ^ {x, y) — {ax hy' + gf — {hx 4- by' -^fY ~ 0. 

Hence the locus of the point {x^ y) is 
(a 4 - h) {ax^ 4 - Ihxy 4 - bif 4 - ^gx ->r2fy + c) 

- {ax + hy 4- g f - {hx + hy +/)' =: 0, 
{.e. the circle whose equation is 

(aj* + 3/*) («& “ {hg -fh) + 2y (o/- gh) 

+ c{a + b)-f 0. 
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Cor. If the given conic be a parabola, then ah = A*, 
and the locus becomes a straight line, viz. the directrix of 
the paral)ola. (Art. 211.) 


891 . The equation to the director circle may also be obtained in 
another manner. For it is a circle, whose centre is at the centre of 
the conic, and the square of whose radius is equal to the sum of the 
squares of the semi-axes of the conic. 

The centre is, Art. 352, the point • 

Also, if the etjuation to the conic be reduced to the form 


ar* + 2hTy -i- -h c" = 0, 

and if a and ^ be its semi-axes, wc hare, (Art. 364,) 

1 1 a -f 6 ,1 ah - 

~~ ^ * anti ""y' 2 ■“ ~72 f 

tt* p“ — c c 


so tliat, by division, 


- (a-ht) c' 
ah - 


p The equation to the required circle is therefore 

\ ah - ah - tpj ah - /t* 


{a -f h) {ahe 2fqh - ap - - ch^) 


(Art. 852). 


392 . 7'he eqnatiou to tJie {imaginary) tangents drawn 
/roiii the focus of a conic to touch the conic satisfies the 
anidytical condition for being a circle. 

Take the focus of the conic as origin, and let the axis of 
X be perpendicular to its directrix, so that the equation to 
the latter may l)e written in the form a; + A = 0. 

The equation to the conic, e being its eccentricity, is 
thereforo .tt + y® = e® (x + k)\ 

i. e. a;® (1 - e^) + y® — 2e^kx — 6®A® - 0. 

The equation t(> the pair of tangents drawn from the 
origin is therefore, by Art. 389, 

— c®) fy®- 2c®Aj; — e®A’®] [-' e®A®] = [— e^kx — c®/i,*®]®, 
i. e. x® (1 - r®) + y® - - c®P - - e® [a: + k]\ 

i.e. + ( 1 ). 

llei-e the coefficients of cc® and y* are equal and the 
coefficient of xy is zefx>. 
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However the axes and origin of coordinates l)e changed, 
it follows, on making the substitutions of Art. 129, that in 
(1) the coefficients of and y* will still be equal and the 
coefficient of xy zero. • 

Hence, whatever be the conic and however its equation 
may be written, the equation to the tangents from the focus 
always satisfies the analytical conditions for being a circle. 

393. To find the foci of the conic given by the general 
equation of the second degree 

ay? + ^hxy + hf + ^gx + ^fy + c - 0. 

Let (a;', ?/') be a focus. By the last article the etjuation 
to the pair of tangents drawn from it sjitislies the conditions 
for being a circle. 

The equation to the pair of tangents is 
^ y) + 2/ia;y + bg^ + 2gx + %fy + c] 

- [x {ax + hy + p) + y (/w/ + hf +/) + {gx' ^fy + cff. 

In this equation the coefficients of and y^ must be 
equal and the coefficient of xy must be zero. 

We therefore have 

a<^ {x\ y) - {ax' + hy + gf -= ^<jf» {x^ y) ~ {hx by' 
and hfj} {x'y y) = {ax + hy + g) {hx' + by + f)i 
i. e. 

{ax 4- h y + {h x + b y' +ff ^ («» + h' f j/) +/) 


a — 6 h 

y) W. 


These equations, on being solved, give the foci. 

Oor. Since the directrices are the poiars of the foci, 
we easily obtain their equations. 

304. The equations (4) of the previous article give, in general, 
four values for x' and four corresponding values for y\ Two of these 
would be found to be real and two imaginary. 

In the case of the ellipse the two imaginary foci lie on the minor 
axis. That these imaginary foci exist follows from Art. 247, by 
writing the standard equation in the form 

, ^ )® 



368 


COOIIDINATE OEOMETKV. 


•. A‘-«- 
>tyV-6^ • 


• This shows that the imaginary point {0, is a focus, tiie 

imaginary line ij - .. — -=0 is a directrix, and that the correspond- 

V b^ - a® 

ing eccentricity is the imaginary quantity 

Similarly for the hyperbola, except that, in this case, the eccen- 
tricity is real. 

In the case of the ;>arabola, two of the foci are at infinity and are 
imaginary, whilst a third is at infinity and is real. 

306. Bx. 1. Find thefocm of the parabola 

l(jx- - 2 ixy + 0y2 - 8O.2: - 1 40y + 100= 0. 

The focus is given by the equations 
(16x' - 12y' - 40)2 - ( - 12x' + 0?/' - 70)- 
7 - ■ • 

(icy - 12j/' - 40) ( - 12r' + 0//' - 70) 

~ ' -12 ' 

= ICya - 24.r V' + 0//'- - 80.r' - 140y' -^100 ( i ). 

The first pair of equation (1) give 

12 (10.r' - 121/ - 40)2 + 7 (icy - 12y' - 40) ( - 12.i:' + t)y' - 70) 

-12(-12y H- 9?/' -70)2 = 0, 
i.e. {4(lGy- r-Y-40)-3(-12y4-9y'-70)) 

X ( 3 (icy - I2t/ - 40) + 4 ( - 12y -f {hf - 70) } 0, 
/.e. (looy - 76i/' + 50) X ( - 400) = 0, 

4.r^ -f 2 

so that y '= — 

We tlien have lC.r' - 12y' - 40= - 48, 
and -12y-|-9y'-70--= -G4. 

The second pair of equation (1) then gives 

- —y!"- ^ -f' (1C*' - 12i/' - 40) + y' ( - 12x' + 9y' - 70) - 40x' - 70y' + 100 

=. - 48.r' - 04?/' - 40x' - 70y' -h 100 

= -B8y-134?/' + 100, 

- 25<> = - 88*' - + 2CS ^ 

o 

so that x'=rl, and then y' = 2. 

The focus is therefore the point (1, 2). 
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In the case of a paral>ola, we may also find the equation to thfi^ 
directrix, by Art. 390, and then find the coordinates of the focuB» 
which is the pole of the directrix. 


Dx. 2. Find the foci of the conic 

SSx® - 30iy + 39y® ~ 40 j: - 2iy - 404 = 0. 

The foci are proven by the equation 

- 15/ - 20)2 _ ( _ i5j./ ^ 39^^ _ 12)2 
16 ■ 

— (55as' - I 'ty' ~ 20) ( - 1 5.r' + 39/ /' ~ 1 2) 

- 15 

= 55x^ - 30xy + 39i/'® - 40x' - 24y' - 464 (1). 

The first pair of equations (1) gives 

15 (55x' - 15//' - 20)2 + iG (55^;^ ^ ~ 20) ( ~ 15.r' + m/ - 12) 

-15(- 15t' + 39/-12)2=.-0. 

i.d. [5 (55x' - 15//' - 20) - 3 ( - 15 .e' f 30y' - 12) ) 

{3 (55x' - 15//' - 20) + 5 ( - 15x' + 39//' - 12) ( 0, 
i.e, (ox' - 3/ - 1) (3x' + 5y' - 4) =0. 


or 


2 /'-= 


3x'-4 
' 5 


.(3). 


Substituting this first value of /in the second pair of (‘quation (1), 
we obtain 

o 

giving x'=:2 or - 1. Hence from (2) y' = 3 or - 2. 

On substituting the second value of y' in the same pair of equation 
(1), we finally have 

2x'2-2x' + 18 = 0, 
the roots of which are imaginary. 

We should thus obtain two imaginary foci which would be found 
to lie on the minor axis of the conic section. The real foci are 
therefore the points (2, 3) and (- 1, - 2). 


396 . Equation to the axes of the general 
conic. 

By Art. 393, the equation 

(cLx + hi/ + gf — (}ixjt __ + tj) by +/) 

a — h ^ h 

0 ) 

represents some conic passing through the foci. 
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• But, since it could be solved as a quadratic equation to 

ax+ hy + <7 ^ ^ i. • i - t 

K j^h y^f * rep*‘®sents two straight lines. 

Tlie equation (1) therefore represents the axes of the 
general conic. 


397 < To find the length of the straight lines drawn 
through a given point in a given direction to uneet a given 
conic. 

Let the ecpmtion to the conic be 

<ji (.X*, y) ax^ 4- ^kcy + hy" -f 2g£ + 2/^ + c 0 . . . (1 ). 

Let P be any point {x\ y), and through it let there be 
drawn a straight line at an angle 6 
with the axis of x to meet the 
curve in Q and Q\ 

^ The coordinates of any point 
on this line distant r from P 
are 

+ r cos B and y + r sin 0, 

(Art. 86.) 

Jf this point be on (1), we 
liave 

a (x -t- r cos + 24 {x + r cos $) (f + r sin 0)-¥b {y' + r sin Oy 
+ 2g (x -h r cos 0)+ 2/ {y -hr sin 6) + c ^0, 



r" [a cos^ 0 + 24 cos 0 sin $ + b sin* £>] 

+ 2r [{ax + hf 4 * g) cos 0 + (/«;' + hy' -\-/) sin (?J 4 {xy f) = 0 

;-( 2 ). 

For any given value of 0 this is a quadratic equation in 
r, and therefore for any st might line drawn at an iniftlina-; 
tioii $ it gives tlie values of PQ and PQ', 

If the two values of r given by equation (2) be of 
opx-Kisite sign, the points Q and Q' lie on opposite sides 
of P, 

If P be on the curve, then <f» (.r, f) is zero and one value 
of r obtained from (2) is zero. 
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398. Jf two chords PQQ' and PER be drawn m given 
directions through any j}oint P to meet tfve curve in <?, and 
E, R* respectively^ the ratio of the rectangle PQ . P^ to the 
rectangle PR . PR is the same for all points^ and is Uwrefore 
equal to the ratio of the sq'tvares of the diatneters of the conic 
which are drawn in the given direcluncs. 

The values of PQ and PQ' are given by the equiition of 
the last article, and tlierefore 

PQ . PQ' = product of the roots 

a cos'- 0 -f '2h cos 0 sin 0 ^ b siti^ ^ 


So, if PER l)e drawn at an angle & to the axis, avo have 

Pit. PR - - ,...(2). 

^ a cos'-^ o' + 2h cos O' sin 0' + b sin“ 0' ^ ^ 

On dividing (I) by (2), Ave have 


PQ , PQ' __ a cos'-^ 6' h- 2h cos O' sia O' + b sin* 0' 
PE . PR ” a cos* 0 + 2h cos ^ sin ^ + 6 sin* 0 


The right-hand ineralKn* of this equation does not contain 
or y, i.e, it does not depend on the position of P but only 
on the directions 0 and O'. 

PQ . PQ' 

The quantity therefore tlie same for all 


positions of P. 

In the particular case when P is at the centre of tlio 
CQ"^ 

conic this ratio becomes - , where C is the centre and CQ^ 

LfE 

and CR' are parallel to the tAvo given directions. 


Cor. If (J and Q' coincide, and also E and R^ the two 
liips PQQ' and -become the tangents from P^ and the 
aoove relation then gives 

CQ"'^ . PQ _ cg'_ 

PR‘~ 'CJr^’ Pit VR" 

Hence, If two tangents he drawn from a point to a conicj 
their lengths are to one arwiher in the ratio of the parallel 
eemidiameters of the conic. 
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. 399 . If PQQ' and PiQiQx he ttvo chords drawn in 
parallel direction from two points P and P^ to meet a conic 
hi Q and Q\ atul < 3 , and respectively^ then the ratio of 
the rectangles PQ . P(/ and P^Qi . PiQi is independent of the 
direction of the chords. 

For, if P and P^ be respectively the points {x\ f) and 
\ 2 /"), and 0 be the angle that each chord makes with 
the axis, we liave, as in the last article, 


PQ.PQ^ ^ 


<i > « y') 

a cos® 0 + 24 cos 6 sin 0 + b siir 0 ’ 


and 


p.q.^p.q: 


?/') 

a cos® 6 + 24 cos sin ^ + 6 sin® 0 * 


so that 


PQ-P(/ 

PiQi • }Q I ^ ) 2 / ) 


Jf a Circle and a conic xection cut one another in four points, 
the straiijht line joining one jmir of points of intersection and the 
straight line joining the other pair are equally inclined to the axis of 
the conic. 


For (Fip. Art. 307) let the circle ami conic intersect in the four 
points Q, Q' and Jl, It' and lei QQ' and JtlV meet m J\ 

VQ.PQ' 


Then 


J^Ji.PJc'" cir^ 


(Art. 308). 


But, since Q, It, and JV are four jioints on a circle, we have 

cQ"^cn". 

Also in any conic equal radii from the centre are equally inclined 
to the axis of the conic. 

Hence CQ" and CR'\ and therefore PQQ' and PRR', are equally 
inclined to the axis of the conic. 


401 . To shew that any chord of a conic is cut Juir- 
monicaUy hy the curve, any point on 
the chord, and the polar of this jnnnt y 
with respect to the conic. 

Take the point as origin, and let 
the equation to the conic be 

+ 24a:^ + hy^ + 2gx + 2fy + c = 0 

( 1 ). 
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or, in polar coordinates, 

T^{a cos^O + 24 cos^ sin 6 sin- $) + 2r (j/cos 0 +/ sin^) + c—0, 

i, €. 

c . - 4 - 2 . ~ cos 0 + y’sin 0) 

+ a cos^ 0 4" 24 cos 0 sin 0 + b sin^<9 — 0. 
Hence, if the chord OPP' he drawn at an angle 0 to 0-Y, 
we have 

- sum of the roots of this equation in - 
0/ OP r 

c 

Lf^t 72 he a point on this cliord such that 

* 2 1 1 

OP'^ 01"- 

Then, if 012 ^ p, we have 

2 (j cos 0 +f sin 0 

P " 

so that the locus of 72 is 

g . p cos 0 •¥/ . p sin 0 c~0, 

or, in Cartesian coordinates, 

jrx +/y + c 0 (2). 

But (2) is the polar of the origin with respect to the 
conic (1), so that the locus of It is the polar of 0. 

The straight line PP' is therefore cut harmonically by 0 
and the point in which it cuts the polar of 0. 


Bx. Through any point 0 is drawn a straight line to cut a conic 
in P and P' and on it is 'taken a point R such that OR is (1) the 
arithmetic wi^ajjt, and (2) the geometric mean, between OP and OP'. 
Find in each case the locus of It. 

Using the same notation as in the last article, we have 

OP-^nP'- 2 g COB 0 + fain 9 

~ ocoaitf+aAcosSaintf + bimitf' 


and 


0P.0P'= 


c 

acos^ ^ -f 2/i cos $ sin b sin® 0 * 
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^ (1) If i? be the point (p, 6) we have 


/)=:i{OP+On= 5 - 


g COS ^ + /gin ^ 


a coa^B + 2h cos 0 siu 6 + hbn?d ’ 
i.e. ap cos® 0+^2hp cos 0 sin 0 + bp ein'* 0 + g cos ^ +/ sin ^ = 0, 

i,e., in Caztesian coordinates, 


aa^ + 21ixy 4- by' + gx +/y = 0. 

The locus is therefore a conic passing through O and the inter- 
section of the conic and the polar of O, i.e. through the points T 
and T\ and having its asymptotes parallel to those of the given 
conic. 


(2) If 12 be the point (p, d), we have in this case 


p2 = OP.OP' = 


a cos® 0 + 2/i cos 0 sin (9 + b sin® 0 ’ 


i.e, ap^ cos® 0 + 2hp- cos d sin f* + hp- sin® d = c, 

i.e, ax'^-j-2hxy-i-hy^=^c. 

The locus is therefore a conic, having its cefitro at 0 and passing 
thipagh T and T', and having its asymptotes jmrallel to those of the 
given conic. 


40ft. To find the locus of the middle points of parallel chords of a 
conic. [Cf, Art. 376.] 

The lengths of the segments of the chord drawn through the point 
{t\ y’) at an angle 0 to the axis of x is given by equation (2) of Art. 
307. 

If {x\ y') be the middle point of the chord the roots of this 
equation are equal in magnitude but opposite in sign, so that their 
algebraic sum is zero. 

The coefficient of r in this equation is therefore zero^ so that 
{ax' + hy* + p) cos 0 + {hx' + by' + /) sin ^ = 0. 

The loons of the middle point of chords inclined at an angle 6 to 
the axis of x is therefore the straight line 

I'aae + hy 4- £;) + (hx 4- by 4-/) tan ^ = 0. 

Hence the locus of the middle points of chords parallel to the line 
y =. mx is 

(ax 4- hy 4 i/) 4- (hx 4- by +f) m =*. 0, 
i.e. X (a 4- hni) 4* (h 4* bm) y^g +fin =t. 0. 

This is parallel to the line y=m'x if 

i.e. if a + A (m 4- m') 4* bmm' = 0. 

This is therefore the condition that y=mx and y^m'x should be 
parallel to conjugate diameters. 
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403 . Eqtiation to the pair of tangents drawn from a given point 
(x'f y') to a given conic, [Cf. Ai-t. 889-] 

If a straight line be dratiii through (x^ y\ the point P, to meet 
the conic in Q and Q\ the lengths of PQ and PQ* are given hj the 
equation • 

r* [a cos* $-{-2h cos d sin ^ + 6 sin* 6) 

f 2r [{ax' hi/ + g) cos $ + {kx' + by' +/) sin 0] + 4> (x\ y') « 0. 

The roots of this equation are equal, i.e. the corresponding lines 
touch the conic, if 

{a cos* $ + 2h cos $ sin 0-i-h sin* 0)x<p (x', y') 

= [(ax' 4- hi/ + g) cos e + {hx' 4- hy'+f) sin <?]*, 
i,e. if (a 4* 2/t tan 0’\-h tan* 0) x 0 (x', y') 

= [(ax' + hy' + g) 4* (hx' 4- tan ^]* . . .(1). 

The roots of this equation give tlie corresponding directions of the 
tangents through P. 

Also the equation to the line through P inclined at an angle 0 to 
the axis of x is * 

l-y'tane ( 2 ).'* 

If we substitute for tan 0 in (1) from (2) we shall get the equation 
to the pair of tangents from P. 

On substitution we have 

{ a (x - x')* 4- 2h (x - x') (y -y') +h{y -y'f} ix', y') 

= [(ax' 4- hy' ^g){x- x') -h (hx' + by' 4-/) (y - y')]*. 

This equation reduces to the form of Art. 389. 

EXAMPLES. XLIV. 

1. Two tangents are drawn to an ellipse from a point P; if the 
points in which these tangents meet the axes of the ellipse be 
concyclic, prove that the locus of P is a rectangular hyperbola. 

2. A pair of tangents to the conic Ax* + P2/*=1 intercept a 
constant distance 2k on the axis of x ; prove that the locus of their 
point of intersection is the curve 

Py‘ (Ax* 4- Py® - 1) = A i* (Py* - 1)*. 

3. Pairs of tangents are drawn to the conic 1 so as to 

be always parallel to conjugate diameters of the conic 

ax* 4- 2 Ary 4- foi/* ~ 1 ; 

shew that the locus of their point of intersection is the conic 

a p 
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• 4. Prove that the director circles of all conics which touch two 

given straight lines at given points have a common radical axis, 

5. A parabola circumscribes a rigltl-angled triangle. Taking its 
sides as the axe# of coordinates, prove that the locus of the foot of the 
perpendicular from the right angle upon the directrix is the curv-^e 
whoso equation is 

2 x 1 / {x- + y-) ( hy + kx) + /r V = 0, 
and that the axis is one of the family of straight lines 

vi^h — k 
l + TH-* 

whore vi is an arbitrary parameter and 2h and 2k are the sides of the 
triangle. 

Find the foci of the curves 

6. 320x1/ + 144y2 - l220.r - 70% + 109 =0. 

7. 10*2 _ 24.Ty + 0y2 + 28* + 14// + 21 = 0. 

8. 144*® - 120*y h 25y® 4- 07* - 42// -f 1 3 == 0. 

9. - 0*7/ -f 7/2 - 10.T - 10// -10 = 0 and al?io its directrices. 

^10. Provo that the foci of the conic 

ax- + 2kxy + hy^—l 
are given by the equations 

*2 //^ xy _ 1 

a-b ~ h ~'h'^-ah* 

11. Prove that the locus of the foci of all conics which touch the 
four lines * = ±rt and y = ^ b is the hyperbola ar - //■*— «2 _ 

12. Given the centre of a conic and two tangents; prove that the 
locus of the foci is a hyperbola. 

[Take the two tangents as axes, their inclination being w; let 
('’i* //i) 2/a) {h. k) the given centre. Then 

+ and yi 4 -//.j = 2 ^ ; also, by Art. 270 (/ 4 ), we have 

?/i?/a sin® w - * 1*2 8 in 2 cv = (semi -minor axi 8 ) 2 . 

P'rom these eipiations, eliminating *2 and y.j, we have 

13. A given ellipse, of semi-axes a and h, slides between two 
perpendicular lines; ])rovo that tlie locus of its focus is the curve 

{ J-® + 7/2) (*2y2 + h*) = 4rt2x2y 

14. Conics are drawn touching both the axes, Fupposed oblique, at 
the same given distance a from the origin. Prove that the foci lie 
either on the straight iine * = //, or on Uie circle 

*2 y 2 2*y cos 07 = a (* + y). 

15. Find the locus of the foci of conics which have a common point 
and a common director circle. 
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16. Find the locus of the focus of a rectangular hyperbola *a 
diameter of which is given in magnitude and position. 


17, Through a fixed point 0 chords POP' and QOQ' are drawn at 
right angles to one another to meet a given conic ilW^ P\ and Q\ 


Prove that 


1 

po . oF 


1 

qo:7)'q' 


is constant. 


18. A point is taken on the major axis of an ellipse whose abscissa 
is ac ^ jj2 - prove that the sum of the squares of the reciprocals 
of the segments of any chord through it is constant. 


19. TJirough a fixed point O is drawn a line OPP' to meet a conic 
in P and P'; prove that the locus of a point Q on OPP\ such that 

-“. 7 > = is another conic whose centre is 0. 

OQ~ OP ^ 


20. Prove Carnot’s theorem, viz. : If a conic section cut the side 
TiC of a triangle APC in the points A' and A'\ and, similarly, the 
side CA in 75' and Ji'\ and AB in C and C'\ then 
PA ' . PA" . C75' . r/5'V AC ' . AC"=^CA ' . CA" . AP ' . ^75" . PC ' . PC", 


308.] ^ 

21. Obtain the equations giving the foci of the general conic by 
riaking use of the fact that, if S be a focus and PSP' any cdiord of 

the conic passing through it, then is the same for all direc- 

tions of the chord. 


22. Obtain the equations for the foci also from the fact that the 
product of the perpendiculars drawn from them upon any tangent is 
the same for all tangents. 


404. 7\) find the equation to a co7iiCy the a.jces of co- 

ordinates being a tangent and normal to the conic. 

Since the origin is on the curve, tJie equation to tlio 
curve must lie satisfied by the coordinates (0, 0) so that the 
equation Jias no constant term and therefore is of the form 
03^ + + hfi + %jx + 2/y - 0. 

If this curve touch ^he axis of x at the origin, then, 
when 7j ~ 0, we must hare a perfect square and therefore 
<7 = 0. 

The required equation is therefore 

ax* + Tdixy + -t y'y - 0 (1). 

Bac. O is avy point on a conic arid PQ a chord ; prove that 
(1) if PQ subtend a right angle at O, it passes through a fixed 
point on ttie normal at f), and 
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' (2) if OP and OQ be equally inclined to the normal at then 
PQ passes through a fixed point on the tangent at 0, 

Take the tangent and normal at 0 as axes, so that the equation to 
the conic is (1). 

Let the equation to PQ be y=mx-{-c (2). 

Then, by Art. 122, the equation to the lines OP and OQ is 

c (a;r* + 2/ia;y 4 hy‘)+2fy {y - wur) = 0 (3). 

(1) If the lines OP and OQ be at right angles then (Art. 66), we 
have «c4 6c + 2/=0, 


i.e. 


Cw 


y 

a4 6 


= a constant for all positions of PQ, 

But c is the intercept of PQ on the axis of i.e. on the normal 
at 0. 

The straight line PQ therefore passes through a fixed point on the 
~*2f 

normal at 0 which is distant v 0. 

a-hb 

This point is often called the Fr^gier Pointt 
(2) If again OP and OQ bo equally inclined to the axis of y then, 
in equation (3), the coeflicient of xy must be r-ero, and hence 


i,e. 


2hc - 2/m=0, 
c f 

- = •-=. constant, 
m h 


But — is the intercept on the axis of x of the line PQ. 

711 

Hence, in this case, PQ passes through a fixed point on the tangent 
at O, 


405 > General equation to conicH passing through four 
given points. 

Let Af li, C, and JJ be the four points, and let BA and* 


CD meet in 0. Take GAB 
and GDC as the axes, and 
let GA -- X, OB V, GD = 
and GO^p. 

Let any conic passing 
througli tlie four points be 

+ 2^x+2/y+c-.:.0...(l). 

If we put y = 0 in this 
equation the roots of the 
resulting etjuation must be 
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Hence 

i.e. 


2^ = — a (A. + y) and c - aW\ 
^ j X + V 

* = U'’ U' • 


Bituilarl y b = > , and 2/^ — c . 

Iifi fifi 

On substituting in (1) we have 
fifxa^ + 2hxy + XX’y“ — fjLfi (X 4- X') x 

~ XX' (u + ii!) y + XX'/x/x' = 0 (1), 

7 7' XX'/A/[a' 

where h - h — - ~ . 

c 

This is the I'equired equation, h being a constant as yet 
undetermined and depending on which of the conics through 
Ay By Cy and J) we aye considering. 


3l 

406. Aliter. Wo have proved in Art. 383 tliat the 
equation kLJY — MB, A; l>eing any constant, repix^sents any 
conic circumscribing the quadrilateral formed by the four 
straiglit lines L -- 0, i/= 0, JV' = 0, and i? ~ 0 taken in this 
order. 

With the notation of the previous article the equations 
to the four lines A By BCy CDy and DA are 


?/ = 0 ^ ^ _ 1 - 0 , x = 0 , 

‘ \ fJL ’ 


and Y + ——1 = 0. 

X 

The equation to any conic circumscribing the quadri- 
lateral A BCD is therefore 





Oh 


/i/i'ic ® + xy (\fi' + x'ft - kxXfLfji) + xxy 

— fjLfjL (X + X') a; — XX' (/a + y + XV/i/x' — 0. 

On putting X/*' + X'/a - AAX'/a/a' equal to another constant 
2h we have the equation (1) of the previous article. 
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• 107 . Ordij one conic can he dravm through any jive 
points. 

For tli(3 general equation to a conic througli four points 
is ( 1 ) of Art. 405. 

If we wish it to pass through a fiftli point, we substitute 
the coordinates of tliis fifth point in tliis equation, and thus 
obtain the corresponding value of A. Except when three of 
tlie five points lie on a straight line a value of A will always 
be found, and only one. 

Bx. Find the equation to the conic section which passes thronph 
the five points If, C, 7), and 7?, whose coordinates are (1, 2), (3, -4), 
(™i, 3), (-2, -3), awd (5, G). 

The equations to AB, BC^ CD^ and are easily found to be 
?/ + 3a;-5r=0, 4 j/-|-7jc -“ 5 = 0, Ca;-7/ + 9 = 0, and 5.r-3y-fl = 0. 

The equation to any conic through the fo#ir points A^ 7?, ( 7 , and 7) 
is therefore 

* (j^ + 3.r-5)(fix- j/ + 0) = X(4i( + 7x-5)(5j:-3j/ + l) (1). 

If this conic pass through the point 7?, the equation (1) must bo 
satistied by the values x — 5 and y ~ (h 

We thus have X = V substitution in (1), the required 

equation is 

223a:2 ^ _ i23,y2 - 1 71x + 83?/ + 350 = 0, 

which represents a hyperbola. 

408 . 2\> find the general equation to a conic section 

which touches four given straight lineSf i.e. which is inscribed 
in a given quadrilateral. 
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Let the four straight lines form the sides of the quadri- 
lateral A BCD. Let BA and CD meet in 0, and take OAB 
and ODG os the axes of x and and let the equations to 
the other two sides BC and DA be 

I^x 4- in{i/ —1=0, and -f wi - 1 = 0. 

Let the equation to the straight line joining the [>oints 
of contact of any conic touching the axes at P and Q he 

ax -1- fty — 1 - 0. 

By Art. 385, II, the equation to the conic is then 


2Xxy = {ax + hy ( 1 ). 

The condition that the straight line BC should touch 
this conic is, as in Art. 374, found to be 

\=.2(a-Z,)(6-m.) (2). 

Similarly, it will be touched by AD if 

X = 2(a-y(6 -m.;) (3). 


The required conic has therefore (1) as its equation, the 
values of a and h being given in terms of the quantity A by 
means of (2) and (3), 

Also X is any quantity we may choose. Hence we have 
the system of conics touching the four given lines. 

If we solve (2) and (3), we obtain 
2b - (mj + ni.j) _ 2a- (/j + /.j) _ ^ 2\ 

mi-Wa “ ~ V (h - ?a) (”'i “ * 

409. IVie conic LM >= where X = 0, M — 0, and 

^ = 0 are the equations of straight lines. 

The equation X3/- 0 represents a conic, viz. two straight 
lines. 

Hence, by Art. 385, II, the equation 

LM^R* (1), 

represents a conic touching the straight lines Z - 0, and 
Jf = 0, where Zf - 0 meets them. 
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Thus L ~0 aiul M = 0 are a pair of tangents and It — 0 
the corresponding chord of contact. 

Every point which satisfies the equations M == fjIL and 
It y.L clearly lies on (1). 

Hence the point of intersection of the straight lines 
M — ylL and ]{=^fj.L lies on the conic (1) for all values of 
/X. This point inny }>e called the point “ /a.” 

410 . To find the cjuatlon to the straight line joining 
lioo points and and the eq^iation to the tangent at 

the point “/a.” 

Consider the equation 

uL+bM-^ li^O (1). 

Since it is of the first degree and*contains two constants 
a and b, at our disposal, it can be made to represent any 
straight lino. 

If it ptiss through the point “ p ” it must be satisfied by 
tlie substitutions J/® and It — pL, 

Hence a + bp? + /x -= 0 (2). 

Similarly, if it pass through the point “/x'” we have » 
a + bp'^ + / - 0 (3). 

Solving (2) and (3), we have 

pp p^p 

On substitutu»n in (1), the equation to the joining line is 
Lpp + M {p + p) It - 0. 

Jly putting p ~ p wo have, as the equation to the 
tangent at the point 

X/x* + Jf— 2plt =* 0. 
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EXAMPLES. XLV. 

1. Prove that the locus of the foot of the perpe^uiiciilar let fall 

from the orimii upon tangents to the conic + 2 Arw + = 2as is the 
c un'e {k? - al>) (x- + y-j® + 2 (x* + j/^) (bx - hy) + ~ 0. 

2. In the conic ax^ + 2hxy + by^=2y, prove that the rectangle 
contained by the focal distances of the origin is 

ab^ h- 

3. Tangents are drawn to the conic ax^ + 2hxy -^hy^ — ^x from 
two points on the axis of x equidistant from the origin; prove that 
their four points of intersection lie on the conic by'^+ ftxyssx. 

If the tangents be drawn from two points on the axis of y equi- 
distant from the origin, prove that the jjoiuts of intersection are on a 
straight line. 

4. A system of conics is drawn to pass through four fixed points; 

prove that • 

(1) the polars of a given point all pass through a fixed point, ^ 
and (2) the locus of the pole of a given line is a conic section. 

5. Find the equation to the conic passing through the origin and 
the points (1, 1), ( -1. 1), (2, 0), and (3, -2). I>ctermiue its »<i}CcieH. 

6. Prove that the locus of the centre of all conics circumscribing 
the quadrilateral formed by the straight lines 2 ^ = 0, x = 0, 

and y - x = 2 is the conic 2x^ - 2y^ -f 4xy + 5y - 2 = 0. 

7. Prove that the locus of the centres of all conics, whicl; pass 
through the centres of the inscribed and escribed circles of a triangle, 
is the circumscribing circle of the triangle. 

8. Prove that the locus of the extremities of the principal axes of 
all conics, which can be desciibed through the four points (--i- a, 0) and 
(0, db 6), is the curve 

9. wl, H, Cj and D are four fixed points and A]i and CD meet in 
O ; any straight line passing through O meets AD and BC in II and 
li' respectively, and any conic passing through the four given points 
iu S and S' ; prove that 

JL JL - Jl ^ 

OJi OR ' " OS OS' * 

10. Prove that, in general, two parabolas can be drawn through 
four points, and that either two, or none, can be drawn, 

[For a parabola we have h=s ^ fJXh'fjLfjtT,] 
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[EXS. XLV. 


. 11- Prove that the locus of the centres of the conics ch'cumserib- 
ing a quadrilateral AJWD (Fig. Art. 40o) is a conic passing through 
the vertices 0, L, ani M of the quadrilateral and through the middle 
points of Ali, ACt AD, BC, BD, and CD. 

Provo also that its asymptuLcH are parallel to the axes of the 
X)aral)olas through the four points. 

[The requiied locus is obtained by eliminating h from tljo equa- 
tions + -/i/x' (X + \') = 0, and 2/ij: -f 2XX'y - XX' (/x -h /x"; = 0. ] 

12. taking the case when XX' = - and when AB and CD 
are perpendicular (in which case ABC is a triangle having 1) as its 
orthocentre and A L, BM, and CO are the periiendiculars on its 
sides), prove that all conics passing through the vertices of a triangle 
and its orthocciitro are rectangular hyperbolas. 

From Ex. 11 prove also that the locus of its centre is the nine 
point circle of the triangle. 

13. Prove that the triangle OML (Fig. Art. 405) is such that each 
angular jioiut is the pole of the oppf)8ite side with resp(3ct to any 
conic passing through tlie angular points J, B, C\ and D of the 
quadrilateral. 

[Such a triangle is called a Self Conjugate Triangle.] 

14. Prove that only one rectangular hyperbola can be dra\vn 
through four given points. Prove also that the nine point circles of 
the four triangles that can be formed by four given 2wints meet in a 
point, viz. , tlie centre of the rectangular hyperbola jiassing through 
the four iioints. 

15. Py using tlie result of Art. 374, prove that in general, two 
conics can be drawn through four points to touch a given straight 
line. 

A system of conics is inscribed in the some quadrilateral ; prove 
that 


16. the locus of the pole of a given straight line with respect to 
this system is a straight line, 

17. the locus of their centres is a straight line iiassing through the 
middle points of the diagonals of the quadrilateral. 

18. Prove that the triangle formed by the throe diagonals OL, 
AC, and BD (Fig. Art. 408) is such that each of its angular points is 
the polo of the opposite side with respect to any conic inscribed in the 
quadrilateral. 

19. Prove that only one parabola can be diawn to touch any four 
given lines. 

Hence prove that, if the four triangles that can be made by four 
lines be drawn, the orthocentres of these four straight lines lie on a 
straight line, and their oircumoiroles meet in a point. 



CHAPTER XVII. 

MISCELLANEOUS PROPOSITIONS. 

On the four normals that can be drawn from any point in 
the plane of a central conic to the conic. 

411 , Let the equation to the conic bo 

( 1 ). 

[If A and B be both positive, it is an ellipse ; if one bo 
positive and the other negative, it is a hyperbola.] 

The equation to the normal at any point y*) of the 
curve is 

^ ^ y- y’ 

Asc By' 

If this normal pass through the given point (/t. A;), wo 
have 

h — x' k — y 
"A^^ By' ' 

i, c, {A ~ B) x'y' + Bhy' — Akic' ~ 0 (2). 

This is an equation to determine the point (as', y') such 
that the normal at it goes through the point (A, k\ li 
shews that the point (a:', y') lies on the rectangular hyper- 
bola 

{A B)xy ^ Bhy ^ Akx=^0 (3). 

The point {x\ y') is therefore both on the curve (3) and 
on the curve (1). Also these two conics intersect in four 
points, real or imaginary. There are therefore four points, 

13 


L. 
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*In general, lying on (1), such that the normals at them pass 
through the given point (A, k). 

Also the hyperbola (3) passes through the origin ahd 
the point (4, k) and its asymptotes are parallel to the axes. 

Hence From a given point four normals can in general 
he drawn to a given central conic, and their feet all lie on a 
certain rectangular hyperbola, which parses through the 
given point and the centre of the conic, and has its asymptotes 
parallel to the axes of the given conic. 

413 ^ To find the conditions that the normals at the 
points where two given straight lines meet a central conic 
nmy 'meet in a point. 

Let the conic be 

Ax^^lhf 1 ( 1 ), 

and let the normals to it at the points whore it is met by 
the straight lines 

\x + »»iy -= 1 (2), 

and + 'in^ 1 (3) 

meet in the point (A, A). 

By Art. 384, the equation to any conic passing through 
the intersection of (1) with (2) and (3) is 

A'j^ + By'^ - 1 ! X r/iiy — 1) -f- - 1) = 0. . .(4). 

Since these intersections are the feet of the four 
normals drawn from (A, A), then, by tlie last article, the 
conic 

(d — B) xy + Bhy — Akx ^0 (5) 

passes throiigh the same four points. 

For some value t>f X it therefore follows that (4 ) and (5) 
are the same. 

Comparing these equations, we have, since the co- 
eflicients of and y® and the constant term in (5) are all 
aero, 

A + X/jA 0, 7? H Xw^mg — 0, and - 1 X - 0. 

Therefore X ^ 1 , and hence 

— -4, and — — B (6). 
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The relations (6) are the required conditions. 

Also, comparing the remaining coefficients in (4) and (5), 
we have 

X (Jim.2 •+• — X (/| + /g) — X (7«j 

A -B “ ]ik^ » 


so that 

^4—7? 7ny 4 VLy 

B lym.;y 4 LjUly 

(7), 

and 

A ly}Hti 4 lafTly 

...•....(8). 


¥ nil 4- wij - 1 - 

^ ^ • a*/,> 


Cor. 1. If the given conic Ikj an ellipse, we ha\ e 

^==1 and B = A. 

•fhe relations (6) then give 

a%L = ~ — 1 (9), 

and the coordinates of the point of concurrence are 

- 

, , a^-U^ li + h 1-aV 

and k . ^ / ~ (rr - O') . . 

Cor. 2. If the equations to the straight lines ]>e given 
in the form y — nix ^ c and y — 7nx 4 c', we have 

I, 1 , , 1 

9)1-- , c~ — , m , ana c — — . 

my 7ny m.^ 

The relations (9) then give 

^ 1 ^ 1.2 
mni = —a anti rc = — o\ 
a 


418 . If Oie normals at four points P, Qt 72, atid S of an ellipse 
meet in a pointy the sum of their eccentric angles is equal to an odd 
multiple of two Hght angles. [Of. Art. 298.] 
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^ If a, 7 , and S be the eccentric angles of the four points, the 
equations to JpQ and JiS are 

a-]8 


, . h cos — — 

b ^ OL+fi , 2 

- a; cot - - " + I ' '■ ■■ ■' 1 

^ a 2 . a+^ 

““2 
7-5 


and 


- b cos - 
^7+5. 2 

2 


. 7-fO 

fiin 

2 


[Art. 259.] 


Since the normals at these points meet in a point, wo have, by 
Art. 412, Cor. 2, 

Z/* / 4. ® 4. 7+^ 


a -f d 1 . 7 *1 
tan = cot ^ 


iT 


1-5 /it 7 + ^\ 

= -2-)' 


a + ^ ... 

-2- = '"+ 2- -2-' 


IT 7-f 5 

■ 2 ■’ " 2 " ’ 

a-f/3 + 7-i-5 = (271 + 1) TT. 


414. Bx. X. 7/ tZte normals at the points A, B, G, arul D of an 
ellipse meet in a point O, prove that SA . A'i? . SO. SD=i \^ . 50®, where 
8 is one of the foci and X is a constant. 

Let the equation to the ellipse be 


w- 

and let O be the j>oint (A, k). 

As in Art. 411, the feet of the normals drawn from O lie on the 
hyperbola 

/I 1 \ hy kx f. 

i.e, a^e^xy = aViy - b^kx (2). 

The coordinates of the points A, R, C, and D are therefore found 
by solving (1) and (2), 

From (2) we haro y = • 

Substituting in (1) and simplifying, we obtain 


x*a^e* - 2 AaVjB® + x® {aVi^ + - a*e*) + 2 A<*a*x - A* ^ 0. . . (ft). 
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If X], X], X], and be the roots of this equation, we have (Art. S), 
_ 2/1 ^ a»/.>+W-aV 

Ex, = - j , SxjX, = , 

_ 2 /m* _ rt*/i* 

2 :xiJ- 2 X 3 = --- 3 - , and - 

If S be the point ( - a<*, 0) we have, by Art. 251, 

Sift = a + faej . 

SA . SB , SC . SD = (a + tfarj) (« 4- tz.j) (a + ^j:,) (« + ex^ 

= a* + a^eZxi + tt*c*Sxjacj -i-ae^Zx^x^^ + 

12 

= ^ {(71 + 0 ^)* + , on substitution and simplification, 


AUUr. 

we have 




If p stand for one of the quantities SA, SD^ SC^ or SD 
• ps=a+€X, 

x=\{p-a). 


Substituting this value In (3) we obtain an equation in the fourth 
degree, and easily have 

6* 

PiPiPipA- - 5 [(/tf «<?)*+ /s'®], as before. 


Bx. a. 1/ the normals at four points P, Q, 72, and S of a central 
conic meet in a point, and if PQ piss through a fixed point, find the 
locus of the middle point of liS. 

Let the equation to PQ be 

y^M^x + Ci ( 1 ), 

and that to IIS y + r, (2). 

If the equation to the given oonio bo Ax*+i/ 2 /*= 1, we then have 


(by Art. 412, Cor. 2) 



J 

m^m ^ — 

( 3 ). 

and 

. 

{*)■ 


If (/» g) be the fixed point through which PQ passes, we have 

p=jiij/+Ci (6). 

Now the middle point of ES lies on the diameter conjugate to it, 
. i.e, by Art. 370, on the diameter 


A 
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Now, from (4) and (5), 

1 

fio that, by (8), tho equation to US is 

^ JL_ m 

^ 

Eliminating v^^ between (6) and (7), we easily have, as the equation 
to the required locus, 

(Ax- -H (ffx +fij) + ary = 0. 

Cor. From equation (6) it follows that the diameter conjugate to 
Its is equally inclined with PQ to the axis, and hence that the points 
P and Q and the ends of the diameter conjugate to ItS are concyclic 
(Art. 400). 


EXAMPLES. XLVI. 

1. If the Kurn of the squares of the four hormals drawn from a 
^nt O to an ellipse be constant, prove that the locus of O is a conic. 

2. If the sum of the reciprocals of the distances from a focus of 
the feet of the four normals drawn from a 2 )oint 0 to an ellipse be 

4 

far rect * locus of O is a parabola passing through that 

focus. 

3. If four norm ils be drawn from a point 0 to an ellipse and ’f 
the sum of the squares of tho reciprocals of perpendiculars from the 
centre upon the tangents drawn at their feet be constant, prove that 
the locus of O is a hyperbola. 

4. The normals at four points of an elhpse are concurrent and 
they meet the major axis in Gj, (7.,, and G^; prove that 

1 1 1 1 _ 4 

CG~ CY7a CG^ CG^ " CGi+~CG^CG~fC’G/ 

5. If the normals to a central conic at four points L, M, iV, and 
P be concurrent, and if the circle through Ly il/, and N meet the curve 
again in P\ prove that PP is a diameter. 

6 . Shew that the locus of the foci of the rectangular hyperbolas 
which pass through the four points in which the normals drawn from 
any point on a given straight line meet an ellipse is a pair of conics. 

7 . If the normals at points of an ellipse, whose eccentric angles 
arc a, jSy and y, meet in a point, prove that 

sin ()3 + 7 ) + sin (7 + a) + sin (o + )9) = 0 . 

Hence, by page 235, Ex. 15, shew that if PQP be a maximum 
triangle inscribed in an ellipse, the normals at P, Qy and Ji are 
concurrent. 
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8. Prove that the normals at the points where the straight lini 

JT y 

+ . — = 1 meets the ellipse + ”, = 1 meet at the point 

a COB a b»ina 1/^ 


-<l 6 '*C 08 -*a, 


~-sin' 
b 




9. Prove that the loci of the point of intersection of normals at 
the ends of focal chords of an ellipse are the two ellipses 

tt®y* ( 1 + c-)2 -H 6* (a: db at) {x ^ or*) = 0. 


10. Tangents to the ellipse = l drawn from any poini 

on the ellipse prove that the normals at the points oi 

contact meet on the ellipse a^.c® + 6 - 1 / 2 = 1 {a- - 6®)®. 

11. Any tangent to the rectangular hyperbola 4xy=;a6 meets the 

ellipse — , + -^ = 1 in the points P and Q ; prove that the normals at 1 
6 - 

and Q meet on a fixed diameter. 

12. Chords of an ellipse meet the major axis in the point whose 

distance from the centre is a \ f ; prove that the normals at itt 
v a + 6 

ends meet on a circle. 


13. From any point on the normal to the ellipse at the point 
whose eccentric angle is a two other normals are drawn to it ; prove 
that the locus of the point of intersection of the corresponding 
tangents is the curve 

xy + hx sina + ay cosa = 0. 

14. Shew that the locus of the intersection of two perpcndiculai 
normals to an ellipse is the curve 

(o® + 6®) (x® + y®) + 6®x®)® = (a® - 6®)® (a®y* - 6®x®)®. 

x® y® 

15. ABC is a triangle inscribed in the ellipse -• + fa =1 havinj 

a* o" 

each side parallel to the tangent at the opposite angular point; prov< 
that the normals at ^ and C meet at a point which lies on tin 

ellipse a®x® + 6®y* = J (a* - 6*)®. 

16. The normals at four points of an ellipse meet in a point k) 
Find the equations of the axes of the two parabolas which pasi 
through the four points. Prove that the angle between them ii 

2 tan~^ ^ and that they are parallel to one or other of the equi-con 

j agates of the ellipse. 



392 COORDINATE GEOMETRY. [EZS. XLYI.] 


17. Prove that the centre of mean position of the four points on 

7^ ]/S 

the ellipse ^ + normals at vrhicli pass through the point 

(a, jS), is the po^*ut 




18. Prove that the product of the three normals drawn from any 
point to a parabola, divided by the product of the two tangents from 
the same point, is equal to one quarter of the latus rectum. 


19. Prove that the conic 2aky=:(2a-h)y* + 4ax^ intersects the 
parabola y- = ^ax at the feet of the normals drawn to it from the point 
(h, k). 


20. Prom a point (/t, 7i) four normals are drawn to the rectangular 
hyperbola xy = c-*; prove that the centre of mean position of their feet 

is the point , and that the four feet are such that each is the 

orthocentre of the triangle formed by the otha: three. 


Oonfocal Conics. 


415. bef. Two conics are said to be confocal when 
they have both foci common. 

7*0 ^nd the equation to conics which are confocal with 
the ellipse 



All conics having the same foci have the same centre 
and axes. 


The equation to any conic having tlie same centre and 
axes as the given conic is 


X 

J 


y 

B 


( 2 ). 


The foci of (1) are at the points 0). 

The foci of (2) are at the points ~ /f, 0). 

These foci are the same if 




.4 - a* = Z? — = X (say). 

A=aa* + X, and + 


if 
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Tlie equation (2) then becomes 
a* + \^63 + A 

'which is therefore the required equation, the quantity A 
determining the particular confocal. 


416 . For different values of \ to trace the conic given 
hy the equation 

<»■ 

First, let A he very great ; then a* + A and + A are 
both very great and, the greater that A is, the more nearly 
do these quantities approach to equality. A circle of 
infinitely great radius is therefore a confocal of the 
system. * 

Let A gradually decrease from infinity to zero ; l^e 
semi-major axis V^r + A gradually decreases from infinity 
to a, and the semi-minor axis from infinity to h. When A 
is positive, the equation (1) therefore represents an ellipse 
gradually decreasing in size from an infinite circle to 
the standard ellipse 


This latter ellipse is marked / in the figure. 

!Next, let A gradually decrease from 0 to - The 
semi-major axis decreases from a to — and the semi- 
minor axis from h to 0. 


For these values of A the confocal is still an ellipse, 
which always lies within the ellipse / ; it gradually 
decreases in size until, when A is a quantity very slightly 
greater than — 6^, it is an extremely narrow ellipse very 
nearly coinciding with the line Sh/, which joins the two 
foci of all curves of the system. 


Next, let A be less than the semi-minor axis 

\/6® + A now becomes imaginary and the curve is a hyj>er- 
bola ; when A is very slightly less than — 6^ the curve is a 
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erbola very nearly coinciding with the straiglit lines 
JSX and JIX'. 



[As X passes through the value — it will he noted that 
the confocal instantaneously changes from the line-ellipse 
aS'// to the line-hyperbola aSAT and JIX\] 

As X gets less and less, the senii-transverse axis y/a^ + X 
becomes less and less, so that the ends of the transverse 
axis of the hyperbola gradually approach to ( 7 , and the 
hyperbola widens out as in the figure. 

When X = a®, the transverse axis of the hyperbola 

vanishes, and tlie hyperbola degenerates into the infinite 
double line YCr. 

When \ is less than both semi-axes of the conic 
become imaginary, and therefore the confocal becomes 
wholly imaginary. 


417 . Through any jyoint in the plane of a given conic 
there can be drawn two conics confocal with it ; also one of 
these is an ellipse and the other a hyperbola. 

Let the equation to the given conic be 


a? ' 


and let the given point be {f g). 
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Any conic confocal with the given conic is 

** y‘ 

a^ + k^i^ + k ;■■■■ 

If this go through the point (/, g\ we have 

+ i'L-i 

aVA fi» + X 


(!)■ 

(-’)• 


This is a quadratic equation to determine \ and there- 
fore gives two values of A.. 

Put + \ = and hence 

a^+'K — — + a^e^. 


The equation (2) then becomes 

• /i, + a V /A ^ 

. ~ - if) *- — 0 


(3^ 


On applying the criterion of Art. 1 we at once see that 
the roots of this equation are both real. 

Also, since its last term is negative, tlie product of 
these roots is negative, and therefore one value of /x is 
positive and the other is negative. 

The two values of + \ are therefore one positive and 
the other negative. Similarly, the two values of d' A. can 
be shewn to be both positive. 

On substituting in (2) we thus obtain an ellipse and a 
hyperbola. 


418 . Confocal conics cut at right angles. 
Let the confocals be 


a? w® , a:* y® -i 

— j- = 1 and -= — r- + t T"'— v" = li 
a + Aj h + Aj a + A^ b + Aj 

and let them meet at the point (®'» y')- 

The equations to the tangents at this point are 

yy' _i ._j **' . yy' „i 
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*■ Tliese cut at right angles if (Art 09) 

2/'" 


-v-r-0 


( 1 ). 


(a* -h»Ai) (d® + A 2 ) (6® + Aj) {h^ + Xjj) 

But, since (rr', y) is a coinnioii point of the two confocals, 


we have 


o? + Aj + Aj (i“ + Ao u + A.> 

By subtraction, we have 


( 1 

\ 

-2 / 1 1 \ 

W + A. 

(6® + A«/ 

\p + A, + A„ j 


®' (a“TX.y^ + A J ^ \V^~+\,) (6=T 

The condition (1) is therefore satisied and hence the 
confocals cut at right angles. 

Cor. From equation (2) it is clear that the quantities 
//** + Aj and + Aj have opposite signs ; for otherwise we 
should have the sum of two positive quantities equal to 
zero. Two confocals, therefore, which intersect, are one an 
ellipse and the other a hyperbola. 


419. One conic and only one conic^ confocal with the conic 

— + ‘^ = 1, can he drawn to touch a given straight line, 
a- O'* 

Let the equation to the given otraight line be 

a; cos a -h 2/ sill a =p (1). 


Any con focal of the system is 

rS 


a2+X + \ 


(2). 


The straight linofl) touches (2) if 

2}“=(rt2 + X)co82a + (t- + X)Biri3a (Art. 264), 
f.tf. if X=:2>- -a*co8®tt~ b^sin^o. 

This only gives one value for X and therefore there is only one 
conic of the form (2) which touches the straight line (1). 

Also X -f a® =/?** -f (a® - 6®) sin® a = a real quantity. The conic i s 
therefore real. 
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EXAMPLES. XLVII 

1. Prove that the difference of the squares of Ij^e perpendiculars 
drawn from the centre upon parallel tangents to two given confocal 
conics is constant. 

2. Prove that the equation to the hyperbola drawn through the 
point of the ellipse, whose eccentric angle is a, and which is confocal 
with the ellipse, is 

cos'^ a sin- a 

3. Prove that the locus of the points lying on a system of confocal 
ellipses, which have the same eccentric angle a, is a confocal hyperbola 
whose asymptotes are inclined at an angle 2a. 

4. Shew that the locus of the point of contact of tangents drawn 
from a given point to a system of confocal conics is a cubic curve, 
which passes througl^the given point and the foci. 

If the given point be on the major axis, prove that the c^io 
reduces to a circle. ^ 

5. Shew that only one of a given system of confocals can have a 
given straight line as a normal. 

6. Prove that the locus of the feet of the normals, drawn from 
the fixed point {h, k) to each of the beiies oi' confocals given by the 
equation 

+ 2 /’ 

a-2 + \ 6-~hX 

is the cubic curve 

.T y _ or 

y - k X - hy - Lx* 

Shew also from geometrical considerations that this curve passes 
through the fixed point and the foci of the confocals. 

7. Two tangents at right angles to one another are drawn from 
a point P, one to each of two confocal ellipses ; prove that P lies on 
a fixed circle. Shew also t^at the line joining the points of contact is 
bisected by the line joining P to the common centre. 

8. From a given point a pair of tangents is drawn to each of a 
given system of confocals; prove that the normals at the x>oints of 
contact meet on a straight line. 

9. Tangents are drawn to the parabola and on 

each is taken the point at which it tenches one of the confocals 

+ vl 1 - 

^ prove that the locus of such points is ft straight line. 
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10. Normals are drawn from a given point to each of a system of 
confooal conics, and tangents at the feet of these normals ; prove that 
the locus of the middle points of the portions of these tangents 
intercepted betwe^ the axes of the confocals is a straight line. 

11. Prove that the loons of the pole of a given straight line witli 
respect to a series of confocals is a straight line which is the normal 
to that confocal which the straight line touches. 

12. A series of parallel tangents is drawn to a system of confocal 
conics; prove that the locus of the points of contact is a rectangular 
hyperbola. 

Shew also that the locus of the vertices of these rectangular 
hyperbolas, for different directions of the tangents, is the curve 

= cos 2d, where 2c is the distance between the foci of the 
confocals. 

13. The locus of the pole of any tangent to a confocal with respect 

to any circle, whose centre is one of the foci, is obtained and found to 
be a circle ; prove that, if the circle corresponding to each confocal be 
taken, they are all coaxal. • 

Prove that the two conics 

aai® + 2/ia;y + 6y®=l and a'x^-{-2h'xy + h'y^ = l 
can be placed so as to be confocal, if 

(a - 6)2 + 4/^2 _ (a' - 6')* + 

(a6-/t2)2 - (a'b'-h'Y * 


Cunrature. 

420. Circle of Curvature. Def. If P, Q, and P 

be any three points on a conic section, one circle and only 
one circle can be drawn to pass through them. Also this 
circle is completely determined by the three points. 

Let now the points Q and E move up to, and ultimately 
coincide with, the point P; then the limiting position of 
the above circle is called the circle of curvature at P; also 
the radius of this circle is called the radius of curvature at 
P, and its centre is called the centre of curvature at P, 

421, Since the circle of curvature at P meets the 
conic in three coincident points at P, it will cut the curve 
in one other point P', The line PE which is the line 
joining P to the other point of intersection of the conic and 
the circle of curvature is called the common chord of 
curvature. 
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We shewed, in Art. 400, that, if a circle and a coitic 
intersect in four points, the line joining one pair of points 
of intersection and the line joining the other pair are 
equally inclined to the axis. In our caife, one pair of 
points is two of the coincident points at P, and the line 
joining them therefore the tangent at P ; the other pair of 
points is the tJiird point at P and the point P\ and the 
line joining them the chord of curvature PP\ Hence the 
tangent at P and the chord of curvature PP' are^ in any 
conicy equally inclined to the axis, 

422 , To find the equation to the circle <f curvature and 
the length of the radius of curvature at any point (nt*^ 2at) 
of the parabola f = AiOx, 

If S-^0 be the equation to a conic, P-0 the equation 
to the tangent at flio point P, whoso coordinates are at^ and 
2aty and A - 0 the equation to any straight line pasAig 
through P, we know, by Art. 384, that P=0 is 

the equation to the conic section passing through three 
coincident points at P and through the other point in w hich 
Z = 0 meets S = 0. 

If X and Z bo so chosen that this conic is a circle, it will 
be the circle of curvature at P, and, by the last article, we 
know that Z = 0 will be equally inclined to the axis with 
P=0. 

In the case of a parabola 

S=y^ — iaxy and T=ty-x — at^, (Art. 229.) 

Also the equation to a line through (a«®, 2qP) equally 
inclined wit!i P=0 to the axis is 

< (y — 2a^) + a: — ai* = 0, 
so that L^ty •¥ X— 

The equation to the circle of curvature is therefore 
— 4:ax -h X(ty — x — at*) + a? — 3at*) « 0, 

1+X^® = — A, X=: — 


where 
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‘ On substituting this value of X, we have, as the required 
equation, 

u? + l/^~ 2ax (3^® + 2) + -- — 0, 

i [a; - (^’(2 + + [y + = 4a* (1 + tj. 

The circle of curvature has therefore its centre at 
the point (2a+3a^*, — 2a^*) and its radius equal to 

2a (1 +<-)*. 

Cor. If /S' be the focus, we liave SP equal to a + so 

2 . SP^ 

that the radius of curvature is equal to , — . 

s/a 


423 . To find the equation to the circle of curvature at 
the point P (a cos <3(>, h sin <f>) of the ellipse ^ = 1 . 

Tlie tangent at the point P is 

- cos <b + *y sin </>-!. 
a 0 

The straight line passing through P and equally inclined 
with this line to the axis is 

7 • i\ A 

- (x- a cos </>) (y — 6 sin </>) = 0, 

0 

X V 

i. e. - cos sin — cos 2d> = 0. 

a b 

The equation to the circle of curvature is therefore of 
the form 


cos 0 “ ^ - cos 26j = 0 (1 ). 

Since it is a circle, the coefficients of a** and y* must be 
equal, so that 

1 cos* 1 V sin* ^ 


and thei'efoi'e 


Ir cos* + a* sin* ^ * 
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On substitution in (1), the equation to the circle bf 
curvature is 

(6- cos® + a® sin® </>) + -- - 

+ (a® - //-) cos® </> — sin® <l> — ( 1 cos 2 </>) 

2 / (1 - cos 24,) + cos 2 <^J -- 0 , 


•t- ' 
9 V r 


f e. rc» + ./- (a^ - K-) 


4 - a® (cos® - 2 sin® <^) ~ 6® (2 cos® </> — sin® <^) 0 . 

Tlie equation to the circle of curvature is then 


a®-&® . 
h 




/ ® 3^r f — -8^ 

J.7J ^ cos^ + Uj -1 sin® i/>| 

^ I _ „8 ^cos= 4 > - 2 siu» 4 >] 

+ 6*{2 cos® - sin® 4>] 

I'a® sin® (ji + cos® . 

— after some reduction. 

tt-o- 

The centre is therefore the point wiiose coordinates are 


/a®-6® 3^ a®-6®.3 \ 


and whose radius is 


(a® sin® <f> 4 cos® 
ab 

Cor. 1. If CZ> be the semi-diameter which is conju- 
gate to Cr, then D is the point ( 90 '’ h <^), so that its 
coordinates are - a sin </> and bcostff. (Art. 2 S,'>.) 

Hence CD^ -= ,a® sin® <56 + Z>® cos® 

C/>® 

and therefore the radius of curvature p - . 

Cor. 2. If the point P have as coordinates x' and y' 
then, since x = a cos i and y' = b sin 'f>j the equation to the 
circle of curvature is 

^® (a®46®~y®>- yy 







402 


COORDINATE GEOMETRY. 


• Oor. 3. In a similar manner it may be shewn that the 
equation to the circle of curvature at any point (a/, y') of 

tlio hyperbola • ^ ~ = 1 is 


/ a* + 6* 
(“=- „• 









424. If a circle and an ellipse intersect in four points, 
the sum of their eccentric angles is equal to an even 
multiple of tt. [Page 235, Ex. 18.] 

If then the circle of curvature at a point P, whose 
eccentric angle is meet the curve again in (), whose 
eccentric angle is three of these four points coincide at 
i^so that three of these eccentric angles are equal to 
whilst the fourth is equal to We therefore have 


3^ + ^ -= an even multiple of tt = 2 n 7 r. 


Hence, if ^ be supposed given, i,e, if Q be given, we 


have 


2r^7r — </> 


Giving n in succession the values 1, 2, and 3, we see 
. 2Tr-<f> 

that 6 equals — - , 3 » 3 

Hence the circles of curvature at the points, whose 

, . , 2^ — <it 4r7r — <f> , Gtt — „ 

eccentric angles are — - — , — «- 1 and — - — , all 

O O u ' 

pass through the point whose eccentric angle is 
Also since 


2ir— 47r--<^ Cir — ^ 

~T~ ~~r~ ~~3~ 

we see that the points 
all lie on a circle. 


+ tf> = iir = AIL even multiple of tt , 
27r— 6 — 6 Ctt-A . . 

- 3 -. -^.and^ 
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Hence through any point Q on an ellipse can he dra^iJn 
three circles which are the circles of curvature at three 
points Pu P*, and Pq. Also the four points /*i, A, p^, and 
Q all lie on another circle. * 

425. Evolute of a Curve, The locus of the 
centres of curvature at different points of a curve is called 
the evolute of the curve. 

426. Evolute of the parabola - 4a;c. 

Let (ig, y) be the centre of curvature at the point 2at) 
of this curve. 

Then x = a (2 + 3i*) and ^ = — 2at\ (Art. 422.) 

{cb - 2ay = 27aH^ = af, 

i,e. the locus of thc^ centre of curvature is the curve 
27 ay^^i{x^ 2 a)\ 

This curve meets the axis of x in the point (2a, 0). 

It also meets the parabola 
where Y 

27a^x ^(x — 2a)*, 

t.c. where a; = 8a, 
and therefore 

y = *if2a, A 

Hence it meets the parabola at 
the points 

(8a, *b4^2a). 

The curve is called a semi- 
cubical parabola and could be shewn 
to be of the shape of the dotted curve in the figure. 



Evolute of the ellipse 


t +t-\ 


If (sB, y) be the centre of curvature corresponding to the 
point (a 008 h sin <^) of the ellipse, we have 

£g = — - — cos* and g — — sin* 0. * 
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Hence 

{albf + {biff - {a? - h’f {cos* </. + sin” <^} = {a‘-b'f. 
Hence thetlocus of tlie point (x, y) is the curve 

{axf + {hyf = {a^-b‘f. 

This curve could be shewn to 
be of the shape shewn in the figure 


where 


CL - CL 

and 




a 

- Ir 


The equation to the evolute of 
the liyperbola Avould be found to 
be 



{axy-{byf-^{a^ + b'‘)\ 




428. Contact of difiTerent orders. If two conics, 
or curves, touch, i.e. have two coincident points in common 
they are said to have contact of the first order. The 
tangent to a conic therefore has contact of the first order 
with it. 


If two conics have three coincident points in common, 
they are said to have contact of the second order. The 
circle of curvature of a conic therefore has contact of the 
second order with it. 

If two conics have four coincident points in common, 
they are said to have contact of the thiid order. Ko 
conics, which are not coincident, can have more than four 
coincident points ; for a conic is completely determined if 
five points on it be given. Contact of tlie third order is 
therefore all that two conics can ha^T, and then they are 
said to osculate one another. 

Since a circle is completely determined when three 
points on it are given we cannot, in general, obtain a circle 
to have contact of a liigher order than the second with a 
given conic. The circle of curvature is therefore often called 
the osculating circle. 
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In general, one curve osculates another when it has the 
highest possible order of contact with the second cjurve. 

429. Equation to a conic osculating anMlier conic. 

If S—0 be the equation to a conic and T^iO the 
tangent at any point of it, the conic iS" A.7'® passes through 
four coincident points of at the point whoi’e T^Q 

touches it. (Art. 38^5, IV.) 

Hence is the equation to the required osculating 

conic. 


Bz. The equation of any conic osculating the conic 


+ + 2/y = 0 (1) 

at the origin is 

ax^ + 2hxy + hy^ - 2fy + \y^=0 (2). 

For the tangent to^l) at the origin is y=:0. 


If (2) be a parabola, we have h^^a{b-^\)f so that its equation iH 
(axi-kij)^=:2afy. 

If (2) be a rectangular hyperbola, we have rt + ?/H-X = 0, anil the 
equation to the osculating rectangular hyperbola is 

a (x’^ - 2/2) 4- 2hxy - 2fy - 0. 


EXAMPLES. XLVIII. 


1. If the normal at a point P of a parabola meet the directrix in 
L, prove that the radius of curvature at P is equal to 2PL. 

2. If />i and be the radii of curvature at the ends of a focal 
chord of the parabola, prove that 

/)i”^ + Pj"^=(2a)“3. 

3. PQ is the common chord of the parabola and its circle of 
curvature at P ; prove that the ordinate of Q is three times that of P, 
and that the locus of the middle point of PQ is another parabola. 

4. If P and p* be the radii of curvature at the ends, P and D, of 
conjugate diameters of the ellipse, prove that 




W 


and that the locus of the middle point of the line joining the centres 
of curvature at P and D is 


{ax + hy)^ + {ax - hy)^ = (a® - 6®)i. 
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Cilzs. 


• 5. 0 is the centre of curvature at any point of an ellipse, and Q 

and It are the feet of the other normals drawn from O; prove that the 

locus of the intersection of tangents at Q and It is -0+ = and 

X y 

that the line QIf*iB a normal t'o the ellipse 


6. If four normals be drawn to an ellipse from any point on the 
ovolute, prove that the locus of the centre of the rectangular hyperbola 
through their feet is the curve 



= 1 . 


7. In general, prove that there are six points on an ellipse the 
circles of curvature at which pass through a given point O, not on the 
ellipse. If O be on the ellipse, why is the number of circles of 
curvature passing through it only four? 


8, The circles of curvature at three points pf an ellipse meet in a 
point P on the curve. Prove that (1) the normals at these three 
]|^its meet on the normal drawn at the other end of the diameter 
tmrough P, and (2) the locus of these points of intersection for 
different positions of P is the ellipse 


9, Prove that the equation to the circle of curvature at any point 
y') rectangular hyperbola x^-y^=:a^ is 

a® + 1/2) - ixx'^ + 4j/y'2 + 3a2 (^'2 + y'^'j = 0, 

10, Shew that the equation to the chord of curvature of the 
rectangular hyperbola xy = c^ at the point “f” is ?// + t®ac = c(l + t^), 
and that the centre of curvature is the point 


V ^ 2t )' 


Prove also that the locus of the pole of the chord of curvature is 
the curve r2= 2c2 sin 26, 


11. if) the normal at any point of a rectangular hyperbola and 
meets the curve again in Q ; the diameter through Q meets the curve 
again in It ; shew that PR is the chord of curvature at P, and that 
PQ is equal to the diameter of curvature at P. 

12. Prove that the equation to the circle of curvature of the conic 
ax^ + Vixy 4 hy^ = 2y at the origin is 

13. If two confocal conics intersect, prove that the centre of 
curvature of either curve at a point of intersection is the pole of the 
tangent at that point with regard to the other curve. 
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14. Shew that tlie equation to the parabola, having contact of tjie 
third order with the rectangular hyperbola ary — c* at the point 

is (.r - y (x + yt^) + Sc^t^ = 0. 

Prove also that its directrix bisects, and is perpendicular to, the 
radius vector of the hyperbola from the centre to the point of contact. 

15. Prove that the equation to the parabola, which passes through 
the origin and has contact of the second order with the parabola 
y- = 4aa; at the point (at®, 2at), is 

{ix - 3ty)® + 4at® (3 .t - 2ty) = 0. 

16. Prove that the equation to the rectangular hyperbola, having 
contact of the third order with the parabola 7/® = 4aar at the point 
(at®, 2at), is 

jr® - 2txy - y® + 2aar (2 + St®) - 2at®y + tt®f* - 0. 

Prove also that the locus of the centres of these hyperbolas is an 
equal parabola havii^ the same axis and directrix as the original 
parabola. 

17. Through every point of a circle is drawn the rectanguSr 
hyperbola of closest contact; prove that the centres of all these 
hyperbolas lie on a concentric circle of twice its radius. 

18. A rectangular hyperbola is drawn to have contact of the third 

order with the ellipse ^ + |a “ ^ ^ equation and prove that the 

locus of its centre is the curve 

/.r® + ?/* ^ 

\a^+b~) a® 


Envelopes. 

430. Consider any point P on a circle whose centre 
is 0 and whose radius is a, Tlie straighc line through P 
at right anijfles to OP is a tangent to the circle at P. 
Conversely, if through O we draw any straight line OP ot 
length a, and if through the end P we draw a straight 
line perpendicular to OP, this latter straight line touches, 
or envelopes, a circle of radius a and centre 0, and this 
circle is said to be the envelope of the straight lines drawn 
in this manner. 

Again, if 5 be the focus of a parabola, and PY be the 
tangent at any point P of it meeting the tangent at the 
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vertex in the point F, then we know (Art. 211, S) that 
SYF is a right angle. Conversely, if S be joined to any 
point y on a given line, and a straight line be drawn 
through Y perpendicular to SY, this line, so drawn, always 
touches, or envelopes, a parabola whose focus is S and sucJi 
that the given line is the tangent at its vertex. 

431. Envelope. Def. The curve which is touched 
by each of a series of lines, whicli are all drawn to satisfy 
some given condition, is called the Envelope of these 
lines. 

As an exfimple, consider the series of straight lines 
which are drawn so that each of them cuts off from a pair 
of fixed straight lines a triangle of constant area. 

We know (Art. 330) that any tangent to a hyperbola 
always cuts pff a triangle of constant aiy?a from its asymp- 

Conversely, we conclude that, if a variable straight line 
cut off a constant area from two given straight lines, it 
always touches a hyperbola whose asymptotes are the two 
given straight lines, i.e. that its envelope is a hyperbola. 

432. If the equation to any curve involve a variable 
parameter^ hi the first degree ordy^ the curve always passes 
through a fixed point or points. 

For if X be the variable parameter, the equation to the 
curve can be written in the form S + kS’ - 0, and this 
equation is always satisfied by the points which satisfy 
A' — O and -- 0, i.e. the curve always passes thi-ough the 
point, or points, of intersection of S - 0 and S' [compare 
Art. 97]. 

433. Curve touched by a variable straight line whose 
equation involves, in the second degree, a variable parameter. 

As an example, let us find the envelope of the straight 
lines given by the equation 

— my + a = 0 (1), 

where m is a quantity which, by its variation, gives the 
series of straight lines. 
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If (1) pass through the fixed point (h, k), we have 

m^h — mk + a-0 (2). 

This is an equation giving the values of m correspond- 
ing to the straight lines of the seiies which pass through 
the point (h, k). There can therefore be drawn two 
straight lines from (A, k) to touch the required envelope. 

As (4, k) moves nearer and nearer to the required 
envelope these two tangents approach more and more 
nearly to coincidence, until, when (4, k) is taken on the 
envelope, the two tangents coincide. 

Conversely, if the two tangents given by (2) coincide, 
the point (4, k) lies on the envelope. 

Now the roots of (2) are equal if 4“ = 4ak, 

so that the locus <Jf (4, k), Le. the required envelope, is the 
parabola = iax. 

Hence, more simply, the envelope of the straiglit line 
is the curve whose equation is obtained by writing down 
the condition that the equation (1), considered as a quad- 
ratic equation in w, may have equal roots. 

By writing (1) in the form 

a 

y=^mx+ — , 

m 

it is clear that it always touches the parabola y* ~ 4ax. 

In the next article we shall apply this method to the 
general case. 

434 . To find the envelope of a straight line whose 
equation involves^ in tho second degree^ a variable parameter. 

The equation to the l^raight line is of the form 

X^P + kQ-^Jl^O ( 1 ), 

.where A. is a variable 'parameter and P, and P are 
expressions of the first degree in x and y. 

Equation (1) may be looked upon as an equation 
giving the two values of X corresponding to any given 
point T, 
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Through this given point two straight lines to toiicli the 
required envelope may therefore be drawn. 

If the point T be taken on the required envelope, the 
two tangents that can be drawn from it coalesce into the 
one tangent at T to the envelope. 

Conversely, if the two straight lines given by (1) 
coincide, the resulting condition will give us the equation 
to the envelope. 

But the condition that (1) shall have ecjual roots is 

( 2 ). 

This is therefore the exjuation to the required envelope. 

Since 1\ (?, and R are all expressions of the first degree, 
the equation (2) is, in general, an equation of the second 
degree, and hence, in general, represents^ conic section. 
^The envelope of any straight line, whose equation 
contains an arbitrary parameter and square thereof, is 
therefore always a conic. 

435 . The method of the previous article holds even if 
P, <2, and R be not necessarily linear expressions. It 
follows that the envelope of any family of curves, whose 
equation contains a variable parameter A, in the second 
degree, is found by writing down the condition that the 
equation, considered as an equation in X, may have equal 
roots. 

436. Bz. 1. Find the envelope of the straight line which cuts off 
from two given straight lines a triangle ot constant area. 

Let the given straight lines be taken as the axes of coordinates and 
let them be inclined at an angle w. 

The equation to a straight line cutting oft intercepts f and g from 
the axes is 


If the area of the triangle cut oft be constant, we have 
^f.g* sin w = const., 

i.e. fg = const.==K^ (2). 

On substitution for g in (1), the equation to the straight line 
becomes f*y — fK^ + K^x — 0. 
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By the last article, the envelope of this line, for different values of 
/, is given by the equation 

(-A'*)a=4. A'Sjry, 

A'2 




4 • 


The result is therefore a hyperbola whose asymptotes coincide with 
the axes of coordinates. 


Bx- a. Find the enveUpc of the straight line which ig such that 
the product of the perpendiculars drawn to it from tivo fixed points is 
constant. 

Take the middle point of the line joining the two fixed points as 
the origin, the line joining them as the axis of x, and let the two 
points be (d, 0) and ( - d, 0). 

Let the variable straight line have as equation 


The condition then gives 


y — mx 4* c. 


r.(d-\-c -md+c X i. . 

X --r-r.=::r = constant =s^, 

so that c® - wi^d^ := /{ ( 1 4 - m ^) . 

The equation to the variable straight line is then 
y mx =.c = *J{A •¥ d***) 4 A . 

Or, on squaring, 

m2 (a:2 - .4 - d’^) - 2mxy + -A) = 0, 

By Art. 436, the envelope of this is 

(2xy)2= 4 {x^ -A~ d2) (tf-A), 

This is a conic section whose axes are the axes of coordinates and 
whose foci are the two given points. 


Bat, 8. Find the envelope of chords of an ellipse the tangents at the 
end of which intersect at right angles. 

Let the ellipse ^ 

If the tangents intersect at right angles, their point of intersection 
P must lie on the director circle, and henc e its coordinates must be of 
the form (c cos $, c sin 6), where c = ^a^+ t*. 

The chord is then the polar of P with respect to the ellipse, and 
hence its equation is 

a: . c cos ^ . y . c sin - 



412 


COORDINATE GEOMETRY. 


Let t~tan - . Then since 




l + tan» 


= 1TP. anaBin<>=j^,. 


the equation to the line is 

^ 1 j- 1 ‘ ^ 

The envelope of this is (Art. 434), 

l.e. — 

a* b* 


+ 6* 
b^ 

Since “ a^+ b^ = a* - b\ this equation represents a conic 

confocal with the given one. 

Bz. 4. The normals at four points of an ellipse meet in a point ; 
if the line joining one pair of these points pass through a fixed point, 
prove that the line joining the other pair envelopes a parabola which 
touches the axes. 

Let the equation to the ellipse be 

iT® V® 



and let the equation to the two pairs of lines through the points be 

lx +my = l (2), 

and t^x + miy — 1 x....(8). 

By Art. 412, Cor. (1), we then have 

w. 

If the straight line (3) pass through the died point (/, g), we have 

V... — 1 


so that, by (4), 


and therefore 


aH b^m ' 

j=_/ J?^L. 

a® inb*+flf 
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If this value of f be Bubstituted in (2), it beoomes 
+ m (a^y - - a*6®) - a V = 0» 

the envelope of which is ^ 

{orgy - dyir - a*6*)3=s - ia^g . a^b^y, 
i>c» (o*gy - + 2a*6* {b^fx + a^gy) + a*b* =0 (6). 

This is a parabola since the terms of the second de^ee form a 
perfect square. Also, putting in succession x and y equal to zero, we 
get perfect squares, so that the parabola touches both axes. 


437 . To find the envelope of the straight line 

lx + my + n = 0 (1), 

where the quantities Z, m, and n are connected hy the 
relation 

aP + hm^ + cn® + 2fmn + 2gnl + 2/*Znt = 0 (2). 


[Equation (1) contains two independent parameters^^ 


and ~ , wliilst (2) is an equation connecting them. AVe 

could therefore solve (2) to give -- in terms of — : on sub- 

stituting in (1) we should then have an equation containing 
one independent parameter and its envelope could then be 
found. 

It is easier, however, to proceed as follows.] 

Eliminating n between (1) and (2), we see that the 
equation to the straight line may be written in the form 

aZ® T hm^ + c (lx + wiy)® — 2 (fm -h gl) (lx + my) + 2hlm ~ 0, 


i,e. (a-2gx + ca?)(-\ + 2 (cxy - gy -fix h) L 

\m/ ' m 

+ (b- Ify + cy*) = 0. 

The envelope of this is, by Art. 435, 

(ca;y - gy ~/x + A)® = (a — igx + ca?) (6 — 2fy + cy*), 

on reduction, 

** {he -/®) + y® (ca - y®) + 2*y {fg - eh) 

. +'ilx{/h-bg) + 2y{gk-af) + db — h^ = 0. 
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‘ The envelope is therefore a conic section. 

Cor, The envelope is a parabola if 

‘ (/r/-cA)’--(6c-/’)(co-^*), 
i. e. if c = 0, or if ahc + %fgh — af^ — — ch^ ~ 0. 


438. Bx. Find the envelope of all chords of the parabola y^=4ax 
which subtend a given angle a at the vertex. 

Any straight line is 

lx-\-my + n~0 (1). 

The lines joining the origin to its intersections with the parabola 

are, (by Art. 122), -^ax{lx + my), 

i,e, ny^ + 4a mxy + Aalx^ =0. 

If a be the angle between these lines, we have 

, 2y/ 4arm^ - 4aln 

tan a = — j ,• 

n+4al 

Iba^r* - 10a® cot® awi® + n® + Sain (1 + 2 cot® a) = 0. 

With this condition the envelope of (1) is, by the last article, 
a® ( - IGa® cot® o) + y® [1 Oa® - (4a + 8a cot® a)®] 

^ + 2j: . IGa® cot® a (4a + 8a cot® o) - 256a* cot® a = 0, 

i.e. the ellipse 

[a: - 4a (1 + 2 cot® a)]® + 4 cosec® a . y® = 64 cot® a . cosec® a. 


EXAMPLES. XLIX. 


Find the envelope of the straight line - + ^:=1 when 

a p 

1, aa + 5]9=('. 

3 ^-+""-1 


2. o + j8+ v'o“ + ^-i = 0. 


Find the envelope of a straight line which moves so that 

4. the sum of the intercepts made by it on two given straight 
lines is constant. 


5. the sum of the squares of the perpendiculars drawn to it from 
two given points is constant. 

6. the difference of these squares is constant. 

7. Find the envelope of the straight line whose equation is 

ax cos ^ + 5y sin ^ = c®. 
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8, Circles are described tonching each of two given straight lines; 
prove that the polars of a given point with respect to these circles all 
touch a parabola. 

9; From any point P on a parabola perpendiofilars PM and PN 
are ^awn to the axia and tangent at the vertex; prove that the 
envelope of MN is another parabola. 

10. Shew that the envelope of the chord which is common to the 
parabola y'^=4ax and its circle of curvature is the parabola 

i/2+12ttar=0. 

11. Perpendiculars are drawn to the tangents to the parabola 
y^—^ax at the points where they meet the straight line x^b\ prove 
that they envelojie another parabola having the same focus. 

12. A variable tangent to a given parabola outs a fixed tangent in 
the point A ; prove that the envelope of the straight line through A 
perpendicular to the variable tangent is another parabola. 

13. Shew that thsonvelope of chords of a parabola the tangents 
at the ends of which meet at a constant angle is, in general an elljii;^. 

14. A given parabola slides between two axes at right angles; 
prove that the envelope of its latus rectum is a fixed circle. 

15. Prove that the envelope of chords of an ellipse which subtend 
a right angle at its centre is a concentric circle. 

16. If the lines joining any point P on an ellipse to the foci meet 
the curve again in Q and 72, prove that the envelope of the line QR is 
the concentric and coaxal ellipse 

2/2 + 

Ip \ii7v 

17. Prove that the envelope of chords of the rectangular hyperbola 
xy = a'^, which subtend a constant angle a at the point (x\ y') on the 
curve, is the hyperbola 

xV^ + = 2a^xy (1 + 2 cot^ a) - ia* cosec® a. 

18. Chords of a conic are drawn subtending a right angle at a 
fixed point O. Prove that their envelope is a conic whose focus is 0 
and whose directrix is the polar of O with respect to the original conic. 

19. Shew that the envelope of the polars of a fixed point 0 with 
respect to a system of confocal conics, whose centre is C, is a parabola 
having CO as directrix. 

20. A given straight line meets one of a system of oonfooal conics 
in P and Q, and HS is the line joining the feet of the other two 
normals drawn from the point of intersection of the normals at P and 

r Q ; prove that the envelope of RS is a parabola touching the axes. 
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21. ABCD IB a rectangular sheet of paper, and it is folded over so 
that C lies on the side AB ; prove that the envelope of the crease so 
formed is a parabola, whose focus is the initial position of C. 

22. A. circle, whose centre is A, is traced on a sheet of paper and 
any point B is taken on the paper. If the paper be folded so that the 
circumference of the circle passes through R, prove that the envelope 
of the crease so formed is a conic whose foci are A and D. 

23. In the conic - = l-ccos^ find the envelope of chords which 
subtend a constant angle 2a at the focus. 

24. Circles are described on chords of the parabola = which 
are parallel to the straight line lx + my =0y as diameters; prove that 
they envelope the parabola 

{ly + 2ma)^ = 4a (P + wt®) (a: + a). 

25. Prove that the envelope of the polar of any point on the circle 
(x+a)^+(y + bf=k^ with respect to the circle x^^+y‘^=c^ is the conic 

k* (.x* + y®) = (ax +by + c®)®. 

26. Chords of the conic - = l-cco8^ are drawn passing through 

r 

the origin and on these circles as diametcis circles are described. 
Shew that the envelope of these circles is the two circles 

I (I 



ANSWEBS. 


I. (Paces 14, IS.) 

1. 6. 2. 13. 3. 3v'7. 4. 


6. Ja*+ib^ + c*-‘iab - ibc. 


6 . 8 os;n-^.^. 


7. a (««i tj (ntj + nij)* +4. 9. 

15. (V.w- 16. (-2,-9). 17. 

18. (-511. 2A): (-201,841). 19. 

20. (-4. *): (1, 1)t(<. -I). 

/a*+b’‘ a»+ 2 «ft-t« \ /a»- 2 ,r!,-i> 

\ a + 6 ’ a-\ b / \ a- * 


8 ± 2 v^l 5 . 

(1, -1); (-11, If,). 
(-S. 2 ). 

a^ + b^\ 
a-fey ‘ 



Arj*! + Zajj + 

iT+l + m 


k + H VI J 


II. (Paires 18, 19.) 

1. 10, 2, 1. 3. 29. 4. 2ac. 

5 . a® 6 . 2 tfl, a n sin ^ sin . 

iS A 2 

7. a3 (»na - m,) (mj - Wj) (mj - 

8 . ia’ (w *2 “ »” 3 ) ('"s ” '^i) - ’' 4 )* 

9 . (to, - WI 3 ) (nij - wij) (TOj ~ TO,) -f- WiTOjjTO, . 

13. 20J. 14. 90. 

m. (Pages 22, 23.) 

12. 2^6. 13. x/79.. 14. Via. 10. i(8-8ay3). 

17. 18. 1«V3- 26. 26. e=a. 

27. r» 2 acos^. 28. r cos 2 d ~ 2 a sin 29. rcosda 2 asin 3 d. 

30, r*=sa® COB 2 d. 31. a'*+y*=tt*. 32. y=sTOx. 

83 . 4 :*+y*=a«. 34 . (»® + y *)*=5 4 a’xy. 

35. •(«*4 36. xy=a*. 37. 

38. y*+4a«=s4a*, 39. 4(x» + y®) (»*4-y*4*ax)?=a*^*. 

*40. 8ary* + 3»*^-y*=s5fcry. 



11 


COORDINATE GEOMETRY. 


IV. (Page 30.) 

8. 2aj; + fc2^0^ 9. (»®-l)(a;2 + y»+a2) + 2<M:(n> + l) = 0. 

10. (c2 - 4fl*) -H icY = c^ (c* - 4a2). H. (6a -2c)x=a^- c\ 

12. i/®-4y -2a: + 5-0. 13. 42/ + 2x + 8=0. 14. j: + 2/ = 7. 

15. y = «. 16. y = 3a:. 17,- 15a:®-y’‘*4-2aj: = a*. 

18, a:® + y® = 3. 19. a:^ + y*=4y. 

20. 8a;2 4-8y3 + 6a;-36y + 27 = 0. 21. a;® = 3?/«. 

22 . ^ 

23. (1 ) 4a:* + 3y* + 2tfy == a* ; (2) x* - Sy* + Say = 4tt*. 


1 . 

4. 

7. 

9. 

5 ^ 

20 . 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 


V. (Pages 41, 42.) 

y — x + l. 2. x-y-5=0. 3. x - y ijS -2^S = 0. 

5y - 3a:+16=sO. 5. 2a? + 3y = 6. 6, 6a;-5y + 30=0. 

(1) a;4-y = ll; (2) y-x=:l, 8. a: + y + l = 0; a;~y = 3. 

xy' + x'y s=^2x'y\ 10. 20y-9ar = 9(? 15. ar + y=0. 

y-a;=l. 17. 7 y + 10x = ll. 

ax-hy = ah. 19. (a- 22#) x- + fc* + 2afe - a*r=0. 

y (2i + ^a) “ 2x = 2a2i^2. 21. + {^i "I" ^a)* 

X cos i (01 + 02) + y sin ^ (0^ + 03) = a cos 4 (0^ - 03). 

f cos ^4— + I sin -4-^” =008^*:^. 

a 2 h 2 2 

fex cos 4 (01 - 02) - ay sin 4 (0i + = ah cos 4 (0i + 03). 

x + 3y + 7 = 0; y-3x = l; y + 7x = ll. 

2x-3y = 4; y-3x=l; x + 2y = 2. 

y (a' - a) - X (i#' - 2;) = a'2/ - «2#' ; y (a' -a)+x {1/ - h) = a%' - at. 
2ay-22/'x = ab-a'2/'. 29. Z/ = 6a;: 2y~3x. 


VI. (Pages 48, 49.) 

1. 90°. 2. tan-Jf^ 3. tan-ij. 4 . 60°. 

5- m^-ri.4- 6. t“*- 2 aT- 7. tan->(2). 

8. 4y + 3a:=18. 9. 7)/-8x=118. 10. 4y + ll®=10, 

11. « + 4y + lC=0. 12. ax + by = a\ 

13. 2® (a - a') + 2j/ (6 - 6') = a= - a'» + 6“ - 6'». 

15. yx'-xy' — O-, a"xy' -lf‘x'y=(a^-h^)x'y' \ »*' - y a' = ®'® - y'*. 

16. 121y-88j = 371; 88y - 24®=1048. 

17. ®=8;y = 4;44. 19. *=0; y + .y3a:=0. • 

20. y = fc ; (1 -n*®) (y- Ji)=2wi(®- A). ^ 

21 . tan->H; 9®-7y=l; 7*4 9y=73. 



ANSWERS. 


1. 4|. 


VII. (Paiges 53, 54.) 

2. n- 3. 6,1,. 


a*- h ab - fc* 

^/ aa+P * 


5. aco8i(a-/9). 

9. oj. . 


11. 4(2+n/8). 


Vni. (Pages 61-65.) 

/-ll 41\ fab ab\ 

V29'WJ' Vo + ft’a + i/' 

j 

K«ia \.«*i ”h/i 

{ a 008 4 (01 + 01 ,) 860 4 ( 0 j - 0 j), a sin 4 ( 0 , + 0 ,) sec 4 ( 0 , - 0 ,) } . 

f<^b-b') M4'> 180 

V bl-b' ’ bJ-b')' "■ 17*^29 ■ 

y = 8y = 4ir + 3tf. 9. (1» 3); 45°. 

(1.1); tan-» CO. 11. ( - 1, - S) ; (3, 1) ; (5, 8). 

(2, 1); tan“i/r- 13. 45°; (-5,3); a:-8y = 9; 2x-y = S. 
8 and - j[ . 19. (^^a - ^jj) I- (^a ~ ®i) + ”*s (^i ■" ^a) = 

(-4,-3). 21. 23. 48jr-2yy = 71. 

a;-2/=ll. 25. y-^x, 26. y=i*;- 

a*2/-6*j;=a5(a- 5). 28. 8jr + 4y = 6a. 29. x + y + 2 = 0. 

23x + 23y = ll. 31. 13x-23i/ = 64. 

Ax + By + C + \{J'x + l)'y + C')=^0 where X is 

. C' na + c ,,, Ax' + ZV+C 

* ~C'’ ~V’ iJ'o + C' ^ ~ A'x'+B'Y+C 

y=2; 1=6. 33. 9‘Jx + 77y + 7l=0; 7.t-9y-87=0. 

x-2y + l = 0; 2x + j/ = 3. 

X (2 /^2 — 3) + y (\/2 — 1) = 4(^2 — 6 ; 
x(2V2 + 3) + y(^2 + l) = 4^2 + 5. 

(y - 6) (»» + to') + (x - a) ( 1 - wm') = 0 ; 

(y - 1) (1 - mm*) - (x - a) (m + w') = 0. 

33x+9y=31; 112x-64y + 141=0; 7y-x=18. 

X (3 + V17) + y (5 + ^17) = 15 + V17 ; 

*(4+V10)+»(2 + V10)=4 VIO + 12; ^ 
a (2 754 - 8 75) + y ( - 5.-JS ) = G Ju ~ 16 ^5. 

A {y — h) — B {x ^ h)= ^ (Ax + By + C). 

At an angle of 15° or 75° to the axis of x. 
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IX. (Pa«68 72, 73.) 

1. (1) tan-1 ( 2 ) 15 <=. 2. 

3- *““")• 

7. y=x-a, x = 2a, y = 2a^ y = a: + rt, u:— 0 , y = x, a; = a, and 

y = a, where a is the length of a side. 

10. J/(6-V3) + ar(3V3-2)=^2-.9V3. 11. If. 

12. 10^-11x4-1 = 0; 


X. (Pages 78-80.) 

4. (-7,8). 5. (-H. 5);m 

-85-7v'5 21^5 -65\ 35 -7,^5 

0 )* 


6 . 


120 


120 


120 


7. (h W; \h 


■ 

„ (0 + ^/10 2+^10) /O-VIO 2-v/10\ /8-v/lO 10 + v/10\ 

8. 2-~' 2 pl 2 ’ 2 ')’{ 6 ’ 0 )■ 

9. (5. ?), (2. 12), (12, 2), and ( - 3, - 3) ; §^2, 4^2, and 0^2. 

•:3. (-13J, lOJ). 11. 4. 12. 7Jf- 13. i- 

W 


14. 


20 


15. i(b-c)(e-a){a-l). 


16. «’ (”h - >«a) (»*» - %) (”*i - wi«)^2ro,®»»j“m,“. 

17. 18. + 

23. (h 4)- 

24. 10y + 32.x + 43 = 0; 25x + 29y + 5 = 0; 3 / = 5x + 2; 52x + 80y = 47. 
26. (4 + i\/3, ||• + ^3) ; (4+ I’+ J^S). 


1 . 

3. 

5. 

7. 

9. 

10 . 

11 . 

12 . 

20 . 

27. 


XI. (Pages 85-87.) 

x^-{-2xy cota-y'^ = u^. 2. ?/‘* + Xx^=Xa\ 

(/;t + l)x=(»i- J) a. 4, (Mi + 7i)(x- + 2/- + a=)-2ttx(wi-n) = c*. 

x + 2 / = c sec^ . 6. X- ?/ = d cosec* ^ . 

X + 1/ = 2c cosec u. 8. 2^ - ^ cosec ut. 

X* + 2xy cos u) + y^ = 4c* oosec* w. 

(x* + y*) cos w + xy (1 + cos® «) =x (a cos w + ?>) + y (i cos w + €t). 

X (m + cos w) + y (1 + m cos w) = 0. 

(i) X + y - a ~ i* = 0 ; 

(ii) y=x. 19. A straight line. 

A circle, centre 0. 25. A. straight line. 

If P be the point (7i, k), the equation to the locus of S i» 
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7. 

8. 
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1 , 

4. 

9. 

14. 

17. 


1 . 

2 . 

3 

4. 

6, 


8 . 


1 . 

4. 


1 . 

3. 

5. 

8 . 

13. 

14. 
16. 
18. 
19. 
21 . 


Xn. (Page 94.) 

(x-8y)(x-4y)=:0; 2. llf/)(2x-y)=3 0; tan“'f. 

(ll» + 2y)(3a-7y)=0; tan-ifll. 4. t = 2; x«8. 

y=:±4. 6, (y+4x)(y-2x)(y- 3x)=0;tan-i(-f); tan-*(^). 

x(l-Bin8) + ycos^=0; x (l-f Bin^) + y cofl^ = 0; 0, 

^ sin ^ £ cos 8 = i: X /s/coh 28 ; tan"^ (cosec $ J cos 28). 

12x* - 7xy - = 0 ; 71x» + 94xy - 7 ly * 0 ; x* - y-' = 0 ; 

x®-y*=0. 

XIII. (Pages 98, 99.) 

(L “ ¥) ; 4rA 2. (2, l) ; tan-i g. 3. ( - 5, - « ; 90^ 
(-1,1); tan“i 3. 6. - 15. 7. 2. 8. - 10 or - 17^. 

-12. 10. C. 11. 6. 12. 14. 13. -3. 

§ or ij/*. 16, (i) c(a + t) = 0; (ii) e =. 0, or «<* = 5d. 

52/ + Cx = 50; 5^-C.r=14. 

•XV. (Page 112.) 

(1) y'5=4x'; (2) 2.t'* + j/'»=6. 

(1) »'»+y'*=2cx'j (2) x'-> + y'--.=2(-y'. 

(]) 2xy + a»=0: Ox'S +25y'>= 22.3; x'<+ «'*=!. 

jp'3+.y"*a=r* ; x'*- a8co»2o. 6. x'®- 4y'*.= a*. 

tan-^ 2 ’ ” ^ 

XVI. (Page 117.) 

2x'-V0y' + l=0. 2. x'3+V3x't/ = l. 3. 

y'“ = 4x' cosec^a. 


XVn. (Pages 123-126.) 

x2 + j^® + 2x-4?/=:4. 2. x* + y* + 10x + 12y s=39. 

x3 + _ 2ax + *£by = 2a5. 4. x* + y* + 2flx + 2/>y + 2&* * 0, 


(2,4): ./61. 6. (J. I):iv/i3. 


7. 



(i7. -/)! >JP+f- 

16x» + ISy - 94x -HSy + C5 =0. 

2) (*» + }/= - .1*) = * (6> + fc* - o>). 

X® + y® - 22x - 4y + 25=0. 

8x® + -V - 29x - 1 9y + 56 = 0. 

5 (X® + y ®) - (a* + ft®) X + (a - 6) (a* + 6») » 0. 
x®+y®-3x-4y=0. 


Q / c mg \ 

\>/i-fm® 4^1 + »i®/ 

15. x® + y-- XX -fty=0, 
17. +y* - 6x - y + 4 «0. 
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22 . 

23. 

25. 

27. 

28. 
29. 
31. 

33. 

36. 


x^ + y'^ hx - kysiO^ 24 . it^+y^^2yija^-b^=h^. 

a:® + y®- l6a*- lOy + 25=0. 26 . a:®+v®±2aa:±2ay + a®=0. 

a:2 + y2 + 2(5±Vii^)(j; + y) + 37±10 ^12 = 0. 
a;®+2/®-n.r i-42/ + 9aO, or aj*+v*+10ar + 20i/ + 26=0. 

5(**+y^) = j; (6*+c*)- 30. a:® + y‘**±6 v/2y-6j?+9=0. 

X* + y* - 3ar + 2 = 0 ; 2 jt* + 2^'-* ~-5x- + 8 = 0; 

2 x® + 2 y* - 7 j: - ,^ 3 y + 6 = 0 . 

(j: + 21 )« + (y + 18)^* = GS^. 34. Bar* + 8y2 _ 25a; - 3y + 18 = 0. 

flc* + t/ 2_ ^9 + j2 . a:® + 7/2 _ 2 (a + 5) x+ 2 (a - 5) y + a* + 5*= 0. 


XVIII. (Pages 134, 135.) 

1, 5x-12y = m 2. 24x + 10y + 151 = 0. _ 

3. x + 2y==*-2^5. 4. a; + 2y + y + 2/= ±,^5 

^ ®- "=“J (“-*')• _ 7 - 

8, Ic = 40or-10. 9. « cos^a + tsin^ai /^a*+5*8m®a. 

10 . ^a + R 6 + C=±c^ 2 aTii*. 

11. (1) y = mx:^a (2) my + a; = ± a /^^f+m* ; 

(3) axAzy Jlfl- cC^=:ab \ (4) x + y = a,j2. 

12 . 2 13. *»fy»±V2a*=0; x»+t,®±V2ay=0. 

14. c — b- am ; c = 6-<i7n± /\/(l + »»*) (a* + 5*). 

15. ac* + y®--6ar-‘8y + Jfi = 0. 

16. a:® + y® - 2(;x - 2ry + r* = 0. where 2c = a + 5 ± + fr'**. 

17. 5x2 + 5y9_ i0x+80y + 49=0. 18. .r® + y*-2c.T-2cy + c*=0. 

19. (x -r)* + (y- /t)®=r®. 20. x3 + y*-2oa;- 2j8y=0. 


XIX. (Pages 144, 145.) 

1, x + 2y = 7. 2. 8a;-2y = ll. 3. *=0, 

4. 23x + 6y = 57. 5. 5y-flx=a* 6. (5,10/. 

7. (*. -A). 8. (1, -2). 9. (4, -i). 

10. (-2a. -25). 11. (6, -V). 

12. 8y-2a;=13; (-W. W 13. (9,-1). 14. x'>+y'®= 2 a». 

18. W46- 19. 9. 20. s/ia^+iab + lfl. 21. W..2):i. 

23. (1) 28a;>H-332]/-38/-7Jl5x-195y + 4336 =0; 

(3) 13ais>-64zy+8y*-664x+326y4-763s0. 
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XX. (Pa«ea 147, 148.) 

ton-’®') 

2 , - 2ra coseo a . con (tf - a) + a* cot® a = 0, r=2a sio (?. 

6. r® - r[a cos (fi - o) + ^ cos (d - /3)] + a6 cos (a - /3) = 0. 

8. 2/®c® + 2rtC=rl. 

XXI. (Page 149.) 

L loJ-; (<» + »/, ‘£^) ., 

2. 30°: (8-6^3, 12-4^3); -yi7~2il^l. 

/g- feo8u /-<;cogM'\ 

* \ Blll-W ’ 8ill®W /* 8111(1) 

4. a;* -h V2a-2/ + J/® - a: (4 + 3 ^2) - 2y (3 + V-2) + 3(2v/‘2 - 1) - 0. 

5. a-® + a-y + y® + ll:^+13y + 13=0. 

8. (ar - *') (a? - + (y - y') (y ~ y") + c js cu [i a- - x') (y - y'^^ , 

+ (•*•“ a*'') (y-i/'i 

XXn. (Pages 158-159.) 

4, A circle. 5, A circle. C, ^ circle. 

9. a:® + y® - 2xy cos (u= ^ given raJii being the axes. 

11. A circle. 12. A circle. ^ 

16, (1 ) A circle ; (2) A circle ; (3) The polar of 0. 

17. The curve r=-a-i acos^, the fixed point O being the origin and 
the centre of the circle on the initial line. 

24. The same circle in each case. 

33, 2a64-V«^TP- 35. 8o Vjt: = *** + 18y + 10®“=®- 

36. (i) a;=0, 3x + 4ysr.l0, y=4, and 3y = iz, 

(ii) y =s TOx 4- c (i/l + m®, where 

±(bfc) ±(b-c) 

7 — or . 

XXm. (Pagas 184, 165.) 

3. 8x»+Sy®-8x + 29y=0. 4. 15x-lly«144. 

5, x + 10y = 2. 6. 6x-7y + 12=0. 7, 

8. 11. (X + l)(x®+y*)+2X(x + 2y)=4+6X. 

• 12. (y - a;)®s0. 13. Take the equations to the circles as in 

Art. 192. 



VUl 


coordinate! geometry. 


8 . 

13. 


3. 


5. 

8 . 


12 . 


XXIV. (Pages 172, 173.) 

x* - + 2 / 11 X 7 / = c. 12. A;(a? + j/ 2 ) + (a-c)y-cfta» 0 , 

x'^ + y^-cx-^nj 14. jc* + y*- 16x- ISy - 4 = 0. 

XXV. (Pa«es 178, 179.) 

(lx + (jyY - 670j? + 7602/ + 2100= 0? 

(ax ~ liy)“ - 2 a*« - 26*y + + o®5* + 6 *= 0 . 

(-1.2); y=2; 4; (0, 2). 4. (4. f) ; *=4; 2 j (4, 4). 

(a, x=a\ 2<f, {a,0). 6. (1,2); y=2; 4; (0,2). 


(i) 4 : (ii) 4. 9. (2. 6). 11. 

flP-C „\ JP-A»-C 
[ 2A- ’ *=— 2 ^— • 


y= - 2*; y - 12 = m(ar-24), 

15. 92/® = 4aa?. 


XXVI. (Pages 183-187.) 

1, 4y = .'jj; + 12; 4x + 37 / = 34. 2. 42 /-rj: = 24; 4a; + y=108. 

3^/-.t = 3; 2 /+a* = 9; :r-f 7 / + 3 = 0; x-y = 9. 
lP^ 7 /=a:j x + y = 4a; y + x = 0 ; x -y=:4a. 

5. 4y = * + 28; (28, 14). 6. ( 5 . ^j) • 

7. y + 2 * + l = 0 : ( 4 .- 2 ); 2y=x+9-, ( 8 , 8 ). 

IB. (3a, 2V3«): 0. 4y=9j, + 4; 4y = * + 36. 

13. |>/2Vf7 + 2); (So, 2^/8a). 

14. 6 * 2 / + + 6 ^= 0 . 15. ®= 0 . 25, 

XXVII. (Pages 197, 198.) 

4. 4a: + 37/+ 1 = 0 . 5. 602 / = 25. 

XXVm. (Pages 203-205.) 

25. Take the general equation to the circle an I introdupe the 
condition that the point (at^ 2at) lies on if,; the sum of the 
roots of the resulting equation in t is then found to be zero. 
28. It can be shewn' that the normals at the points and 

meet on the parabola when fif 3 = 2 ; then use the previous 
example. 

^ XXIX. (Pages 209—211.) 

1 . y — bx, 2 . cx^a, 3 . y=sad.* 

4. y = (j? - a) tan 2a. 5. y* - 2aa?, 

6 . ic®=M*[(^“a)* +y*]. 19. y*w 2 a(a:-a). 
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IX 


20. y«-%=2a(x*-/0. 21. + + 

22. (Set* + y* - 2ax)* tan® a = ICa® (4ax - j/*). 

23. y* + 4flry®{a-a:) -‘16a*x + a*Z®=0. 

24. The parabola y* = 2a (4; + 2a). 

•XXX. (Pages 214—216.) 

1. y2 = a(a;-a), 2. y^^^ax, 3. 27ay»js:(2^ - a)(x-- 5a)®. 

4. A parabola. 5. A straight line. 

6 . 27 ay® - 4 (a: - 2 a)® = constant. [N.B. (n»i - w^)® 

= vij^ + mg® - 2m^ni^ — ( - /Ug - //ig) f iWg { - - m, ) - 

^ ^ ;t- 2 a . 3 * T 

= - [mgmj + w^rti + wiiwtg] - = - - *f . J 

7, A straight line, itself a normal. 


XXXIL (Pages 234, 235.) 

1. (a) 8^® + 5y2=3‘>.«5 (J3) 3j:® + 7y®^115. 

2. 20j:®-H36y®=405. 3. 4:® + 2y2=:100. 4. 


ar® + 9y* = 


6. (i)~; iv'C; (=^^VC.o); (2) I; iVO; (O. 


Uga . 


(3) S; (0, 51 and (0. 1). 

7. 7.T® + 2xy + 7y® + 10,r-10y-4-7 = 0. 8. 

x + 4V3y = 24v^3 ; llx - 4^/3y =24^/3 ; 7 and 18. 


Without, 


11. (l)tan->^; (2) tan-> (3) 46". 

12 . 


4 . _ ?( 

rt® I * 


XXXm. (Pages 245-248.) 

1. x + 3y = 5; 9x-3y-5=0. 

2. 25x + 6y = 137; 6x-25y + 20=0. 

3. ±Xi^7±4yis-lG; 

5. y-3x±wn^; (±AV66» t*v'196). 

31. Use Arts. 145 and 260. ' 

XXXIV. (Pages 262->264.) 

1. x + 2y = 4. 2. 2x-7y+8=:0; -i). 

3. 8x + 8y-9; 2x = 3y. 

4* 0x®-24xy - 4y®-l-30x + 40y -55 = 0, 

5, • «®y + = ® I a®y — 6*x=0; a*y + 6*x=0; ay4‘bx=0. 

XXZV. (Pages 268—270.) 

1, X® — 2jfy cot 2o - y*=a® — t®. 2. car* — 2xy = ea® 

3. d»(x®-a®)®=4(6»x® + a»y2-a®6®), 

4, X(x®-a®)®5r2(x»y*+5®x* + aV-«*&*). 
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COORDINATE GEOMETRY. 


5. - ft®)® = 4 cot'-* a - a^h^). 

6, fly = 6jjtana. 7. ?>®x- + a®?/- = 4a®6*. 

8, i^x*4-aV^=a®6® (a® + 1®). 9. Z»®x® + a*i/®=2a®6y. 

10 . (fc%= + aV)“*=c’( 6 *®’ + a^J(’)- 

11. (a»+ !<») (6»x»+«!'j/>)>=a*b*(6*ic»+aV). 

12. i®ar(:r- M-I a®y (y- A:) = 0. 

13. c®a®i;® (^2x® + a®y®) + (6®x® + aV “ a®2>®) + a^^y®) =0. 

14. (fc®j;* + a®y®)® = a®6^(x®-fy®). 

15. (a;® + y®) = (a® + b®) (6®x® + a2y2)®. 

29. If the chords be PK and PK\ let the equation to KK' be 
y = mx + c\ transform the origin to P and, by means of Art. 122, 
hnd the condition that the angle KPK' is a right angle ; substi- 
tute for c in the equation to KK\ and find the point of inter- 
section of KK' and the normal at P. See also Art. 404. 


XXXVI. (Pages 282—284.) 


1 . 




ICx*- V=3G. 

ix»-36j^'‘=441. 

6, 4. (±V13, 0), 2?. 


2. 2ox=-»144i/»=900. 
4. x*-y’=-32. 

6. 3x«-y»=3a*. 


7. 7y® + 24xj/-24ax-6ay + 15a*=0; (-g, a^; 12x- 9y + 29o=0. 


(5, - V)- 9. 24i/-30x= ±V161. 

14. yrsixiVa’-i*: (a’+^)\/ a^T^i- 


15. 9y = 32x. 16. 126x-48y=481. 

29. (1) b*x^ + a*!/^=a-b‘(b^-a?)-, (2) x=o.?,— 

(3) x* (a» + 2d=) - a»y - 2a»<x + o* (tt» - 6*) = 0. 


xznm. (Pages 295, 296.) 

1, At the points (a, ^by/2). 

8. (2a;-hy-f2)(aj + 2y + l) = 0, {2j: + y + 2) (r-^2y + 1) = const. 

9. 8x® + 10ary-|-8y®-f-14x-f-22y-f-7=0; 

3a;® -h lOxy + 8y® -f 14a; -j- 22y 23 = 0. 

XXXVnL (Pa^es 302— 305.) 

16. (^tlx/Ou. =FjV6a); (±J^6a, 

XXXIX. (Pages 319—321.) 

19. Transform the equation of the previous example to Cartesian 
Coordinates. 
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XL. (Pages 331, 332.) 

1. A hyperbola ; (2, 1) ; c'= - 20. 

2. An ellipse ; ( - J, « J) ; o' = - 4. S. A parabola. 

4. A hyperbola ; ( - H* “ A) S o' = - 40. 

5. Two straight lines ; ( - H» It); o' = 0. 

6. A hyperbola; (-41, ^V); o'^-tV^* 

7. (2« + 8y-l)(4x-y + l)=0; 8x2 + 10x?y - Sy***- 2x 4- 4y = 0. 

8. (y + x-2)(y-2x-3) = 0; _ 2x2- 5y + x+ 18 = 0. 

9. (llx - 2y + 4) (5x - lOy + 4) = 0 ; 

56x2 - 120xy + 20y2 + 04* - 48y + 82 = 0. 

10. 19xS + 24xy + i/-22x-Cy + 4 = 0; 

19x* + 24xy + y* - 22x - Cy + 8=0. 

12. x2 - y * = 4a2. 13. (ox - by)* = (a® - 62) (ay - 6x) . 

14. {x-y)2-2(x + y) + 4=0. 15. (xy + «6)tan(o -/9) = 6x-oy. 

1®' 17. A point 

18. Two straight lines. 19. A straight line and a paraftla. 

20. A straight line and a rectangular hyperbola. 

21 . A circle and a rectangular hyperbola. 

22. A straight line and a circle 

23. Two imaginary atraiglit lines. 

24. A circle and a straight line. 25. A paraliola. 

26. A circle. 27. A hyperbola. 28. An ellipse. 

XLI. (Pages 346—348.) 

7 ^ 9. Two coincident straight lines. 

\ o7o 109 / 

10. tan^i=-|, tan<?j=|, r,=^3, and r,=4. 

11. ^1=45°, <>2=136°, ri = ^2, and r 2 = 2 . 

12. tan = 7 + 5^2; tan ^2 = 7-6<v^2, 

r,= ^^(2^2-2). r,= ^J(2V2 + 2) 

28. 2. 29. *n/3. 30. 

31. (=F~VVioTi. iV'ioTvio. 

32. (|■*‘i^/®> 

33. (-*t 1V6, i±lV6); WS. 

34. (-i±In/ 6. a. 
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XUI. (Pages 354, 355.) 

1. (1)3; (2)3;, (3)4; (4)2; (6)4; (C) 8; (7)3. 

10. Ax + iry=0 and lIx + jDy=0; JI^=ABt bo that the conic is a 
pair of parallel straight lines. 

11. x(a: + 32/)=:0; (2 .t-82/)2=0. 


XLin. (Pa«es 363, 364.) 

1, A conic touching S=0 where 7=0 touches it and having its 
asymptotes parallel 1o those of 5=0. 

A conic such that the two parallel straight lines ii=0 and 
n + /i = 0 pass through its intersections with 5 = 0. 

XLIV. (Pages 375—377.) 

6. (-l.n)and(4.-S). 7. (-1,-1). 8. 1 ^)- 

( - 4i,40f||li|^d (-1, -1); x+y + 7=i0 and i + y + 3 = 0. 

^e given point, C the centre of the given director circle, 
^d PCP' a diameter, the focus S is such that PS, P'S is 
constant. 

IG. If PP' be the given diameter and S a focus then PS. P'S is 
constant. 

XLV. (Pages 383, 384.) 

^ iS. + 12ar?/ + 7y- - 12a: - 13y = 0. 

'17. The narrow ellipse (Art. 408), which is very nearly coincident with 
the straight line i>I>, is one of the conics inscribed in the quadri- 
lateral, and its centre is the middle point of IW. This middle 
point, and similaily the middle points of AO and OL, therefore 
lie on the centre-kcus. 

XLVI. (Pages 390—392.) 

7. Proceed a.s in Art. 413, and use, in addition, the second result 
of Art. 412, Cor. 2. From the two results, thus obtained, 
eliminate 6. 

9. Take Zia: + Wiy-1 = 0 (Art. 412, Cor. 1) as a focal chord of the 
ellipse. 

14. If the normals are perpendicular, so also are the tangents ; the 
line /jX + injt/-l = 0 is^herefore th e pola r with respect to tbe 
ellipse of a point (-s,/tt* + 6 ®C 08 ^, <^a^ + 6“sind) on the director 
circle. 

15. The triangle ABC is a maximum triangle (Page 235, Ex. 1^ 
inscribed iu the ellipse. 

20. Use the notation of Art. 333. 
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XLVn. (Pages 397, 398.) 

11. The locus can be shewn to be a straight line which is perpendi* 
cular to tlie given stmight line; also the ^iven straight lino 
touches one of the confooals aud its pole with respect to that 
confooal is its point of contact ; this point of contact therefore 
lies on the locus, which is therefore the nonual. 

14. As in Art. 866, use the Invariants of Art. 135. 


XLVm. (Pages 405-<407.} 

5. Two of the normals drawn from O coincide, since it is a centre of 
curvature. The straight line = l (Art. 412) is therefore 

a tangent to the ellipse at some point ^ and hence, by Art. 412, ^ 
the equation to Qli can be found in terms of 4>. 


* XLIX. (Pages 414-416.) 

1. (fty-aa;- c)^ = 4atfx. 2. + - e {x + y) + -^szCr 

1/^ 

3. ^ + ^ parabola touching each of the two linei^ 

6, A central conic. 6. A parabola. 7. 

19. The line joining the foci is a particular case of the confocals and ’ 
the polar of O with respect to it is the major axis ; the minor, 
axis is another particular case, so that two of the polars are lines 
through C at right angles; also the tangents at O to the cori- 
fooals through it are two of the polars, and these are at right 
angles. Thus both C and O are on the directrix; 

21. The crease is cleoi'Iy the line bisecting at right angles the line 
joining the initial position of C to the position which C occupies 
when the paper is folded. 

Zoos a 
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